1n AIAAEZH
OPIZOYZEZ

Baoikoi opiopoi Kal GUPBOAIGHOL

o YnouRitpa prirpac
Avdntuyua opiloucac

151d1nTEC TV OPIZOUCKOV

Opilouoa 1PIYGVIKAC MATPAC
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Opilouceg

‘EoTw ~
an a2
Q21 Q22
A=
an Qi
[Gnm Qn2

Opifouca g pRTPag A Aéyertal 1o d8poloua

Z Sgn(a)c’]a(])aza(z) T

OES,

ka1 cupBoAiZetal pe det(A) i D(A) 1 |A]. driou sgn(o) eivai To mpdonuo g

perdBeong o.

O]j
Qoj

Qj

Qpj

Qin
Q2n
€ M.
Qin
Qhnn |
Yo (n)
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1

2 1
‘Ero1, n opiouca ing uNTeag A = [ —1 2 3| cupBoAileral ue
o 1 2

1

det(A), A D(A). 1 |1
0

— NN
N W —

Av A € M, n det(A) Aéyeral opitouca 1GEng n.
Mpo@avwg, oty nepintwon dnou n = 1 kal A = [a] opiCoupe det(A) = a

2022 - 2023 3/59
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To &Bpoicua
Z Sgn(a)a1a(1)a2a(2) S0
OES,
éxel n! npooBetéoug, 4oeG Kal Ol UETABETEIG TOU Sy,
K&Be npocBetéog eival yivOuevo n OToIXEIwV TNG UNTPAG, Mou KABe éva eival
OTOIXEIO PIAg HOVO YPAUUAG KAl JIag HOVO OTAANG.
To sgn(o) (1 €,) kaBopilel To MPGONUo K&Be MpooBeTéou, Aoy

1, av n o eival dpma.

—1, avn o eival nepitm.

sgn(o) = {

YnevBupifoupe 61 uia petdBeon Aéyetal Gptia (avt. AEPITTR) av YPAPETal WG
yivéuevo dpriou (avt. nepittou) NARBog avriuetabécewy. (H Tautotikr) etdBeon
Bewpeital dpta.)

lcoduvaua, uia uetdBeon Aéyetal dptia (avr. nepitm) av éxel dpTio (avr.
nepId) apiBud NapapAceEwy.
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Napadeiyuara:
Q@ ‘Eow

an a2
A= .
Q21 a2

det(A) = > £50,(1)Aao(2)-
oES

Tére

AN, S; = {07, 02} drou

12 12
=\ 2) 272 1)

H (rautorikr)) petdBeon oy eival dptia, evi n oo = (12) eival nepirm.

Enopévwg, sgn(oy) = 1 kaisgn(oz) = —1. ‘Apa,
an a2
= E sgn(o)ay,(1)a
o | e gn(o) 16(1) F20(2)

= gn(01) 0, (1) G20, (2) + SEN(02) A1, (1) T2, (2)

= anax — 12021.
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‘Apa,

120 = g — ana
11022 12021
Q21 G2




@ Eow

an a2 a3

A= |0 Gax2 O

Q31 Q32 0Js3
Tore

det(A) = Z Sgn(0)010(1)020(2)03g(3).
OESs
AN, S3 = {01, 02,03,04, 05,06} OMOU

123 , (12 3\

oy = <] o 3> (TQUTOTIKA) oy = <] 3 2> = (23),
1 2 3 1 2 3

03 = <2 : 3) = (12), 04 = <2 3 ]) = (13)(12),

3

2> = (12)(13), 76 = <; 2 ?) = (13),

Q
(¢}
Il
N\
w —
— N

Kal
sgn(oy) = sgn(o4) = sgn(os) =1,
sgn(oz) = sgn(o3) = sgn(oe) = —1.
Opitouceg 2022-2028  7/59



‘Apa,

an ai2 a3
Qo1 Qg2 Qo3| = Q11022033 + Q12023031 + Q13021032

Q31 d32 033
— 11023032 — 12021033 — 413022037




Napampnon:

TUPQWVA PE ToV 0pIoUS TG opitoucag, n eYpeon ng det(A) anarei tov
MPOCBIOPICUS SAWV TWV HETABECEWV TOU CUVONOU S, TNV eUpean Tou sgn (o)
yia kdBe o € S, v elpeon Twv n! yivopévwv A15(1)F20(2) * * * Fno(n) KA TENOG
TNV eUpeon Tou aBpoiouarog autwv !

YN cuvéxela 8a avanruioupe uia eniniéov péBodo elpeong TNG opiloucac,
AyOTEPO MEPINAOKN Kal AiyOTEPO Xpovopopa.

Me 1N uéBodo autn, N eUpeon NG opiloucag n TAENG, avayetal otny eUpeocn
opiloucwv n — 1 1GENG.
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Yrnounrpa unrpag

‘Eotw n pitpa A = [aj] € Mmxn(F). dnhadn n anekdvion A : [m] x [n] — F,
6mou F=RAC.
©a Mépe unopnTIpa ¢ IATEAG A kdBe NepIopIoud NG aneikoviong A oTo
Lx K,énou () # L C [m]kai @ #K C [n].
H napdotaon yiag unopnTeAas NG INTEAG A npokunTel Je v diaypadn
KAMNOIWV YPAUPWY /KAl OTNAWY, and TIG YPAUKES /KAl TIG GTAAEG TNG A.
Nap&deiypa: Av

2 3 4 0 2

A=11 3 —1 1 —4| € Msys
2 -1 3 -2 5

2 4

.
nou npokunrel he diaypa@n NG YRAUUNG Rs kal Twv oTnAwv C,, Cy, Cs eival
UNouATEa TNG A Kal CUHBOAIZeTal e A}:S Edw L= {1,2} C [3] ka

K ={1,3} C [9].
Opitouoceg 2022-2023  10/59
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Moogavwg, 1a L kal K deixvouv TIG YPAUMES Kal OTAAEG TG A nou dev
dlaypdgovral (av Kal TEAIKA, CuVABWGS, XAvouv kAnola oToixeia Toug AOyw TNG
Slaypa@iG AMWV GTNAWY KAl YPAUHUWY).

Ovopdloupe unoopitouoa mg det(A) ornoiadrinore opi{ouca piag (MPoPavmg
TETPAYWVIKNG) UNOUNTPAG TNG A.
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Avanruyua opiloucag

Eotw A = [a,j] € M, n>2
Eotw Myn (n— 1) x (n— 1) unoprtpa TG A rnou npokUmel ye Siaypagn g |

YPAUUAG Kal j OTAANG.
H det(M;) Aéyeral eAdoowV opifouoca Tou GToixeiou aj Kal CUpBONCeTal pe Dj.
ANYeBPIKO GUUNANPWHA Aj TOU OTOIXEIOU Gjj OVOUAZETAI TO YIVOUEVO

Ay = (—1)Dy,

2022 - 2023 12/59
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Nap&deiypa: ‘Eotw n uATEA

an ai2 iz aig Ops
Q21 Q22 Q23 Qo4 Q25
A= |as ax a3 au az| € Ms.
Qa1 Qg2 Qg3 Qa4 Qg5
ds51 Q052 053 QOs54 Osp
Tére
Q21 Q22 Q24 Q25
Q31 d32 Q3 Q35
M] 3 = 6 M4,
Qg Qa2 Qa4 Qg5
Q51 Os2 054 Q55
Dy3z = det(M13)
Kal

Az = (—1)]+3D13 = Da.

E@appuoopévn diyeppa

Opitouceg

2022 - 2023

13/59



‘Opola

an a2

Q21 Q2
Mz =

Qa1 Qg2

ds51 Q052

a3
Q23
Q43
Q53

Q15

Qos
€ My,
Qy5

Q55

D34 = det(M34)

Kai

Ass = (—1)*"D3g = —Dss.
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Modraon 1 (Avdanuyua opiloucac)

Forw A = [a5] € M. Tére, yiakdBe i,j € [n] 1oxder 6

n
det(A) = Z arAx = apnAn + apAp + - + anAn
k=1
= 0;1(—1)i+]D;1 + 0;2(—1)’+2Di2 + oot an(=1)"D,

KaBwW¢ eniong kai
n
det(A) = Z QA = Q1A + agiAgj + - - + apjAy

k=1
= ayy(—1)"Dy + ay(—1)"VDy + - -+ + ay(—1)"VDy

H npwtn 1061NTa Aéyetal avantuyua g opifouscac Kard 1a oroixeia mg i
YPAUURG. eve n deltepn Aéyetal avantuypa g opifoucac kard 1a croixeia
™G j oTAANG.
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Napadeiyuara:

-1 2

o, _2‘—(—1)(—2)—2-3—2—6——4.
10

Q| ]‘_14—0-2_1.
3 4

o 8' 3-8 6=0
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2 1 3

0 2 4 2 4 0
4 0 2 _2-‘2 _1‘—1-‘_1 _]‘+3-‘_] 2‘
-1 2 -1

=2-(0—4)—1-(—-44+2)+3-(8—0) =18.

(AvdnTuypa katd 1a oToIXeia TNG NPWTNG YEAUUNG.)

2 1 3
4 0 2 :—4-‘; _3]‘+0—2"_2] ;‘
—1 2 -1

=—4(-1-6)—2(4+1)=18.
(Avdnruypa katd 1a oroixeia 1ng deutepng YPAUUNG.)

2 1 3
4 0 2 :—1"
-1 2 -1

4 2

2 3
BT EE N

4 2
=—-1(—4+2)—2(4—-12)=18.

(Avdnruypa kard 1a otoixeia 1ng deutepng 6TNANG.)
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1 2 3

5 6 4 6 4 5
R
78 9 8 9 7 9 7 8

=1-(45—48) —2- (36 —42) +3- (32 — 35)
=-3-2-(—-6)+3-(-3)=-34+12—9=0.

(AvdnTuypa katd 1a oToIXeia TNG NPWTNG YEAUUNG.)
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N
w

9 g 5 i 3 3 2 2 3 2 2 3 3
0 2 92 3 =-22 2 3/+0-2-|0 2 3|+3-|0 2 2

1 1 2 -2 1 2 2 1 -1
-2 1 -1 2

r\)
w
|

N @
|
w
+
N
- N
N
N———

+
OD
N

M
/\/:)\/\
— N
N W
N
N—r
S~

o o)
= (3-7-3-1+2-(-4))—2-(2-1—2-5)
—1—3-( -(—4)—2-0)
=—2-10—2(—8)+3(—8) = —20+ 16 — 24 = —28.
(Avdnruypa NG apxiKnG 4 X 4 opiloucac kard 1a oroixeia g delTtepng

YOOAMMAG Kal JETd, avantuyua Twv Tplwv 3 X 3 opiloucwv kard 1a croixeia

NG NPWTNG YOAPUNG, TNG NPWTNG OTAANG KAl TG NPWTNG CTAANG AVTIoTOIXA.)
Opitouoeg 2022-2023  19/59



MNodraon 2
Eorw A = [a5] € M. p,q € [n] kaip # q. Tére

Ap1Ag1 + AupAge + - + ApnAgn = 0,

Kai

Q1pAig + AopAog + -+ + AppAnp = 0.

4

Naparmpnon: H 181dmra aut xpnoiuonoieital oe anodeifeic AAMwV NEoTACEWV.
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Kavévag Tou Sarrus

Ma Tov unoAoyioud Twv 3 X 3 opIloUc@V, UNopPei va xpnoiuonoinBei kail o
NAPAKATW NPAKTIKOG TEOMNOG: Avilypd@oupe TiIG dUo MPWTeEG OTAAEG UETA TNV
opifouca, Kal Naipvoupe Ta yivoueva onwg deixvel To NAPAKATW OXAUA

+ + o+
alN_bingeng ar 7by

Qo by = ajbocs + bicoas + cianbs

a3/ bs7 Ny a3 bs — azbocy — b3cap — c3anby,

To onoio eival To avdnruyua g 3 X 3 opioucac.
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Nap&deiyua:

2 3 1 3
—1 2 4 | = 2
5 -2 -3 2

=2.2.(=8)+3-4-5+1-(=1)(-2)
—5.2-1—(—2)-4-2—(=3)(-1)-3
= —12460+2—10+4 16 —9 = 47.

Napampnon: Tovitoupe 41 0 Napandvw NPAKTKOG TEAMNOG, Mou ovoudleral
kavdvag Tou Sarrus, unopei va epapuootei pévo yia 3 x 3 opifoucec.
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IB16TNTEC TWV OPILOUCWYV

‘EoTw A = [a;,-] € M,,. loxtouv ol endueveg 1IBIOTNTEG,.

Q det(l,) =1.

1 0O
Napddelypa: [0 1 0| =1
0 0 1
Q det(A) = det(A").
1 2 3 1 4 1
Nap&deiypa: (4 2 1 |=8=12 2 0]
1 0 —2 3 1 =2

E@appuoopévn diyeppa Opitouceg
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@ Av A’ eival n prtpa nou npokUnrel and Ty A e evaiiayr U0 YPauU®Y,
101E

det(A') = — det(A).

Mpoogavic cuvéneia NG IBIdTTAg aumg eivar &t av A’ eival n uiTpa nou
npokunrel and v A pe p dIadoxikEG eVAAAYEG YPAUNWY, TOTE

det(A") = (—1)P det(A).

Napadeiyuara:

1 2 3 4 2 1

4 2 1|=-1 2 3|=—-(-8)=8.

1 0 -2 1 0 -2

4 2 1 1 2 3

10 —2[=(-1)2%4 2 1|=(-1)2-8=8.

1 2 3 1 0 —2

Q@ Av dUo ypappeg piag prtpag A eivail ioeg, 1ote det(A) = 0.

1 2 3

Napddeiypa: (4 2 1| =0.
1 2 3
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@ Av A’ eival n pATPa Nou npokunrel and Ty A e NOAANAACIAcUS HIAG
yeauung ng Aeni A € R, 161e

det(A) = X det(A).

1 2 3 1 2 38
Napddelypa: (12 6 3 | =3|4 2 1|=3-8=24
1 0 -2 10 -2
Q Avn pitpa A éxel undevikn ypappn, 1éte det(A) = 0.
1 2 3
MNapddelypya: |0 0 O |=0.
-1 2 =2

@ Av ) € R, té61e
det(AA) = X" det(A).

Nap&deiyua:

2 4 6 1 2 3

8 4 2|=28.14 2 1|=8-8=0¢4
2 0 —4 1 0 —2
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Q@ ‘Eotw A’ n uATea Nou npokunrel and Tv A av e Jia yeauun TG A
npooBécoupe uIa ANN ypauur TNG A noAaniaciacpévn eni A € R, Tére

det(A") = det(A).

1 2 3 1 2 3
Napddelypa: 6 6 7 | =14 2 1| =8,apoln R, NG NEWING
1 0 —2 1 0 —2

opifoucag icoutal ye R, + 2Ry 1ng deutepng.

@ Av pia ypauun TG KNTRAG A €ival YOAUUIKOG ouvdUaoudg k GANwvV
ypaupwy, (k < n), 161e det(A) = 0.
Mpogavig cuvéneia NG IBIdTTag autg eival ot av R;, R; dUo ypauueg
G KNTPAG A kal R = AR, 6riou A € R, 161e det(A) = 0.
Napadeiyuara:

2 3

0| =0,0ap0U R, = 2Ry + 3Rs.

—2

3

6| =0, apou R, = 2R;.

0 2

AN O D

1
5
1
1
2
1
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Q@ Av

CJ]] o e c]]j o e c]]n

A= |ba+cn - bj+c - bp+cnl,

an-l e anj e ann
a-l-l ... G-Ij ... G-In a-l-l ... G-Ij ... a-ln
Avr=|bp - by -+ b, A= |c1 - C - Cnl,
on-l ... anj ... ann on-l ... anj ... onn

Té1E
det(A) = det(Ay) + det(Ay).

1 2 3 1 2 3 1 2 3
Napédelypa: (3 1 —2|+(1 1 3|=14 2 1|=8.
1 0 -2 1 0 -2 1 0 -2
Opitouceq 2022 - 2023
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Napamproeic:
@ Ano TG NponyouUleveg 1010TNTEG NPOKUMTOUV Ol €ENG KAVOVEG:
‘Eotw A € M, kai 8 oToIXeIWOdNG HETACXNUATIOUOS YPAUUWY He
6(A) = A, Tére,

O AVA“ZT A 16te det(A) = — det(A).
Q AVA T A 18te det(A') = kdet(A).
O AVA TR A tote det(A') = det(A).

@ NAoyw Tng 1814TNTAG 2, eival npo@aveg ot OAeg ol 1Id14TNTEG, Mou
avapépovral € YPauPES e§akohouBouyv va IoxXUouV av avapepBoulv
avtioToIxa e OTNAEG.
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Opilouca TPIYWVIKAG IATPAG

Modtaon 3 (Tunog opiloucAC TRIVWVIKNG MATEAC)

Fotw A € M, ue A = [qy]. Avn A eival dvw 1 kKdTw ToIYwVIKr TéTE

det(A) = d11d22 * * - App-

2 2 3
Napédeiypa: (0 —2 —1/ =2(—2)3 =—12.
0 O 3
Mépioua 4
Av n unitea A € M, eival diaydvia 1éte det(A) = ay1a - - Q. J
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Napampnon: H napandvw npdtacn oe cuvduacud PeE TIG MPONYOUNEVEG
1016TNTEG pag divel AN pia u€Bodo unoAoyiopou TNG opiloucad hIAg
TETPAYWVIKNG MATOAG XWEIG TNV XPon ToOu 0pICUoU ) TOU avanTuyuarog,.

Napadeiypara:
1 2 3
Q@ EorwA= |3 2 1
1 2 1
Rp—Ry—3R, |1 2 3
det(A) * T2 0 _4 —g| =1.(-4)-(—2) = 8.

0O 0 -2

E@appuoopévn diyeppa Opitouceg 2022 - 2023 30/59



01 3 2 1 2 3 2 1 2 3 2
12 3 2(rer (01 3 2/ rSrok [0 1 3 2
13 3 1] 1 3 3 1 o O 1 0 -1
2 2 4 1 2 2 4 1 0 —2 -2 -3
12 3 2 1 2 3 2
Ry—R3 —Ry
Ri—Ri+2R, (01 3 2 Iélc’>_1.5_(_3)‘0.|32
- 0 0 -3 -3 00 11
00 4 1 0 0 4 1
1 2 3 2
Ra—Ry—4Rs 0132_ _
_3001]_311(3)_9
000 -3
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@ Na A\uBei n eticwon

O X X Q

Av D n opiCouca 1é1e

D Ri—=R1+Ro+Rs+Ry

P (ox + a+

= (2x+a+b)

E@appuoopévn diyeppa

x O Q X
X Q T X

2x+a+b 2x+a+b 2x+a+b 2x+a+b

Q X X U

X a
X b
b X
1T 1T 1 1] goe-qg
C3—C3—Cy
X a b x| c—oc—o
b) =
X b a x
b x x a
1 0 0 0
X a—x b—x 0
X b—x a—x 0

b x—b x—b a—0>b

Opitouceg

b
a
X

= 0, érnou a, b eival napdueTpol.

X
X
a

2022 - 2023
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1 0 0
=(2x+a+b)(a—b)|x a—x b—x
X b—x a—x
a—x b—x

2 b)(a —
x + a+ b)(a b x a-x

= ( (
= (2x + a + b)(a — b)((a — x)* — (b — x)?)
= (2x+ a+ b)(a — b)(a— x+ b— x)(a— x— b+ x)
=(2x+ a+b)(a—b)(a+ b —2x)(a —b)
= (a—b)*(a+ b +2x)(a+ b — 2x).
‘Apaq,
@ Ava = b, 161
D = 0viakdBe x € R.
e Av a # b, 161€
_ atb

=5N
D:0<:>(a+b+2x)(c:+b—2x):o<:>{X__zm
— —aib,
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2n AIAAEZH
OPIZOYIEX

@ Opilouca yivouévou

o Kpimiplo aviioipeipdmrag
o IuunANPWHATKA pATPA

@ Rank prrpag
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OpiCouca yIvouévou

Mpdtaon 5
Fotw A, B € M,,. Tére det(AB) = det(A) det(B). J




Kormplo avriotpePiudtrag

Mpodtaon 6 (Kpimplo aviiotpepiuotntag)

Eotw A € M,,. HA eivar aviiotpéiun av kai uévo av det(A) # 0
Napadeiyuara:

Q Hunrea

eival avriotpéyiun diém det(A) = 18 # 0.
@ Hunrea

B=

N =
N OoN
O O W

dev eival avriotpéiun 3161 det(B) = O.
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YUMNANPWHATIKA JATRA

‘EoTw A = [o,-,] € Mpkar Ay, 1 <i,j < nto ahyeBpikd CUPNARPWHA Tou
oroixeiou a; TG UATPAG A. Tdte, N uiTPa

t

An A -0 A An Axn - Am

[A--]f _ A An o A (A Ax o Ap
U _ .« e _ )

An] An2 T Ann A]n A2n T Ann

AéyeTal UNNANPWHATIKA TG WATPAG A Kai cupBohiletal ue adjA.

E@appuoopévn diyeppa Opitouceg 2022 - 2023
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Napadeiyuara:

3 4
Q AVA= [_1 2:|,T(')T€

Ap=(-N"t.2=2

A12:( D= = (=1)(-1) =
o1 = (=11 4=—4,
Ap = (—1)?T2.3=3.

Apo,

:
A A A A 2 —4

N
Ay Axp A Axp 1 3
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3 4 1

Q@ AVA=|—-1 2 3]|,161€
2 3 4
2 3
A g —] 1+1 :_],
=0 3 4
-1 3
Ap = (—1)]+2 o 4‘ = 10, K.oK.
‘Apaq,
- -t
A A A
adjA = [A21 Ax Az
|As1 Az Ass]
[An Ay Ag
= |An2 Ax Az
| A1z Aoz Ass
—1 —13 10
=110 10 —-10
-7 -1 10
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Mpdtaon 7 (Turnog aviioTpoPNnG UNTPAG)

Forw A € M,,. Tdre,
Q@ A-adjA=adjA- A=det(A) - I

Q Avdet(A) #0,6re A~! = made.




Napadeiyuara:
1 3 , , , _
@ Eotw A= [2 _4} . Na Bpebei, (av undpxel), n urirpa A~

Eivai det(A) = —4—6 = —10 # 0.
Enopévwe undpxel n A~ kai ioxUel &

1
- .
= adjA.
det(a) "
Eiva .
L -2]" [-4 -3
kal dpa
2 3
PRI b S S I

41/59
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Naparmpnon: Anéd v Mpdraon 7.(2) npokurnrel 41 urnopoUpe va Bpiokoupe art
€uBeiag TNV avricTpo@N MIAG 2 X 2 avTIoTEEWINNG MATEAG

=

(Xwpig va kavoupe kdBe popd Tn diadikacia Tou napandvw Mapadeiyuarodg),

apou
L
|Al [-¢ a |’
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1T 1 1
Q@ EotwA= |2 2 1

3 -1 2
Na BpeBei, (av undpxel), n uritoa A~
Eivai det(A) = —4 # 0, enopévwg undpxein A~ kal ioxUel 61
-1 ! djA
det(a)"
Eival .
5 —-1 -8 5 -3 -1
adjiA=|-3 —-1 4 =|-1 -1 1
—1 1 0 —8 4 0
kal dpa
5 -3 —1
I 1
A = —Z -1 -1 1
—8 4 0
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Rank uATPAag

Eotw A € M 5 KAl B HIa KNIHGKWTH WATEA Mou €ival R-oodUvapun Je TNV A.
OpiCoupe wg rank(A) Tov apiBud p Twv PN PNSEVIKOV YOAUUW®V TG B. J

Napadeiyuara:
@ Na v uATpa

Ra—R3
~Y

oo o —
oo —-o
oo oo
— oo o
oo o —
oo —-o
oo oo
o — o o

eival rank(A) = 3, 3161 eival R1603Uvaun Pe pIa KNPAKWTT) JATea pe 3
MN KINJEVIKEG YPAUUEG.
Naparmpnon: O apxikdg (1I608Uvapog) opIcUAS Tou rank PIag urTeag,
Xpnoluonolei évvoleg and Toug dIavuouaTkoUg Xweoug nou B8a douue
apyorepa.
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Q ‘Eorw

10 2 1
A= |0 3 5 —1
2 0 4 2
Eival rank(A) = 2. Mpdyuar,
102 1 102 1
A=lo 3 5 —1| P72 19 3 5
2 04 2 000 O

ondre n A eival R-1codUvapn Pe hIa KANIJAKWTH JATEA JE 2 N MNJEVIKEG
YPOUUEG
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@ Eotw

1
0
1
0
1

—24
1

0O 0 5 35
1
2
0
3

0
0
0
0

Tére

]_25
| o N
—lND N

— O ™

]“2 % NN O

—N D —lN—IN O
— O O O O

O oo oo

2

R4<—+Rs

oo ~'

<
NP

wIN
I ©

1_2 n_.w NN O NN

—INLD —INO —IN
— O O O O

O O O O O

Ry —R3—3R
Rs—Rs—5R)
~Y
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[ 1 1 1
01 3 -3 3 0
R 0 0 5 36 -—-24 1
4—> R4 —R3 1 7 5
~ |00 5 3 -3 1
0 00 O 0 O
000 0 0 O
N 1 1 1
01 3 5 5 0]
,_ |0 0 5 3 —24 1
R3—>R3—ER2 ] 9
0 00 O 0 0
000 0 0 O

Enopévwg, n A eival R-codUvaun e hIa KNJAKWTH JATEA JE 3 un MNOEVIKEG
ypaupég, dpa rank(A) = 3.
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Q Eow

1 2 -1 =2
2 3 0 1
A=
1 2 1 4
1 3 -1 O
Tére
RosRe—2ry |1 2 —1 =2 1T 2 -1 =2
nomm [0 =1 2 5| Rortr [0 -1 2 5
0 O 2 6 0 O 2
0 1 0 2 0 O 2 7
1 2 -1 -2
Ra—Ra—Rs o -1 2 5 -
0O O 2 6 |
0O O 0 1

Enopévwg, n A eival R-1coduUvapn Pe A KNIJAKWTH JATEA UE 4 Jn
MNSEVIKEG YPaupég, dpa rank(A) = 4.
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MNodraon 8

MNa 1o rank uiag unTpac Ioxuouy 1a e&ng:

Q@ AVA € M, «n. 10TE
rank(A) < min{m,n}.

Q ForwA € Mpxn. Térerank(A) = 0 < A = Opxn.

Q@ AVA < B.nA B (dnAadrj o B mpokurrel and rov A uerd and
NenePAcUEVO apIBUS OTOIXEIWSWV UETACXNIUATICUWY YOAUMWY 1l CTNAWV),
rére rank(A) = rank(B).

@ rank(A) = p Srou p eivar o peyaAUTepPOG PUOIKSG apIBISE Yia TOV Orioio

undpxel karnoia TETPAywVIKr) uriodntead B g A ue 1aén p, Téroia wore

det(B) # 0.
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Mpdtaon 8 (cuvéxela)

Q@ ForwA e M, Tore
@ det(A) =0 < rank(A) < n.
@ det(A) # 0 < rank(A) = n.

Q Eotw A € Mpyp kai B € Mpyp. ToTe
rank(AB) < min{rank(A),rank(B)}.
@ ForwA,B € M« Tore
rank(A + B) < rank(A) + rank(B).
Q Forw A € M «n kai A € R*, Tére
rank(AA) = rank(A).

Q ForwA € M xp. TotE

rank(A') = rank(A).
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1 2 3
Nap&deiypa: Eotw A= (4 5 6
7 8 9
LUppwva pe v Mpdraon 8 (5)i), eival rank(A) < 3, diom

det(a) =1+ (~1)"*' |7 g‘+2-(—1)‘+2;‘ g‘
+3-(—1)‘+3;1 :‘:—3+12—9:0.
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Mpodtaon 9 (MATPEeg e rank 1)

Xi
X2
Miam x n pritoa A = [a;] éxel rank 1 av kai uévo av a; = x;y; 6rou X =
Xm
kalY = [y1 Yo v yn],én/\aérj
X Xiyr XYz o0 XiVn
X2 Xoy1  XoY2  cc XoYn
A=Xxv=1| |[n v2 o o] =
Xm XmY1 XmY2 - XmYn )
3 9 6 3
Napédeiypa: HuRtpa A= |1 3 2 1| éxeirank 1 apou
2 6 4 2
3-1 3-3 3-2 3-1 3
A={1-1 1:3 1.2 11| =[1|[1 3 2 1]
2-1 2-3 2-:2 2-1 2
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1 6
Nap&deiypa: HuRrpa A= |0 0 0 0O éxeirank 1 apou
00

Napampnon:
‘Apd, Jia m X n pATeAa A éxel rank 1 av kal uévo av Ypd@eTal wg YIVOUEVO JIAG
uATEAG OTAANG M X 1 eni hIag uNTeag Yeaupng 1 X n.

Napampnon:
Mia pATpa A éxel rank 1 av kal uévo av OAeG ol YPAUUEG TNG (avr. OAeG ol
OTAAEG TNG) €ival MOAANAAGCIA KAMOIAG YPAUHNG TNG (avr. OTANG TNG).
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Modtaon 10 (AvaAuon uNTPAG o€ ABPOIoUA UNTEWY e rank 1)
To rank uia untoac A icourai e Tov eAAXIOTO apiBud UNTewWV KUe rank 1 nou 1o
dBpoioud toug divel v A.

Nap&deiyua:

0 2 1
3 5 —1
0 4 2

10 2 1
0 3 5 -1
0 00 O

A— /?3—)/[?3—2/?1

N O —

apa, eivairank(A) = 2. Enopévwg, n A ypdgetal wg dBpoiopua Yo untpwv
pe rank 1. Mpdyuar,

1021 000 O
A=|0 00 0|+ |0 3 5 —1
2 0 4 2 000 O
1 0
=|0|[1 02 1]+ 1|0 3 5 —1]
2 0

E@appuoopévn diyeppa Opitouceg 2022 - 2023 54 /59



Napddelyua: e nponyoUuevo napddelyua (dlagdvela 48) eidape 1 N uATea

1T 2 —1 2]
2 3 0 1 , , , ,
A= Lo 1 4| & rank(A) = 4 ondte anarouvial 4 PATPEG e rank
T3 -1 0]
1 yia va ekppdoouv v A wg ABpoicua:
N 2 —1 -2 [0 0 0o 0 0 00O 0 0 0 O
00 0 O 2 3 0 1 0 0 0O 0 0 0 O
A=1o o0 o oflTloo oo |1 21 4 T|o o o o
0 o 0o o0 0 0 0 O 0 0 0O 1 3 -1 0
M 0 0 0
0 1 0 0
=lol [V 2 =1 =2+ |2 3 o || 2 v a+|j|[ 8 -1 0
0 0 0 1
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NMapamipnon:
H avdiuon piag uAtpag he rank > 1 wg dBpoioua pntpwv Je rank 1 dev eival
povoonuavin (dnAadn pnopei va yivel ue noAoUg TodMnous).

, , 11 11 ,
Napddeiypa: Na my pAToa A = [O - 1] pe rank(A) = 2 éxoupe

apevog

T 1 1 1 0 00O 1 0
A_[OOOO}JF[O] : 1]_[0}[1 11 1]+H[01 1]
KAl apeTEPOU

1 00O o1 11 1 1
A_[OOOO}JF[O]]1]_[0}[1000]+H[0111]
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Mpdtaon 11 (YnoAoyioudg rank u€cw opIi{oucmy)

Eotw A € Mmxn. Av undpxel uriouritoa B € M, nc prtoag A pe det(B) # 0,
evw yia k&Be unopritea C € M1 G A nou éxel wg urourToa mv B eivar
det(C) = 0, rére rank(A) = p.

Napampnon: And v Mpdraon 11 npokdnrer 61 yia va BpouUue 1o rank piag
MATEAG JnopoUle va akolouBriooupue Tnv e&ng diadikacia:

Bpiokoupe uia tetpaywvikr unounTea B uikpng 1a&ng (cuvnBwg 2) Tng A ue
det(B) # 0.

Av n pATEa B eival TUnou p X p, urioAoyiloupe TIG opiouceq ekeivwv HOVO Twv
unopnTPV G Atunou (p+ 1) X (p + 1) nou éxouv wg unounTpa My B. Av o
opiCouceg SAwv auTWV Twv PNTPWV eival 0, 1éTe Ba eival rank(A) = p.

Av Bpoupe TOUNAXICTOV JIa JATPA WE opilouca un uNdevikn, apxi(ouue Tnv idia
diadikacia and v apxn yia TN UATEA auTtr Nou BENKAUE.
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Nap&deiypa: ‘Eotw én Béloupe va BpoUpue To rank TNG MATEAS

2 —4 3 1 0
A |l 21 42
o1 =1 3 1
4 —7 4 -4 5
Eivai
—4 3
=2+0.

Oewpolpe Twpa POV TIC unourTees 3 X 3 NG A Nou NEPIEXOUV TV UNOUNRTPA

o

MetagU autwv, éxouue

2 —4 3
1 —2 1|=1#0.
0o 1 -1
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Eneidn, aut n opiouca eival un pndevikr, apxi{oupe Eavd and v apxn, Kai
BewpoUpe HOVO TI unodnTeeg 4 X 4 1NG A Nou NEPIEXOUV TNV UNOURTEA

2 —4 3

1 -2 1

0 1 —1
Yndpxouv pévo dUo TEToleg INTPEG:

2 -4 3 1 2 -4 3 O
1 -2 1 -4 T -2 1 2
o 1 -1 3]’ o 1 =11
4 -7 4 -4 4 -7 4 5

Kai o1 800 autég pnmpeg €xouv undevikeg opifouces. ‘Apa, rank(A) = 3.
Naparmpnon: Me tov 1péno autd XpeldoTnKe va urnoAoyiooupe pdvo duo

“'UeyANeg”’ opilouceg NG A (1dENG 4) and 1ig 5 nou nepliéxel, (kai TG onoieg 8a
€npere va UnoAoyicoupde av XpNoIUonoloUCAE ToV 0pIoud Tou rank).
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