1n AIAAEZH
MHTPEZ

@ Baoikoi opiopoi Kal UUBOAIGHOI
o lodémria untpdv

o Mop@ég unTp@v

o TeTpaywVIKES UATPES
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MrTpeg
‘Eotw F éva pn kevd olvoro. (YnevBuuion [n] = {1,2,...,n}.

Mn1pa (1) nivakag) 1énou m X n, i m X n pitpa, pe oroixeia and 1o F,
ovoudleral KABe aneikovion

A:[m] x [n] = F.

H eévatou (i,j) € [m] x [n] véow TG anekdviong A cupBoNiZeTal pe ay avri
via A(i, j) kai ovopdieral aroiIxeio TG urtpag A.
Napédeiypa: H aneikévion A : [2] X [3] — R pe

an =A(1,2) =

a3 —A(],3) =1
an =A(2,1) =3
Qoo = A(2,2) =3

eival yia 2 X 3 yATpa pe oroixeia npayuankous apiBuouc.
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Mia m X n prtpa A pe oroixeia a; € F, (6rou i € [m],j € [n]). napiotévera
BIardooovIag Ta OTOIXEId a; O€ M YPAUMEG KAl N OTNAEG WG €ENG:

an a2 -+ - g
a1 QG -+ Gy -+ QOop
A=
gr G2 - QG - dp
[9m1 9m2  ** Omj  Omn|

Napédelypa H uimpa A @ [2] x [3] — R pe

01122 012:5 013:]
(0] =3 022:3 023:5

napiotdveral we eENG:
A |on a2 asl 2 51
- Qo1 Qo2 Qo3 - 3 3 5 ’
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Ira endueva Ba 1auti{oupe pia piTPa Pe v avanapdotach me.
To oUVOAC OAWV TV M X N UNTPWV UE oToixeia and 1o F 8a To cupBoAileTal ye
Mmxn(F). Eotw A € M pyn(F).

an a2 -+ Oy 0 i
Q1 QG -+ Gy -+ Oop
A=
agn G2 - Qi -0 dp
[1Om1 Om2 " Omj - Omn]
H diaretaypévn n-ada
(CI,‘],CI,Q, ey Qe CI,'n)

ovopdaletal i-ypaupl NG MATPAcg A kai cupBoAiletal pe R;. To i Ba Aéyeral
deiking G ypauune.
H diareraypévn n-ada
(G]j, 02/', ey G,‘j, ey ij)
ovopdleral j-omAn G PNTPAg A kai cupBoAieral pe Cj. To j Ba Aéyertal
Seiking g omANnG.
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an
a2

an

Am1

Q12
Q22

ap

am2

s
02/'

Qy

Omj

QAin
Qon

Qin

Qmn

1o oroixeio a; TG INATPAG A, o MpwTog deiking i eival o deikig NG YOPauUNG R
OTNV Oroia AvrKel To CToIXeio, evw o deutepog deiking j eival deiking NG
omAng C; oTnv oroia avrikel To GToIXEo.

AV A € Mpmxn(F) Ba Mépe ém o 10nog TG untpag A eivar m X n. Ira endueva,

8a Bewpoupe F = R A C kai 8a ypdpoupe ardd A € M «n.

Eniong. yia Adyoug cuviopiag 8a xpnoIMONOIOUNE KAl TOUG CUMBOAIGUOUG

A = [gliciml el 1 A= [a5] € Mmxn

N an\a

= [ay]

é1av O TUNOG T TPAg eival yvwoTtdc.
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Mia yoauun 1} THAN pIag unTeac Aéyetal MndevIKR av dAa Ta oroixeia 1ng eivai
ioca ue 0.

Nap&deiypa: H napakdrw untpa éxel 3Uo uNdeVIKESG YOAUUES (TN Ry Kal TV
Rs) kai pia undevikry otAn (nv Co).

0O 0 -4 =3
0 0 0 o©
A=1]12 0 0 O
-1 0 2 1
0 0 0 o©
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lodTa pNTPWV

Ado pripeg A = [qy]. B = [by] eivarioeg av
@ éxouv 1oV idlo TUNo m X n Kai IoxUeEl

e g; = byyiakdBe i € [m] kaij € [n].
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Mop@eEg unTpwv

Fotw A € Mpxn.

@ H A Méyertal uiitpa ypaup av m = 1.
Nap&deiyua:
A=[2 5 2].

o H A Néyertal uiitpa omiAn av n = 1. Napddeiypa:
-5

A= 1|5
-2

e HA = [qg;] Aéyetal pndevikn pritpa kai cuppoAiietal pe Oy, av a; = 0
yia k&e i € [m] kaij € [n].

Nap&deiyua:
0 0O
A= [0 0 0] = Opxs.

Av m = nypdgouue O,
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e Hpnrpa B = [by] Aéyeral avdotpon pritpa ng A = [a;] € Mpmxn, kal

oupBoAiteral pe AT AT, av B € My Kal
b; = g

yia k&6e i € [n] kaij € [m].

Nap&deiyua:
Av
1 2 -1 =1
A_
[3 0 —2 S}Gszm
10T
1 3
2 0
Al =
1 o € Maxo
-1 6
Naparipnon: loxvel
(Af)r:A>

dnAadn n avdactpodn NG avAcTpoPnG UATPAG TNG A IcoUTal e TN UATEA A.
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e Hprrpa B = [by] Aéyeral aviiBetn pitpa 1ng A = [gj] € M pxp Kai
oupBoAiletal e —A, av B € M,xn ki

bij = —qj
yia kd8e i € [m] kaij € [n].
Nap&deiyua:
Av
1 2
A=
10T
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e H pryrpa B = [by] Aévetal ouuyng prrpa g A = [a;] € Mmxn(C) kai
oupBoAiZetal pe A av B € M pyn(C) ka

yia kde i € [m] kaij € [n].

Nap&deiyua:
Av
A 14 2—'i 3—1-31:
6 —i  5—4j
10TE

— [1—i 240 3-3i
A_[o i 5+4i]

Inueinon: To cuvoro C 1wv piyadikwv apiBucv, anoteeital and toug
apIBuoUg NG HopPNG a + bi, érou a, b € R kai i eival n pavracTik povada,
yia v onoia ioxVel én 2 = —1.

Yuluyng Tou piyadikou aplBuol z = a + bi ovoudietal o piyadikdg apiBudg
Z=a— bi.
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TETPAYWVIKEG UATPEG

H untea A € M,,,x» ovopdleral 1eTpay@VIKe JRTPa av m = n.

Ymv nepimwon aum, avil yia M, yedpouue M.,

Na 1¢ Te1paywvIKéS URTPEG HOVO EXOUNE Kal TOUG MAPAKATW OPICHOUG:
e H kdpia diayaviog mg A anoteleital and 1a oroixeia a, i € [n]:

anpp a2 - O
Qo1 Q22 - Q2
An1 On2 ' Cpn

H deutepelouca dlay@viog G A aroteAeital anod 1a OToIXEId O p— 41

i€ [n]:
an a2 ce Qin
a2y Qa2 te Qon
Oh—11 Gn—12 " On-1n
| On1 Qn2 s Qnpn |
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@ ‘Ixvogmg A = [a,-j] ovoudletal To ABPOoIcUA TWV OTOIXEIWV TNG KUPIAG
dlaywviou TG kai cupBoAiZeTal pe tr(A), dnhadn

n
tr(A) =an+an+ -+ am= Zan‘-
=1

Nap&deiypa: Av

101€
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e HA = [gj] Méyetai Siaydvia pritpa av

a; =0, yla kabe i # j.

Nap&deiyua:
-3 0 O
A=(0 4 0
0 0O

Ye aut TNV nepinmwon YPAQouueE Kal
A = diag(a, a0, . - ., Ann)-
‘ETOI OTO CUYKEKPINEVO napddelyua

A = diag(—3,4,0).

‘Ouoia,
1 00O
. |02 00
d1ag(1,2,0,3)— 000 0
0O 0 0 3

Naparmpnon To GUVOAO TwV SIAY@VIWY UNTEWV TUMOU N X N CUVABWG

oupuBoAileral ue D,
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e H A = [qg;] Aéyetal povadiaia (1) Tautotikiy) pitpa av eival dlaymvia prtea
pe a; = 1yia kdBe i € [n] kai cupBoAiieTal pe |y
Napadeiyuara:

100
L= (0 1 0],
0 0 1
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e HA = [gj] Aéyetal 1piy@vikA k1w av
ay = 0 yia xabe i < j.

Nap&deiyua:

>
1
w o —
— o o
oo o

H A = [g;] Aéveral piywviki ndve av

ay = 0 ya xabe i > j.

Nap&deiyua:
1 =3 1
A= 1|0 —2 2
0O 0O b5
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e H A = [qg] Aéyertal oupperpikn pritpa av
a; = aj yia Kabe i,j € [n]

. IcodUvaua, av
Nap&deiyua:

_ _ At
A_o 5 —1 10_A‘

2 -4 10 1
@ H A Aéyeral o1pePAG GUMMETPIKT av

aj = —a; yia Kabe i, j € [n]
1., IcodUvaua, av
A=A
Nap&deiyua:
0 2 =5
A=|-2 0 4| =-A
5 —4 0
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e HA € Mp(C) \éyeral eppmavn av
ay = @; yla Kae i,j € [n]
. IcodUvaua, av
A= A"
Napddelyua:
1 14+i 2+ 3i .
A= | 1—i 2 —i | =A.
2 —3i i 0
e HA € M,(C) Myeral o1peBAd epumavi av
A= —A
Nap&deiyua:
7i —1—i —2+43i o
A= | T1—i 0 i = —Af
24 3i i —3i
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@ Hurirpa A € M, Aéyetal 610XacTIKA av
a; > 0, yia xabe i,j € [n]

Kai

n
Za’f =1, yia k&b i € [n],
=1

dnAadr, To ABPOICUA TWV CTOIXEIWV KABE YPAUUNG Icoutal Je 1.

Nap&delypa H unrpa

1 o 1

— |1 1 1
A= 3 3
1 2 4

7 7 7

€lval GTOXAOTIKN.
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2n AIAAEZH
MHTPEZ

o NpéEeig untp@v
o Avrictpo®n priTpac
o Eidikéc pRtpec
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MpdEeig unTpwv

MpdoBeon uNtPwvV

£10 OUVONO M, OpiCoupe TV MP&EN + wG e§AG: MNa kaBe A = [q;], B = [by]
opitoupue

A+ B = [a; + by
yia kde i € [m] kaij € [n].
H untea A + B ovoudetal d8poioua twv A kai B.

Napddelyua:
Av
-2 0 3 1 4 -5
A_[1 47]’ B_[2 -1 o}
101€
_[-2+1 0+4 3-5] [-1 4 -2
A+B_[1+2 4-1 7+o]_[3 3 7}
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MpdEeig unTpwv

MpdoBeon uNtPwvV

Mpdtaon 1

AvVA,B,C € My, , 1ére
Q@ A+B=B+A
Q@ (A+B)+C=A+(B+C).
Q@ A+C=B+C&A=8B




MpdEeig unTpwv

Agaipeon unrpwv

10 GUVOAO My OpiCoupE TNV MPdEN — wg efng: MNa kéBe A = [a], B = [by]
opitoupue

A—B=[a;— by
yia kd8e i € [m] kai j € [n]. i IcodUvaua

A—B=A+(-B).
H priroa A — B ovoudlertal Slapopd twv A kai B.

Napddelyua:
Av

-2 0 3 1 4 -5
A_[1 47]’ B_[2 -1 o}

A_B:[—2—1 0—4 3+5]:[—3 —4 8}

101€E
1—-2 441 7-0 -1 5 7
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MpdEeig unTpwv

MOAANAACIACHOG UNTPAG KE MPAYPATkd apiBud

Y10 0UVOAO M, OpiCoupe TNV (EEWTEPIKN) NPAEN - (UE CUVOAO TEAEOTWV TO
R) wg egg: NMa kdBe A = [gj] kar A € R opifoupe

yia kde i € [m] kaij € [n].

Napddeiyua: Av

kar A € R, 161e
A 4N =5\
‘ETOl,
3 12 -—-15
SA_[é -3 o]
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MpdEeig unTpwv

Mpdtaon 2
Ma kdBe A, B € Myxn ka1 A\, i € R 1oxder én
© MA+B)=MA+AB.
Q@ (M4 u)A=MA+ pA
Q (M)A = A(pA).
Q A=A




MpdEeig unTpwv

MNvOUEVO UNTPWV

‘EcTW
A= [O,/] € Mpmxn Kat B = [b,/] € M xk-

Ovoudloupe YIVOPEVO TG A eni B, kal ypdgoupue AB, Tn uitea
C= [C,/] € Mka, érnou

n
Cj = anbyy + Apby 4 - - + Apbpy = E Qig by
o=1

@ And Tov 0pIoud TOU YIVOUEVOU UNTPWV €ival npogaveg ot 1o yivouevo AB
opiletal yévo av n PATPa A éxel 1éceg oAeg doeg eival ol YPaAuUEG TNG
pATPaG B.

@ To oroixeio ¢ nou diveral oty nponyoudevn IcoTNTa €ival To d8poicua
TWV N YIVOUEVWY Q;1b1j, Qpbyj. . . .. Qb Twv CTOIXEIWV TNG | YOAUUNG TNG A
Je Ta avricToIxa oToIXeia NG j OTANG TNG B.
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MpdEeig unTpwv

MNvOUEVO UNTPWV

4
Av A = [1 2 3] € MiyskalB= | —5| € Mjzy,161€ Opilovral ta
6
yivoueva AB kai BA kai ioxUel 61t AB € My kal BA € Maya pe

4
AB=[1 2 3] |-5| =[1-4+2-(=5)+3-6] =[12]
6
Kat
4 4.1 4.2 4.3 4 8 12
BA= |-5[[1 2 3]=|(-5)-1 (-5)-2 (-5)-3|=|-5 —10 —15
6 6-1 6-2 6-3 6 12 18
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MpdEeig unTpwv

MNvOUEVO UNTPWV

1 2 -5 6 —7 , ,
Av A = [3 4} € Myka B= [ 0 1 2 ] € M3, 161€ opilerali To
yivouevo AB, (aN\G oxi To yivouevo BA), kal 1oxuel Ot
AB 6 M2><3 He

e

[1-(-6)+2:0  1:6+2:1  1:(-7)+2-2
( 5)+4 0 36441 3-(7)+4-2
[-5 8 -3
-15 22 13
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MpdEeig unTpwv

Auvdpueig unrpag

Av A € M,, opitoupe T d0vapn A™, m € N* wg efig:

Kai

yla kG8e m > 1.




MpdEeig unTpwv

Mpdtaon 3
Ma kdBe A, B,C € M, n,m, k € N*, ioxbouv oi €&ig 1516TTeG, (epdo0oV
QUOIKA ol TUMol TwV UNTeWV €ival TEToIo!I WOTE va opi{ovTal oI avTioTOIXEG
npodéeic):

Q A,=A=I,A

@ (AB)C = A(BC).

Q \(AB) = (MA)B = A(\B).

Q (MA)(uB) = (Au)(AB).

Q A(B+C) =AB+AC.

Q (A+B)C =AC+BC.

Q@ ATAK = Amtk

Q (AMk = AT,
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MpdEeig unTpwv

Mpdtaon 4
Ma kdBe A, B € M, kai A € R ioxtouv o €&ric 1510TNTeg :
Q@ (A+B)=A"+8"
Q0 (M) = )\A"
Q (AB)' =B'A".




MpdEeig unTpwv

NMpoocoxi! Irov MOAANAacIacud UNTeWY napatneoUe Ta eENG:

Aev 10xUel navia AB = BA.

N

Nap&deiyua:

AA—]QQB—]Sée
V—34KI—2OTT

EVW

E@appuoopévn diyeppa Mnrrpeg
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MpdEeig unTpwv

NMpoocoxi! Irov MOAANAAcIacud UNTeWY napatneoUue Ta eENG:

Av n AB eival undevikr) dev cuvendyertai o1 n A i/kai n B eival undevikn.

2 1

’ ’ _1 2 s
MNapddelyua: Evio A = [6 3] # Oy kal B = [ 5 _4} % O, éxoupue

S | P

E@appuoopévn diyeppa Mnrrpeg
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MpdEeig unTpwv

NMpoocoxi! Irov MOAANAAcIacud UNTeWY napatneoUue Ta eENG:

Av A = O dev cuvendyetai 6m A = O),. )
Napadeiyuara:

0 1
Evb A = [O 0} # 5, 10x0er o

#=[o ollo o =0 o

1
] =% O, 1oxUer 6m

-1 =1

A | A
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MpdEeig unTpwv

Npoooxn! Yrov noAanAaciacud untpwy napateouue Ta eENG:

Av AB = AC dev cuvenayetal B = C.

, 2 1 2 3 1 2|, ,
n :Na A= ,B= ,C =
apadelyya: MNa [6 3} [1 2] C [ 3 4} €XOoUpE OTl

o2 0 -5 2]

2 111 2 5 8
AC_[@ 3] [3 4]_[15 24]_AB

Kai

evw B # C.
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AvTIOTPO®N UATPAG

‘Eotw A € M. Hurrpa B € M,, Néyetal aviiotpogn TG UATOAg A, avv

AB = BA = I,
Nap&deiyua Av
12 -2 1
S L AR
161€ €eival
1 2] [-2 1 10
AB_[s 4} [3/2 —1/2]_[0 1]"2
Kdl
ga_ 72 1 1 2] _ 1ol _,
T 13/2 —1/2| (3 4] |0 1| *
AnAadn

AB = BA = b,
Kal ENOUEVWG, N MATPA B eival avricTpon NG URTEAG A.
QuoIKd, Kal N uNTea A eival avriotpo®n TG WATPAS B.
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AvTIOTPO®N UATPAG

Av uia pATea éxel aviioTpodn UATEA, TOTE Aéue ot aviiotpé@ertal, f ot eival
QvTIoTPEWINN, 1) OMAAR. J

Napddelyua:
Na eetacBei av n unTea

3 4
A:|:5 6:| € M,

avTioTpégeTal.
Andvinon: Av n JATEA A avTIoTpEPETAL, TOTE UNAPXE!

b1y by
B= eM
[bm bzz] 2

TETOIA WOTE
AB = BA = b.

‘Exoupe Aoindv,
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AvTIOTPO®N UATPAG

3 4 by byo 10
AB = | =
=l -k

N [3b11 +4bgy1 3bip +4by| _ [10
_5b]]+6b2] Sb1y + 6byy 0 1
3by1 +4byy =1 3by1 +4byy =1
PN 12 + 4ba N 12 2/922
Sbyy + 6by1 =0 b1y :_5b21
512 4- 6Dz = 1 5b1y + 6byy =1
.
3(—§b21) +4byy =1 %bm =1
bz = _§b22 by = —gbzz
<~ 6 RN .
by = —gba b = —zbx
5(—§b22) + 6byy =1 —§b22 =1

E@appuoopévn diyeppa Mnrrpeg 2022 - 2023 38/82



AvTIOTPO®N UATPAG

N
—
NIlO

o
N
I
|

g e
i1l
[
NIw OOy Wi
g
I

Medyuar, eivai

ot | B B g

Eniong, 1oxUel o

(7 3R 91

—~~
|
ooy Win
~—
Nl 7T
I mres

~—

.34_(_% .

|
~

Il
N

NION IO

o O

‘Apa, n B eival avrictpo®n UATEA TNG A KAl EMOUEVWG, N A avTiIoTpEPETAl.
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AvTIOTPO®N UATPAG

Mapampnon
Yndpxouv PATPEG Nou dev aviiIoTPEPOVTAL. J

Napddelyua:

. . . 10 , , .
Eotw o1 n uRtpa A = 00 avtioTpegertal. Tote, undpxel

by bio ,
B= € My wore
[bm sz

AB = BA = b.

10 by bio 10
AB=h & =
2 [0 o} [bm boo 01
by, bio . 1 0
< [0 0] = [0 1]
1O onoio eival aduvaro.
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AvTIOTPO®N UATPAG

pé ’ ’ 7 ’ 2 4
Napadeiypa: ‘Ouoia, unopoupe va dIanicTWOOUUE OTl N UATPa A = [_ }

dev avriotpépertal. (Aoknon.)
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AvTIOTPO®N UATPAG

MNodraon 5
H avriotpon uiac unRteacg, av urndpxel, eivail uovadikr).

AnodelEn.
Mpdyuar, €otw o1 N untea A € M, éxel duo avrictpopeg 1ig B, C € M,,. Térte,

AB = BA = I,
Kal
AC = CA=I,.
‘Apa
C = I,C = (BA)C = B(AC) = BI, = B,
&roro, 8161 B # C. O,
H avriotpoen T IATEAS A, av undpxel, cupBoAileTal pe A~ J
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AvTIOTPO®N UATPAG

Napampnon:
e Mpopavag, ;1 = I,

Mpdtaon 6
Forw A, B € M,,, ue
AB = |,.
Tore kai BA = |,
‘Apa, avAB = I, 1éte B= A",

Napampnon:
MNa va SeixBei Aoindv (yia TeTpaywviki urtea) én B = A~ dev xpeidletal va
deixBei kal AB = |, kai BA = |,,. Apkei éva and ta duo.
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AvTIOTPO®N UATPAG

MNodraon 7
Av n uitea A € M,, aviictipéperai 161€ yia kdBe B, C € M,y 10xUel ST

AB = AC = B=C. )
AnodelEn.

A@oU n A avTioTPEPETal UNAPXE! N AVTIGTEOPr TNG A~ !, ondre

AB = AC = A '(AB) = A"'(AC)
= (A'A)B = (A'A)C
= L,B=1C
=B=C. O

Napampnon:
@ Avriotoixa, yia Tnv avriotpéyiun unrea A € M, 1oxdel kai n 1diétnra

BA=CA=B=C.
T



AvTIOTPO®N UATPAG

MNodraon 8
Eotw A, B € M,

@ Avol A, B eival aviiotoéiueg, 1o1e kai n untea AB eivarl aviiotpéiun, kai
eivai
(AB)"' =B"'A"".

levikdrepa, av ol uritpeg Ay, As, . .., Ay € M, eivai avriotpéiueg, 1éte
Kal n uNtea A A, - - - A eivai avrioto€iun, kai eivai

(AAy - A) T = A ATTAT

@ H A eivar aviotoéyiun, av kai uévo av n Al eivar avrioroéyiun, kai eivai

(A7) = (A)"".
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AvTIOTPO®N UATPAG

Mpdtaon 8 (cuvéxela)

@ Avn A eivar aviiorpéiun kai A € R* 1ére kai n AA eivar aviioroéiun, kai

eivai .
M) = AT
()" =5

@ Avn A eivar aviiorpéiun, 1é1e kai n uritea A™, ériou m € N*, eivai
avrioTeEWIUN, Kai eivail

(A™) = (A7)

Napampnon: Aviiyia (A")~" A (A~1)™ ypdpoupe cuvABwg A~™.
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OpBoywvieg UNTPEG

H unitoa A € M, Aéyetal opBoy@via, av kai yévo av AAT = ATA = |, dnradh
av éxel we avTioTPoPN TNV avAacTpodr TG, (BnAadr av A~ = A", J

Napddelypa: O prtoeg

0 1 cos —sinf
A= [ 0} xatB = Lin@ cos@}

eival opBoywvieg.
¢+ [o 1]Jo —1
AA_[—1 of|1 O
[ o0+1 0-(=1)+1-0
~|(-=1)-040-1 (=1)-(-1)+0-0

10
_[0 1]_’2‘
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OpBoywvieg UNTPEG

sinf cosf —sinf cosf

B5' — [cos@ —sinﬁ] [cos@ sinﬁ}

cos? §+sin? cos @ sinf —sin6 cos o
sin @ cos @ —cos B sinf sin® @+ cos?

1 0
-l 5=

Napampnon: To cUvoAo Twv 0PBoYWVIWY INTEWV TUMOU N X N CUPBONIZeTal ue
O,.
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AdUvaueg UATPEC

H uriiroa A € M, Aéyeral adlvapn i autoduvaun av A2 = A,

Nap&delypa H unrpa

eivalr aduvaun.
Mpdayuar,

A=
2 -3
-1 4
1 -3
2 -3
-1 4
1 -3

-5

5

—4

2 -3 -5
-1 4 5
1 -3 —4
= A

Naparmpnon: Av n uitoa A eival adUvapn, 1éte 1oxUel 61 A" = A yia kdBe

*
n € N*,
E@appuoopévn diyeppa
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AvTIOTPO®N UATPAG

Epwtoeig
Moéte yia unTpa eival aviictpeyiun ;
Mwg pnopoue va BpouUpe TV aviicTooen;

T S



3n AIAAEZH

MHTPEL
o Khpakwiég pnrpeg
o LTOIXEINDEIC HETAGXNUATIONOI YPONH®OV
o O aAyépiBpog Tou Gauss
o ItoIxelDdeIC PRTPES
o Avniorpo®n piTpac
o MéBodog elpeong TG aviicTpoPng MIag HRTPAg
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KAIMOKWTEG UNTPEG

To MPEWTO PN KINJEVIKS OTOIXEIO KABE YPAUUAG. av UNdpXxel, ovoudletal KUpIo
OTOIXEi0 NG YPAMMNG. J

Nap&delypa: Ta kUpia oToIxeia TG NAPAKATW PATEAS @aivovial uéca oe

KUKAOUG,
©,

0
0
0

—_

0
O,
0
0

o O O
O w — W

0
0
@
0
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KAIMOKWTEG UNTPEG

‘Eotw A € Mpxh.
H A Aéyetal KNIJOK®TH MRTPA av

@ O deiking kABe PN UNJEVIKNG YEAUNNG €ival MIKPATEPOC and To deikin
KABe PNdeVIKAG YPAUUNG.

@ Xe kdBe dUo un PNJEVIKEG YPAUUES O DeiKTNG OTHANG TOU KUPIOU OTOIXEIOU
NG KATWTEPNG YPAUUNG €ival ueyaAutepog and 1o JeikTn GTHANG Tou
KUPIOU OTOIXEIOU TNG avWTEPNS YPAUUNG, (dNAAdr) To KUPIO OTOIXEIO TNG
KATWTEPNG YPAUUNG BpiokeTal degiétepa and 1o KUPIO CTOIXEIO TNG
QAVATEPNG YPAMMNG).
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KAIMOKWTEG UNTPEG

O1 endpueveg PNTPEG €ival KNIJOKWTEG

4 —1

113 4 5 8 0 2 ? g

0O 6 0 8 9

, 0O 0 0O O 8,

0 00 10 O
0 00 0 12 00 000
00 0 OO

EVW Ol JATPEG

113 0 5 11 3 0 5
0 6 00 9 0 6 0 0 9
0 00 0 11 0 00 11O
0 0 0 12 1 0 0 0 12 1

dev eival KNIJAKWTEG,
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(YnoBaBuICHEVES) KNINAKWTES UATPEG

Fotw A € Mpxn.
H A Aéyetal unopaduiopévn (i avnypévn) KAIMOK®T pMATea av n A eivai
KAIJAKWTN Kal eMIMAEOV IoXUouV Ol IDIOTNTEG,.

@ Av pia ypauun €xel TOUAAXIOToV €va n INJeVIKO OToIXeio, TOTE TO KUPIO
OTOIX€EI0 TNG YPauUNG IoouTtal pe 1.

@ Kd&Be otmrAn nou nepi€xel KUPIO OTOIXEIO WIAG YPAUMNG €xel OAa Ta AAA
oroixeia undevika.
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(YnoBaBuICHEVES) KNINAKWTES UATPEG

Napadeiypara: O endueveg PrTpeg eival UNnoBaBUICUEVES KAIUOKWTEG

1 0 3 0 3 1 00O
01 6 0O 0O 1 0O
o001 2|’ 00 1 0of’
0 000D O 0 0 01
EVW Ol JATPEG
1 0 3 0 3 1 01 1 1
01 0 60 01 1 0O
000 1 2|’ 0O 00 1 1|’
0 00O0O 0 0O00O0O

dev eival UnoBaBUICUEVES KAIWAKWTEG,

E@appuoopévn diyeppa Mnrrpeg 2022 - 2023 56/82



YTOIXEIWOEIC UETACXNUATIONO! YOAUNWY (OTNAWY)

‘Eotw n anekdvion 0 : Mpxn — Mmxn. ©a Aéue émn 0 eival évag
OTOIXEIDSNG HETAOXNUATIONOG YPANHAV (GTAA®V) av Kal udvo av yia KABe
A € Mpxnnuirpa 6(A) eivar:
@ H unATpa nou npokunrel and v A ue evaiayr| dUo, onoiwvonnoTe,
YPAUU®WY (OTNAWV) TG A, I
@ H pnrpa nou npokunrel and TNV A e NOANANAACIACHO WIAG YOAUUNG
(omAng) tng A eni A € R*,
@ H pnrpa nou npokunrel and TNV A e MOAANAACIACHO WIAG YOAUUNG
(omANe) NG A eni A € R kal npdcBeon autig oe pia GANN YPauun (oTrﬁ)\n).J

Naparipnon KdBe oToixelddnG HETAOXNWATIOUAS YPAUWWY ovopdleTal Kal
YPapponpdaEn.
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YTOIXEIWOEIC UETACXNUATIONO! YOAUNWY (OTNAWY)

Eotw Ry, Ry, . .., Ry ol yoauuég kal Cq, C,, . .., C, ol OTAAEG TNG UATPAG
A € M xn ©a ouyBohilouue e

Q@ R < R mvevaNayn Twv i Kal j Ypaup®v G uATeag A, érou i, j € [m],
I %],

@ R — AR Ttov noMariaciacud g Ry eni A € R*, émou i € [m].

Q@ R — R+ AR mvnpdoBeon omy R, NG AR;, érou A € Rkaii,j € [m],

i ],

Avriotoixa yia Tig omieg (ue Cj, C; avri via R, R).
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YTOIXEIWOEIC UETACXNUATIONO! YOAUNWY (OTNAWY)

1T 3 1

Napddelypya: AVA= | 0 2 —1

-1 0 3
@ H e@apuoyn NG ypauponpding Ry <+ Rz otnv A dnuioupyei TV untea

@ H e@apuoyn G ypauponpag

1
—1
0

[ 1
0

| —1

, 101E:

3
0
2

3
6
0

1
3
—1

-3

3_

nG R, — 3R, otnv A dnuioupyei TRV uATPa
.

@ H eqpappoyn NG ypauuonpding R, — R, 4+ 2R3 otnv A dnuioupyei Tnv

prTEa

E@appuoopévn diyeppa
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YTOIXEIWOEIC UETACXNUATIONO! YOAUNWY (OTNAWY)

Napamproeic

@ H anedvion 0 eival apgiuovooriuavin. ‘Apa, opileral Kal 0 avticToopog

petaoxnuanopds 0~ pe
9(A) = B= 67'(B) = A.

@ ‘Eotw 0 évag oToIXEIdNG HETACXNUATIOHOGS YOAUUWY (OTRAWV),

A, B E Mynkal 07 0 avTicTpo@og GTOXEIWSNG METACXNUATIOUAG Tou 6.

@ AvO(A)=Bpe A 28 B 1ore 6~'(B) =ApeB 2T A
R— AR, Ri— %R

9 AvH(A)=Bpe A"~ B 1dre 07 '(B) = Apue B~ A

0 AVOA) =Bue A" R B e 01(B) = Ape BT A
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R-1c0dUvaueg uATPEC

‘Eotw A, B € M %n. ©a Aépe 61 n unRtea B eival R-1608Uvaun (avr.
C-1008Uvapn) pe v urtea A kai 8a ypdgoupe

R c
A ~ B (avr. A ~ B)
Qv Kal Jovo av undpxel akohouBia uNTpwy Ag. Aj, . . ., Ag €T0I WOTE Ag = A,

Ax = Bkain untpa A1 npokunrel and v A; and KAMoIo CTOIXEIWdN
HETAOXNUATIONS YPAUWAV (avr. onAdv), viakéBe i € {0,1,... k — 1}

Naparpnon Moopavwg, and Tov opioud TG R- (avr. C)-lcoduvauiag

, . R C , , .
npokurrel o1 o av A ~ B (avt. A ~ B) 161€ UNApXxouV OTOIXEIWDEIG
METAOXNUATIOHOI YOAUU®V (Qvr. OTAWY) 01,05, . .., B,_1, B, TéToI01 WoTe

B=(0k0b_10---00;00)(A) = 0c(0k_r(--- 02(0:(A))---)).

MNodraon 9 J

, R c . ,
O1 oxéoelg ~ kal ~ eival oxéoelg Icoduvauiac oto M pmxn.
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R-1c0dUvaueg uATPEC

Modraon 10
Kd&Be uritoa A € M« €ival R-ico8Uvaun ue uia KAIJakwTri urimoa. J
Napddelyua:
13 -2 0 13 -2 0
A= 2 6 -5 -2 Rp—+Rp 2R 00 -1 —2 Ra—Ra—2R)
o1 5 10 01 5 10
2 6 0 8 2 6 0 8
13 -2 0 13 -2 0 13 -2 0
0 0 —1 —2| Rers |O T 6 10 | Rm—Rs+4Rs |O T 5 10
01 5 10 00 —1 =2 00 —1 -2
0O 0 4 8 0 0 4 8 00 O 0
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R-1c0dUvaueg uATPEC

Modraon 11

Kd&6e uritoa A € M €ival R-i00d0vaun e uia urnoBaBuICHEVN KAIUAKWTT
[Vgi/ele]

Napddelyua:
13 —2 0 [1 0 —17 —-30
A— 01 5 10 RI—R1—3R, 0 1 5 10 Rs——Rs
100 -1 -2 00 -1 =2
0 0 O 0 0 0 O 0
1 0 —17 =30 [1 0 0 4 1 00 4
0 1 5 10 Ri—R+17Rs 0O 1 5 10 Re—+Ro—5Rs 01 0O
0 0 1 2 001 2 001 2
0O 0 O 0 0 0 0 O 0 00O
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R-1c0dUvaueg uATPEC

MNodtaon 12

Eotw A € M, uia unoBaBuIcuévn KAIMAKWTH uATea.
Av n untpa A dev éxel undevikn yoauun, 1ote A = |,.

an a2 O3
Q21 Q2 O3
Q31 d32 0s3

e



ANySpIBuoC Tou Gauss

Mapakdrw, neplypd@etal avaiuTikd Brua nNpog Brua n diadikacia nou
akoAouBeital ota nponyouueva napadeiyuara, Kal TNG onoiag N €pApUoyn Uag
odnyei otN peTaTponr YIag UATPAG o€ UNOBABMICHEVN KAIMAK®TH pop®n. H
BIadIkacia PETATEOMNAG MIAG MATOAS o€ UNOPabIOHEVN KAIMAK®TH eival yvwoTh
w¢ analoiPh 1wV Gauss-Jordan, evw N dIAdIKACIa JETATPOMAG MIAG IATEAG
ani\d oe KAIHAK®T €ival yvwoT we anaAoiPr Tou Gauss.
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ANySpIBuoC Tou Gauss

‘Eotw n X m pAtea A = [g;]. H anahoigr) Tou Gauss yia T gerarpont| NG A ce
aAnAn KAIJAKWTA pop@n anoteAeital and 1a eEng BrAuara:

Brjua 1 Evronioupe 1o apiotepdtepo Kal UPNASTEPO N UNDEVIKO OTOIXEID OTNV
pnATEAQ, dNAadn éva oroixeio aj; # 0, 1étolo WoTte Ta i, j va eival oo To
duvardv uikpdtepa. (Mavra undpxel 1éroio oroixeio ektég av A = 0).)
EvaA\doooupe TN ypauun | e TNV Np@Tn YPAWUN Tou nivaka. (R <> R)

Brjua 2 Av PeTd 1o Bripa 1, To MpwTo OTOIXEIO TG VEAG MPWTNG YPAWMWNG €ival a,
TOTE MOMAMAACIA{OUKE TNV MPWTN YPaun pe 1/a, dnhadr dnuioupyolpe
kUplo oroixeio (pivot) 1. (R — %I?Q

Brjua 3 MpooBétoupue MOANANAGCIA TNG MEWTNG YPAUMNG OTIC AANEG YPAUUES ETOI
WoTe va npokuPouv undevikd oroixeia karw and 1o KUplo otoixeio 1.

(R — R — an Ry, yia k&Be i ue ap # 0)

Brjua 4 AyvooUue TNV NpwTn YPauun Kal epapudlouue 1a Briuara 1-3 oty

UMouNTEA nou npokUnrel, HExPIC éTou eEaviAnBouyv ol YPAUUEG.

v
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ANySpIBuoC Tou Gauss

H pitea A’ nou npokurrel efval KAIJAKWT.

EkteAwvrag, TV idia diadikacia otnv A’ undevi{oupe dAa Ta oToixeia ndvw and
kdBe kUpIo oToIxeio 1 Kal €101 KATOAYOUNE GE HIA UNOBABUIGHEVN KAIUOKWTN
unTEA.

YrnoAoyioTikd eival anodoTikotepo va epapudooule Ty deutepn diadikacia ye
avriorpoPn eopd, dNAadry and To TEAEUTAIO OTOIXEIO TNG TEAEUTAIAG YPAWMAG
Kal Je popd Mpog 1Ta NAvw Kal apiotepd.

H diadikacia nou nepihauBavel kai 1ig dUo napandvw eAacelg ovoudleral
anaioipr Twv Gauss-Jordan.

Mapampnon: INueivouue AT N UNoBABUICHEVN KNIMAKWTH HOP®N MIAG UATPAG
eival govadikn. Autd dev cupBaivel TNV KAIUAKWTH KOPPH, ANou alayr TG
akohouBiag Twv oToixelwdwv NPdtewv Ynopei va odnynoel oe dIapopeTKi
KAIMOK®TH pATEA.
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ANySpIBuoC Tou Gauss

Napadelypa: Xpnoiuonoiwviag Tov alydpiBuo Tou Gauss va Bpebei pia
R-100dUvaun KNIHAKWTH JUATEA YIA TNV URTEA

Epyalduacte wg €ENG:

2.2 4, .,
3 2 2| 'K
13 1

11 2
01 4
02 —1
2 2 4

‘Apa, A= |3 2 2| &

13 1

E@appuoopévn diyeppa

2 2 4

A= |3 2
1 3

Ry—+Ry —3R
Ry—R3— 1Ry
~Y

11 2
3 2 2
(1 3 1

11
I?3~>Ir?\3472l?20.|
00

o o —

O — —
- NN

Mnrrpeg

2
1

] 2 Ro—(—1)R
1 _4 2= (C DR
2 -1

o2
R3—)—§R3

~ 0O 1 4

0 0 1
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YTOIXEIWOEIC UNTPEG

Kd6e uAtea nou npokunrel and Ty yovadiaia urrea I, ie epapuoyr) Hiag Hévo

oToIXeIWdOoUG NEPAENG YOAUUWY eri Tou I, AéyeTal OToIXEIRdNG MRTEA. J
1 00
Na napddeiyua, and 1 povadiaia uAtpa /s = |0 1 0| npokdnrouv ol
0 0 1
OTOIXEIWDEIG UNTPEG
1 00
B22% o 3 of,
0 0 1
1 00
R2<—>R3 00 1/,
|:0 10
1 00
I R—Ret3R o0 1 o]
30 1]
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YTOIXEIWOEIC UNTPEG

Modtaon 13

AV n oroixelwdnc untea E npookunrel and v epapuoyr JIAG CUYKEKOIUEVNG
oroixelwdoug npdénc O oty uovadiaia uritoa Iy, kai A eival uia m X n uritoa,
1é1E TO YIVAUEVo EA eivar n uriroa rou rpokurnrel érav n 0 epappoobei eni tnG
A, 5nAadri 0(A) = 0(In)A = EA.
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YTOIXEIWOEIC UNTPEG

Nap&deiypa: ‘Eotw

1 0 2 3
A=12 —1 38 6
1 4 40
kal 8 o peracxnuanopds Ry — Rz + 3R;.
Av
1 00
E= [0 1 0| =6(k),
3 0 1
101€, MPAYUAT
1 0 2 3
EA= |2 —1 3 6|,
4 4 10 9

nou eival idia ue TN uATPA Nou NPokKUMTel av oTnv A NpooTteBei oty TpiTn
YA TO TPINAGCIO TNG MPWTNG.
‘Apa, 0(A) = 6(k)A = EA.
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YTOIXEIWOEIC UNTPEG

Naparmpnon: Me enaywyn urnopei va deixBei n yevikeuon g nponyoUuevng
npdraong:

Modrtaon 14

Av iy, 0, ..., 0, oroixeiddeic uetacxnuanouoi yoauuwyv, A € M xm kai
E = 0i(In). i € [k]. 161€

(9k (€] Hk_] CEEERC) 92 (¢] 9])(A) = EkEk_] ce EQE]A.
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AvTIOTPO®N UATPAG

Mpdtaon 15

Forw A € M,, A # O, kar A 2 B, énouB € M, uia kAuakwir uriea.
H untoa A eivai avriotpéyiun av kai Jévo av kauia ypauun e B eivai undevikn.

Nap&deiypa: H uAtea

O N —

N

3 -2 0
6 -5 -2
1 65 10
6 O 8

eival un avriotpéPiun apou (Onwg eidape vwpirepa) eival R-icodUvapn ue v

KAIJOKWTN JATPA

o oo —

E@appuoopévn diyeppa
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AvTIOTPO®N UATPAG

Mpdtaon 16
Eotw A € M,,. O1 enduevec rnpordoeis eival iIcoSUvaueg.
@ H unimpea A eivar aviiotpéyiun.
@ H unmpea A eival R-icoduvaun ue v uniea .

@ H unmpa A eivar yivéuevo nenepacuévou nArBous OToIXEIwdWY UNTPWV.
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AvTIOTPO®N UATPAG

Nap&deiypa 1: H uAtea

Ro—Ro— Ry
~Y

A

Ry — Ry +Ry
Ry—+R3 —Rp
~Y

1 0 1
010
0 0 1

1 1
Rz—)ng
0 ~
1
Ri—Ry—R3
~Y

0
1
0

Eniong. apou énwg udhig deifaue, n A eival aviiotpéiun, 8a eival yivouevo
NeENEPACHEVOU MANBOUG OTOIXEIWDWY UNTPWV.
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AvTIOTPO®N UATPAG
Mpdyuar, iIoxvel 61 CAcknon):
A= E] E2E3E4E5

oénou ol uATPeg E;, i = 1,2, 3, 4, 5 eival ol Napakdtw CTOIXEIWDEIG ATPEG :

100
E=|11 0| (6% E),
010
1 0 O] 1 —1 0]
E=10 3 0| (5°°%E), E=|0 1 of (5778 "),
0 0 1] 0 0 1]
[1 0 O] 1 0 1]
E=10 10| 5°%"™E), EB=|01 0| (12" E),
0 1 1] 00 1
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AvTIOTPO®N UATPAG

Nap&deiypa 2: ‘Eotw ol oro_lxeld)éelq MATPEG

1 00

E=|—1 1 0| 278 e,
(0 01
1 ? 0 Re—1Re

E2: 0 5 O (I3 ~ EQ),
0 0 1)
(1 2 0]

EE= [0 1 0 (g MR py
0 0 1]
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AvTIOTPO®N UATPAG

Tére n yATPQ

A=FE - E-E
1. 00| [1 0O 120
=(|-1 1 0|-]0 ;0 010
0 0 1] |00 1 001
[1 0o o0] [1 20
=|-1 3 0/-]010
|0 0 1] [00 1
1 2 0
— 5
=|-1 -2 o0
|0 0 1

eivail avriotpéiun.
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MéEBodo¢g eUpeonc TNG AVTIOTPOPNG MIAG MATEAG

‘Eotw A € M, uia avriotpéiun unrpa. Tére A R In.
"Apa undpxouV OTOIXEINDEIC Jetaoxnuanouoi 0y, 6o, . . ., 0y pe

(O o 0b001)(A) =,

1. 100dUvaua (Aoyw NG Mpdraong 14) undpxouv oToIXEIWDEIG UATPEG
E],EQ,...,Ek ue
(Ex- - B2Ey)A = Iy

Anadn n pitpa (B - - - By Ey) eival n aviiotpogn g A.
‘Apa,

A =E - BE = E - BB,
‘Apa, epappdlovrag kail ndN Ty Mpdtaon 14 yia 1 untea I, npokunrel 41
Al = (o 00;00))(I).

AnAadry, o1 yeraoxnuanopoi 61, 0., . . ., 6, nou peracxnuariiouv mv A omy |/,
peracxnuariouv Kai my I, omv Al
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MéEBodo¢g eUpeonc TNG AVTIOTPOPNG MIAG MATEAG

‘ETOl,

lMNa va Bpouue TNV avricTpo®n KIAg TETPAYWVIKAG UNTeag A (av n A eival
avrioTpeYIun), f yia va anodeifoupe o1 n A dev eival aviicTpEWPIun, ypdpouue
TIG UNTPEG A Kall [, TN Jia SiNAa otV AAAN KAl JE KATAAANAOUG OTOIXEIWDEIG
HETAOXNUATIOUOUG YPAUUWY, MOu €EKTEAOUME Tautdxpova Kal oTi¢ 3Uo PRTpeg
A Kal I, yetTacxnuari¢ouue TNV A G€ JIa UnoBaBUICUEVN KAIWAKWTH KATeA B Kal
mnv I, oe wia uRtpa C.

@ Av B = I, 1é1€ n A eivai avtiotrpéiun kat A~ = C.

@ Av B # I, 101€ N A Sev eival aviioTpéPiun.

Naparmpnon: Av onv NPoondadela PETacxnuUAnopoy NG A e unopabuicuévn
KAIJAKWTH PTACOUNE O€ KAIJAKWTH IATPA Je JNJEVIKN Ypauun, dev xpeldleral
va ouvexicoupe apou, Bacel NG MNpdtaong 15, yvwpilouue 61 n A dev eival
avrioTpeYIun.
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MéEBodo¢g eUpeonc TNG AVTIOTPOPNG MIAG MATEAG

2 01

Napddelypa: Nava dexBeidnnuAtoa A= [3 1 2| eivai aviiotpédiun, kai
1 0 1

va BpeBei n avriotpoen NG epyalduacTe wg eENG:

2 0 1 1 0O 1 0 1 0 0 1| ror-sm
31 2o 1 ol 2% |3 1 2| |0 1 o] BTA™
10 1] [0 0 1 2 0 1||1 00
1 0 1700 1 B (1) 10 0 17 ror-r
— —

01 —1|]o 1 =3 ®'KX 0 1 1 3| TR
00 —1][1 0 -2 00 0 2
1T 001 0 —

=10 1 0| |[-1 1 =1 =A"".
00 1| [-10 2
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MéEBodo¢g eUpeonc TNG AVTIOTPOPNG MIAG MATEAG

Napédelypa: MNam uRtpa A = |4

1 2 3] [1 00
4 5 6/]0 1 0
7 8 9] |0 0 1
1 2 3] [1 0O
01 2 g_%

7
01 2] [¢ O

A@oU n K\

1 2 3
01 2

0 0O
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