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IkanopoihsimìthtaD�dontai ta sÔnola
Σ1 = {p1 ∨ p2 ∨ p3, p1 ∨ ¬p2 ∨ ¬p3,¬p1 ∨ p2 ∨ ¬p3}

Σ2 = {p1 ∨ p2 ∨ p3, p1 ∨ ¬p2, p2 ∨ ¬p3, p3 ∨ ¬p1,¬p1 ∨ ¬p2 ∨ ¬p3}E�nai k�poio apì ta sÔnola Σ1 kai Σ2 ikanopoi simo, dhlad up�rqoun ektim sei v1, v2 ¸ste v1 |= Σ1   v2 |= Σ2?EÔkola, mporoÔme na elègxoume ìti h ekt�mhsh v1 me v1(p1) = 1,
v1(p2) = v1(p3) = 0 ikanopoie� to sÔnolo Σ1.Ant�jeta, kami� ekt�mhsh den ikanopoie� to sÔnolo Σ2, diìtiapì ti prot�sei p1 ∨ ¬p2, p2 ∨ ¬p3, p3 ∨ ¬p1 èpetai ìti giak�je ekt�mhsh v2 pou ikanopoie� to Σ2 isqÔei ìti

v2(p1) = v2(p2) = v2(p3),epomènw, se k�je per�ptwsh èqoume ant�stoiqa ìti
v2(p1 ∨ p2 ∨ p3) = 0   v2(¬p1 ∨ ¬p2 ∨ ¬p3) = 0. 2 / 80



IkanopoihsimìthtaSthn genik  tou morf , to prìblhma th ikanopoihsimìthtaor�zetai w ex :Prìblhma IkanopoihsimìthtaD�detai èna sÔnolo Σ kai zhte�tai na doje� mia ekt�mhsh v pouikanopoie� to Σ   h ap�nthsh ìti den up�rqei tètoia ekt�mhsh.To prìblhma th ikanopoihsimìthta e�nai èna apo tashmantikìtera probl mata th Majhmatik  Logik , meefarmogè sthn Plhroforik . H profan  mèjodo lÔsh toue�nai h exantlhtik  exètash ìlwn twn dunat¸n ektim sewn, p.q.me thn bo jeia twn pin�kwn alhje�a. 'Omw, an sto Σperièqontai n diaforetik� �toma, tìte o sunolikì arijmì twndunat¸n ektim sewn isoÔtai me 2n (diìti gia k�je �tomo èqoumeakrib¸ dÔo epilogè). Akìma kai èna upologist  pouexet�zei 1020 peript¸sei to deuterìlepto, gia sÔnola pouperièqoun 100 �toma ja èprepe na exet�sei 2100 peript¸sei,to opo�o ja apaitoÔse per�pou 4 ai¸ne! 3 / 80



IkanopoihsimìthtaFusik�, ant� na dokim�soume ìle ti peript¸sei, e�naikalÔtero pr¸ta na melet soume ti prot�sei tou Σ,elp�zonta ìti ja mporèsoume na broÔme kanìne pou prèpei naikanopoioÔn ìle oi pijanè ektim sei pou ikanopoioÔn to Σ,ìpw sto par�deigma me to sÔnolo Σ2.Dustuq¸, sthn genik  tou morf  to prìblhma thikanopoihsimìthta den èqei antimetwpisje� me k�poioapodotikì trìpo. M�lista, an kei se mia kathgor�a��dÔskolwn�� problhm�twn th Plhroforik , ta opo�aqarakthr�zontai me ton ìro NP-complete probl mata.Sth sunèqeia, ja melet soume orismène eidikè peript¸seitou probl mato ikanopoihsimìthta, gia ti opo�e èqounbreje� apodotikè mèjodoi ep�lush. Ep�sh, ja melet soumethn genik  per�ptwsh kai ja doÔme giat� e�nai tìso shmantikìprìblhma sthn Plhroforik . 4 / 80



TÔpoi HornTo prìblhma th ikanopoihsimìthta èqei apodotik  lÔsh sthnper�ptwsh ìpou to Σ perièqei mìno prot�sei pou an koun semia eidik  kathgor�a pou onom�zontai tÔpoi Horn. Q�rinaplìthta, ja perioristoÔme se trei morfè twn tÔpwn Horn.TÔpoi HornMia prìtash onom�zetai tÔpo Horn an gr�fetai se m�a apìti trei morfè:a) pkb) (p1 ∧ p2 ∧ p3 ∧ · · · ∧ pk) → pk+1g) ¬p1 ∨ ¬p2 ∨ · · · ∨ ¬pkìpou p1, p2, . . . , pk , pk+1 e�nai �toma.Sti morfè b, g, an koun kai prot�sei th morf :
pk → pk+1, ¬pk .Gia par�deigma, oi prot�sei (p1 ∧ p2) → p1, p1, ¬p2 ∨ ¬p3,
p3 → p1, ¬p2 e�nai tÔpoi Horn. 5 / 80



TÔpoi HornTo prìblhma th ikanopoihsimìthta sthn per�ptwsh twntÔpwn Horn mpore� na luje� akolouj¸nta ton parak�twalgìrijmo.E�sodo: 'Ena sÔnolo tÔpwn Horn'Exodo: Mia ekt�mhsh pou to ikanopoie�, an up�rqei.B ma 1: Jèse yeude� ti ektim sei ìlwn twn atìmwn, ektìaut¸n pou perièqontai w prot�sei sto Σ.B ma 2: 'Oso up�rqei sunepagwg  h opo�a den ikanopoie�tai,jèse thn ekt�mhsh tou �tomou sto dexiì th mèlo w alhj , kaiepan�labe mèqri ìtou ìle oi sunepagwgè ikanopoioÔntai.B ma 3: 'Elegxe mìno tou tÔpou oi opo�oi perièqoun mìnoarn sei atìmwn. An ìloi auto� oi tÔpoi e�nai alhje�, tìteep�streye thn ekt�mhsh pou brèjhke.Alli¸, ep�streye ìti to sÔnolo den ikanopoie�tai. 6 / 80



TÔpoi Horn - Par�deigma'Estw Σ to sÔnolo pou apotele�tai apì tou ex  tÔpou Horn.
Σ = {(p1 ∧ p2 ∧ p3) → p1, p1 → p2, (p1 ∧ p3) → p4, (p1 ∧ p2) → p4,

p1, p4,¬p3 ∨ ¬p1 ∨ ¬p2}.To Σ perièqei 4 �toma: p1, p2, p3, p4.B ma 1: Arqik� jètoume ìla ta �toma yeud  ektì apì ta p1,
p4, opìte èqoume

v(p2) = v(p3) = 0, v(p1) = v(p4) = 1B ma 2: H sunepagwg  p1 → p2 e�nai yeud , �ra jètoume p2alhjè, opìte èqoume
v(p3) = 0, v(p1) = v(p2) = v(p4) = 1T¸ra, ìle oi sunepagwgè e�nai alhje�.B ma 3: H prìtash ¬p3 ∨ ¬p1 ∨ ¬p2 e�nai alhj , afoÔepalhjeÔtai apì thn ekt�mhsh v .'Ara, h ekt�mhsh v pou br kame ikanopoie� to Σ. 7 / 80



Kanonikè morfèAn to sÔnolo Σ perièqei mìno tÔpou Horn, h morf  twnprot�sewn tou e�nai sqetik� apl . Sthn genik  per�ptwsh touprobl mato th ikanopoihsimìthta, h morf  twn prot�sewntou Σ mpore� na e�nai idia�tera per�plokh. Gia par�deigma,mpore� na perièqei mia prìtash ìpw h φ:
(((p1 ↔ ¬p2) → (¬p3 ↔ p1)) ∨ (p2 → ¬p3) ∨ (¬p1 ∧ p3)) →
((¬p2 ∧ (p1 → p4)) ∨ (¬p4 ↔ ¬p2)), k.o.k., ìpou akìma kai giamia sugkekrimènh ekt�mhsh v o èlegqo th tim  alhje�a th
φ den e�nai profan .Gia to lìgo autì èqei melethje� to prìblhma th eÔreshprot�sewn ψ pou e�nai logik� isodÔname me mia doje�saprìtash φ all� èqoun mia sugkekrimènh ��aploÔsterh�� morf ,h opo�a onom�zetai kanonik  morf .Up�rqoun dÔo kanonikè morfè: h kanonik  diazeuktik morf  kai h kanonik  suzeuktik  morf . 8 / 80



Kanonik  diazeuktik  morf  - DNFPrìtash 'Estw S mia prìtash h opo�a perièqei thprotasiakè metablhtè φ1, φ2, . . . , φn. IsqÔei ìti:
S |=|

∨

v∈[S]

(

n
∧

i=1

q(v , i)),ìpou [S ] = {v : v(S) = 1} kai q(v , i) = {

ϕi , an v(ϕi ) = 1

¬ϕi , an v(ϕi ) = 0.Praktik�, autì shma�nei ìti opoiad pote prìtash ϕ mpore� nagrafte� w diazeÔxei suzeÔxewn akolouj¸nta thn ex diadikas�a:Ston p�naka alhje�a th ϕ koit�zoume mìno ti grammème v(ϕ) = 1. Gia k�je tètoia gramm  dhmiourgoÔme miasÔzeuxh apì n metablhtè (ϕi , an sthn i -ost  jèsh thgramm  èqoume 1 kai ¬ϕi an èqoume 0).Sundèoume ti suzeÔxei autè me diazeÔxei. 9 / 80



Kanonik  diazeuktik  morf  - DNFH graf  pou prokÔptei apì th diadikas�a aut  onom�zetai(pl rh) kanonik  diazeuktik  morf  ((full) disjunctive
normal form). Genikìtera, an mia prìtash èqei grafe� wdiazeÔxei suzeÔxewn, onom�zetai kanonik  diazeuktik morf  (disjunctive normal form - DNF)Par�deigma 1H prìtash

(¬φ ∧ ¬y) ∨ (φ ∧ y) ∨ (y ∧ ¬σ)e�nai grammènh se DNF (all� den e�nai pl rh).
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Kanonik  diazeuktik  morf  - DNFPar�deigma 2H prìtash ¬(ϕ ∧ y) èqei p�naka alhje�a
ϕ y ϕ ∧ y ¬(ϕ ∧ y)1 1 1 01 0 0 10 1 0 10 0 0 1Gia na th gr�youme loipìn se pl rh kanonik  diazeuktik morf  asqoloÔmaste mìno me ti trei teleuta�e grammè toup�naka. Apì th 2h gramm  pa�rnoume: ϕ ∧ ¬y , apì thn 3h:

¬ϕ ∧ y kai apì thn 4h: ¬ϕ¬ ∧ y . 'Ara telik�
¬(ϕ ∧ y) |=| (ϕ ∧ ¬y) ∨ (¬ϕ ∧ y) ∨ (¬ϕ ∧ ¬y). 11 / 80



Kanonik  diazeuktik  morf  - DNFPar�deigma 3H prìtash S(ϕ1, ϕ2, ϕ3) me p�naka:
ϕ1 ϕ2 ϕ3 S(ϕ1, ϕ2, ϕ3)1 1 1 11 1 0 01 0 1 01 0 0 10 1 1 10 1 0 00 0 1 00 0 0 1

−→ ϕ1 ∧ ϕ2 ∧ ϕ3

−→ ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3

−→ ¬ϕ1 ∧ ϕ2 ∧ ϕ3

−→ ¬ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3gr�fetai se DNF:
(ϕ1∧ϕ2∧ϕ3)∨(ϕ1∧¬ϕ2∧¬ϕ3)∨(¬ϕ1∧ϕ2∧ϕ3)∨(¬ϕ1∧¬ϕ2∧¬ϕ3).12 / 80



Kanonik  diazeuktik  morf  - DNFParat rhshTa �toma, oi arn sei atìmwn, prot�sei pou qrhsimopoioÔnmìno diazeÔxei atìmwn (  arn sewn atìmwn) kai prot�seipou qrhsimopoioÔn mìno suzeÔxei atìmwn (  arn sewnatìmwn), mporoÔn tetrimmèna na jewrhjoÔn ìti e�nai se DNF.Gia par�deigma, h prìtash p1 ∨ ¬p2 ∨ p3 ∨ p4 mpore� najewrhje� w di�zeuxh suzeÔxewn (DNF) afoÔ e�nai profan¸isodÔnamh me thn (p1 ∧ p1) ∨ (¬p2 ∧ ¬p2) ∨ (p3 ∧ p3) ∨ (p4 ∧ p4).Omo�w, h prìtash p1 ∧ p2 ∧ ¬p3 mpore� na jewrhje� wdi�zeuxh suzeÔxewn (DNF) afoÔ e�nai profan¸ isodÔnamh methn (p1 ∧ p2 ∧ ¬p3) ∨ (p1 ∧ p2 ∧ ¬p3). 13 / 80



Kanonik  suzeuktik  morf  - CNFAnt�stoiqa me thn kanonik  diazeuktik  morf , mporoÔme ep�shna gr�foume opoiad pote prìtash ϕ w suzeÔxei diazeÔxewn:Koit�zoume ston p�naka alhje�a th ϕ mìno ti grammème v(ϕ) = 0. Gia k�je tètoia gramm  dhmiourgoÔme miadi�zeuxh apì n metablhtè (¬ϕi an sth i -ost  jèsh thgramm  èqoume 1 kai ϕi an èqoume 0).Sundèoume ti diazeÔxei autè me suzeÔxei.H graf  pou prokÔptei apì aut  thn diadikas�a onom�zetai(pl rh) kanonik  suzeuktik  morf  ((full) conjuctive
normal form - CNF). Genikìtera, an mia prìtash èqei grafe�w suzeÔxei diazeÔxewn, onom�zetai kanonik  suzeuktik morf  (conjuctive normal form - CNF). 14 / 80



Kanonik  suzeuktik  morf  - CNF
'Etsi, to prohgoÔmeno Par�deigma 2, d�nei

¬(ϕ ∧ y) |=| ¬ϕ ∨ ¬ykai to Par�deigma 3 d�nei gia thn S th morf 
(¬ϕ1 ∨ ¬ϕ2 ∨ ϕ3) ∧ (¬ϕ1 ∨ ϕ2 ∨ ¬ϕ3)∧

(ϕ1 ∨ ¬ϕ2 ∨ ϕ3) ∧ (ϕ1 ∨ ϕ2 ∨ ¬ϕ3).
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Kanonik  suzeuktik  morf  - CNFParat rhshAnt�stoiqa me thn DNF, profan¸ isqÔei ep�sh ìti ta �toma,oi arn sei atìmwn, prot�sei pou qrhsimopoioÔn mìnodiazeÔxei atìmwn (  arn sewn atìmwn) kai prot�sei pouqrhsimopoioÔn mìno suzeÔxei atìmwn (  arn sewn atìmwn),mporoÔn tetrimmèna na jewrhjoÔn ìti e�nai se CNF.Parat rhshAn ma e�nai arketì na metatrèyoume mia prìtash se kanonik morf  (qwr� na e�nai upoqrewtik� pl rh), mporoÔme pollèforè na to k�noume aploÔstera kai grhgorìtera,qrhsimopoi¸nta ti idiìthte twn sundèsmwn (epimeristikìthtatwn ∨, ∧, kanìne De Morgan k.lp). 16 / 80



Kanonik  suzeuktik  morf  - CNF'Etsi, gia par�deigma, h prìtash p4 ∧ (p4 → p1), h opo�agr�fetai me qr sh pin�kwn alhje�a se pl rh CNF w
(¬p1 ∨ p4) ∧ (¬p4 ∨ p1) ∧ (p1 ∨ p4),mpore� na grafe� polÔ aploÔstera sthn isodÔnam  th(tetrimmènh, mh pl rh) CNF w p4 ∧ p1, afoÔ

p4 ∧ (p4 → p1)
(1)

|=| p4 ∧ (¬p4 ∨ p1)

(2)

|=| (p4 ∧ ¬p4) ∨ (p4 ∧ p1)

(3)

|=| p4 ∧ p1(1): Blèpe ti basikè (logikè) isodunam�e (sel. 44)(2): Epimeristikìthta(3): AfoÔ h p4 ∧ ¬p4 e�nai yeud . Genik� isqÔei profan¸ ìtian h ψ e�nai yeud  tìte ψ ∨ φ |=| φ. 17 / 80



Ep�rkeia sundèsmwnSto shme�o autì mporoÔme na k�noume mia endiafèrousaparat rhsh:Apì ti prohgoÔmene dÔo kanonikè morfè e�nai fanerì ìtik�je prìtash φ e�nai logik� isodÔnamh me mia prìtash pouperièqei mìno tou sundèsmou ¬ kai ∨,   mìno tou sundèsmou
¬ kai ∧.Pr�gmati, ìpw eÔkola mporoÔme na epalhjeÔsoume, isqÔounoi isodunam�e:
(ϕ→ y) |=| (¬ϕ ∨ y)
(ϕ↔ y) |=| (ϕ→ y) ∧ (y → ϕ)(�ra (ϕ↔ y) |=| (¬ϕ ∨ y) ∧ (¬y ∨ ϕ))
¬(ϕ ∧ y) |=| ¬ϕ ∨ ¬y (�ra ϕ ∧ y |=| ¬(¬ϕ ∨ ¬y))
¬(ϕ ∨ y) |=| ¬ϕ ∧ ¬y (�ra ϕ ∨ y |=| ¬(¬ϕ ∧ ¬y))'Ara, k�je prìtash pou ekfr�zetai apì ta �toma kai toulogikoÔ sundèsmou ¬,∨,∧,→,↔ mpore� na ekfraste�qrhsimopoi¸nta mìno dÔo apì tou trei pr¸tou.Sthn pragmatikìthta isqÔei k�ti akìma pio isqurì. 18 / 80



Ep�rkeia sundèsmwnMèqri t¸ra or�same sto P to monomel  sÔndesmo ¬ kai toudimele� sundèsmou ∧,∨,→,↔. O monomel  sÔndesmo ¬ e�naisthn ous�a mia apeikìnish F : P 7→ P (me F (ϕ) = ¬ϕ) kaisunodeÔetai apì ton p�naka alhje�a:
ϕ F (ϕ)1 00 1IsodÔnama e�pame ìti o monomel  sÔndesmo ¬ or�zetai sthnous�a apì th sun�rthsh G¬ : {0, 1} 7→ {0, 1} me
ϕ G¬(ϕ)1 00 1 19 / 80



Ep�rkeia sundèsmwn
Omo�w o dimel  sÔndesmo ∧ e�nai mia apeikìnish F : P2 7→ P(me F (ϕ, y) = ϕ ∧ y) kai sunodeÔetai apì ton p�naka alhje�a

ϕ y F (ϕ)1 1 11 0 00 1 00 0 0Ant�stoiqa èqoun orisje� kai oi dimele� sÔndesmoi ∨,→,↔.
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Ep�rkeia sundèsmwn
Ta parap�nw genikeÔontai profan¸ gia n-mele� sundèsmouw ex :OrismìK�je apeikìnish F : Pn 7→ P pou sunodeÔetai apì ènan p�nakaalhje�a gia ti timè th F (ϕ1, ϕ2, . . . , ϕn) (  mia sun�rthsh
GF : {0, 1}n 7→ {0, 1}) onom�zetai n-mel  sÔndesmo sto P .
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Ep�rkeia sundèsmwnPar�deigmaH sun�rthsh GF : {0, 1}3 7→ {0, 1} me:
ϕ1 ϕ2 ϕ1 GF (ϕ1, ϕ2, ϕ3)1 1 1 11 1 0 01 0 1 01 0 0 10 1 1 10 1 0 00 0 1 00 0 0 1e�nai èna trimel  sÔndesmo. 22 / 80



Ep�rkeia sundèsmwnApodeiknÔetai to parak�tw genikì apotèlesma.Je¸rhmaTo sÔnolo {∧,∨,¬,→,↔} (�ra kai ta sÔnola {∧,∨,¬},
{∧,¬}, {∨,¬}) e�nai eparkè.Dhlad , opoiosd pote n-mel  sÔndesmo F e�nai isodÔnamome mia prìtash ϕ (kai �ra mpore� na antikatastaje� apìaut ) h opo�a qrhsimopoie� mìno tou sundèsmou ∧, ∨, ¬, →,
↔ (  ìpw e�dame  dh mìno tou ¬,∧,∨   mìno tou ¬,∧   mìnotou ¬,∨).'Ara oi sÔndesmoi ∧,∨,¬,→,↔ (  kai mìno oi ¬,∧,∨   mìno oi
¬,∧   mìno oi ¬,∨) eparkoÔn gia na ekfrasje� mèsw aut¸nopoiosd pote �llo sÔndesmo. 23 / 80



Ask sei1. Na exetasje� an ta epìmena sÔnola tÔpwn Horn e�naiikanopoi sima.1 {(p1 ∧ p3 ∧ p5) → p4,¬p1 ∨ ¬p4 ∨ ¬p2,
p3 → p1,¬p5 ∨ ¬p1 ∨ ¬p2, p3, (p1 ∧ p3) → p5}Ikanopoi simo, me v(p1) = v(p3) = v(p4) = v(p5) = 1 kai
v(p2) = 0.2 {p6,¬p3 ∨ ¬p4 ∨ ¬p2, (p6 ∧ p3) → p1,
¬p1 ∨ ¬p5 ∨ ¬p3, (p1 ∧ p6) → p4, p6 → p3}Ikanopoi simo, me v(p1) = v(p3) = v(p6) = 1 kai
v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 24 / 80



Ask sei1. Na exetasje� an ta epìmena sÔnola tÔpwn Horn e�naiikanopoi sima.1 {(p1 ∧ p3 ∧ p5) → p4,¬p1 ∨ ¬p4 ∨ ¬p2,
p3 → p1,¬p5 ∨ ¬p1 ∨ ¬p2, p3, (p1 ∧ p3) → p5}Ikanopoi simo, me v(p1) = v(p3) = v(p4) = v(p5) = 1 kai
v(p2) = 0.2 {p6,¬p3 ∨ ¬p4 ∨ ¬p2, (p6 ∧ p3) → p1,
¬p1 ∨ ¬p5 ∨ ¬p3, (p1 ∧ p6) → p4, p6 → p3}Ikanopoi simo, me v(p1) = v(p3) = v(p6) = 1 kai
v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 25 / 80



Ask sei1. Na exetasje� an ta epìmena sÔnola tÔpwn Horn e�naiikanopoi sima.1 {(p1 ∧ p3 ∧ p5) → p4,¬p1 ∨ ¬p4 ∨ ¬p2,
p3 → p1,¬p5 ∨ ¬p1 ∨ ¬p2, p3, (p1 ∧ p3) → p5}Ikanopoi simo, me v(p1) = v(p3) = v(p4) = v(p5) = 1 kai
v(p2) = 0.2 {p6,¬p3 ∨ ¬p4 ∨ ¬p2, (p6 ∧ p3) → p1,
¬p1 ∨ ¬p5 ∨ ¬p3, (p1 ∧ p6) → p4, p6 → p3}Ikanopoi simo, me v(p1) = v(p3) = v(p6) = 1 kai
v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 26 / 80
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v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 27 / 80



Ask sei1. Na exetasje� an ta epìmena sÔnola tÔpwn Horn e�naiikanopoi sima.1 {(p1 ∧ p3 ∧ p5) → p4,¬p1 ∨ ¬p4 ∨ ¬p2,
p3 → p1,¬p5 ∨ ¬p1 ∨ ¬p2, p3, (p1 ∧ p3) → p5}Ikanopoi simo, me v(p1) = v(p3) = v(p4) = v(p5) = 1 kai
v(p2) = 0.2 {p6,¬p3 ∨ ¬p4 ∨ ¬p2, (p6 ∧ p3) → p1,
¬p1 ∨ ¬p5 ∨ ¬p3, (p1 ∧ p6) → p4, p6 → p3}Ikanopoi simo, me v(p1) = v(p3) = v(p6) = 1 kai
v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 28 / 80



Ask sei1. Na exetasje� an ta epìmena sÔnola tÔpwn Horn e�naiikanopoi sima.1 {(p1 ∧ p3 ∧ p5) → p4,¬p1 ∨ ¬p4 ∨ ¬p2,
p3 → p1,¬p5 ∨ ¬p1 ∨ ¬p2, p3, (p1 ∧ p3) → p5}Ikanopoi simo, me v(p1) = v(p3) = v(p4) = v(p5) = 1 kai
v(p2) = 0.2 {p6,¬p3 ∨ ¬p4 ∨ ¬p2, (p6 ∧ p3) → p1,
¬p1 ∨ ¬p5 ∨ ¬p3, (p1 ∧ p6) → p4, p6 → p3}Ikanopoi simo, me v(p1) = v(p3) = v(p6) = 1 kai
v(p2) = v(p4) = v(p5) = 0.3 {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2 ∧ p5) → p4,
¬p4 ∨ ¬p5, (p4 ∧ p1) → p2, p1}.Ikanopoi simo, me v(p1) = 1 kai
v(p2) = v(p3) = v(p4) = v(p5) = 0. 29 / 80



Ask sei2. Se mia diadikas�a epilog  metaxÔ tri¸n antikeimènwn a, b,g e�nai apara�thth h ikanopo�hsh twn parak�tw periorism¸n:1 Den mporoÔn na epileqjoÔn kai ta tr�a.2 An epileqje� to g, tìte ja epileqje� kai to a.3 An den epileqje� to b, tìte den ja epileqje� kai to a.4 An den epileqje� to g, tìte den ja epileqje� kai to a.Mpore� na g�nei aut  h epilog ?
Σ = {¬a ∨ ¬b ∨ ¬c , c → a,¬b → ¬a,¬c → ¬a}

|=| {¬a ∨ ¬b ∨ ¬c , c → a, a → b, a → c}Ikanopoi simo, me v(b) = 1 kai v(a) = v(c) = 0, dhlad epilègetai mìno to b. 30 / 80



Ask sei2. Se mia diadikas�a epilog  metaxÔ tri¸n antikeimènwn a, b,g e�nai apara�thth h ikanopo�hsh twn parak�tw periorism¸n:1 Den mporoÔn na epileqjoÔn kai ta tr�a.2 An epileqje� to g, tìte ja epileqje� kai to a.3 An den epileqje� to b, tìte den ja epileqje� kai to a.4 An den epileqje� to g, tìte den ja epileqje� kai to a.Mpore� na g�nei aut  h epilog ?
Σ = {¬a ∨ ¬b ∨ ¬c , c → a,¬b → ¬a,¬c → ¬a}

|=| {¬a ∨ ¬b ∨ ¬c , c → a, a → b, a → c}Ikanopoi simo, me v(b) = 1 kai v(a) = v(c) = 0, dhlad epilègetai mìno to b. 31 / 80



Ask sei3. Se k�poia d�kh kl jhkan 4 m�rture. Apì ti katajèseitou proèkuyan ta akìlouja sumper�smata.1 An h martur�a tou M1 e�nai alhj  tìte kai h martur�a tou
M2 e�nai alhj .2 H martur�a tou M3 e�nai alhj , an kai mìno an hmartur�a tou M4 e�nai alhj .3 Oi martur�e twn M2 kai M4 oudèpote sunalhjeÔoun.4 H martur�a tou M3 e�nai alhj .Na breje�, an up�rqei, trìpo ¸ste ìla ta parap�nwsumper�smata na e�nai alhj .Ap�nthsh. Ja prèpei na ikanopoie�tai to sÔnolo

Σ = {M1 → M2,M3 ↔ M4,M2 ↔ ¬M4,M3}.Anagkastik� e�nai v(M3) = 1 kai efìson alhjeÔoun kai taupìloipa, èqoume
v(M3) = 1 ⇒ v(M4) = 1 ⇒ v(M2) = 0 ⇒ v(M1) = 0. 32 / 80



Ask sei3. Se k�poia d�kh kl jhkan 4 m�rture. Apì ti katajèseitou proèkuyan ta akìlouja sumper�smata.1 An h martur�a tou M1 e�nai alhj  tìte kai h martur�a tou
M2 e�nai alhj .2 H martur�a tou M3 e�nai alhj , an kai mìno an hmartur�a tou M4 e�nai alhj .3 Oi martur�e twn M2 kai M4 oudèpote sunalhjeÔoun.4 H martur�a tou M3 e�nai alhj .Na breje�, an up�rqei, trìpo ¸ste ìla ta parap�nwsumper�smata na e�nai alhj .Ap�nthsh. Ja prèpei na ikanopoie�tai to sÔnolo

Σ = {M1 → M2,M3 ↔ M4,M2 ↔ ¬M4,M3}.Anagkastik� e�nai v(M3) = 1 kai efìson alhjeÔoun kai taupìloipa, èqoume
v(M3) = 1 ⇒ v(M4) = 1 ⇒ v(M2) = 0 ⇒ v(M1) = 0. 33 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 34 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 35 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 36 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 37 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 38 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 39 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 40 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 41 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 42 / 80



Ask sei4. Na grafoÔn se kanonik  diazeuktik  kai kanonik suzeuktik  morf  oi parak�tw prot�sei:1 φ→ ψ
|=| ¬φ ∨ ψ (E�nai se morf  CNF kai DNF.)2 ((φ→ ψ) → φ) → ψ
|=| ¬φ ∨ ψ3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ) ∧ (¬ζ ∨ ¬φ ∨ ψ) (CNF)
|=| (¬φ ∧ ¬ζ) ∨ (ζ ∧ ¬φ) ∨ (ζ ∧ ψ) (Met� apì pr�xei.)(DNF)4 (¬φ) ∨ (φ ∧ ψ)
|=| ¬φ ∨ ψ (Met� apì pr�xei.)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ψ (Met� apì pr�xei.) 43 / 80



Ask sei
5. Na breje� mia prìtash pou perièqei ta �toma p1, p2, p3 hopo�a e�nai alhj  an kai mìno an akrib¸ dÔo apì ta p1, p2,
p3 e�nai alhj .

φ = (p1 ∧ p2 ∧ ¬p3) ∨ (p1 ∧ ¬p2 ∧ p3) ∨ (¬p1 ∧ p2 ∧ p3)

44 / 80



Ask sei
5. Na breje� mia prìtash pou perièqei ta �toma p1, p2, p3 hopo�a e�nai alhj  an kai mìno an akrib¸ dÔo apì ta p1, p2,
p3 e�nai alhj .

φ = (p1 ∧ p2 ∧ ¬p3) ∨ (p1 ∧ ¬p2 ∧ p3) ∨ (¬p1 ∧ p2 ∧ p3)
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Ask sei
6. Na apodeiqje� ìti o sÔndesmo | (pou onom�zetaisÔndesmo tou Sheffer) me p�naka alhje�a

ϕ y ϕ|y1 1 01 0 10 1 10 0 1e�nai epark  gia na ekfr�sei opoiod pote logikì sÔndesmo.
46 / 80



Ask sei6. Na apodeiqje� ìti o sÔndesmo | e�nai epark  gia naekfr�sei opoiod pote logikì sÔndesmo.LÔsh. AfoÔ w gnwstì to {¬,∨,∧} e�nai eparkè, arke� naekfrastoÔn oi trei auto� sÔndesmoi sunart sei tou |.Qrhsimopoi¸nta thn isodunam�a p|q |=| ¬(p ∧ q), èqoume ìti
¬p |=| ¬(p ∧ p) |=| p|p

p ∨ q |=| ¬(¬p ∧ ¬q) |=| (¬p)|(¬q) |=| (p|p)|(q|q)

p ∧ q |=| ¬¬(p ∧ q) |=| ¬(p|q) |=| (p|q)|(p|q)'Ara to monosÔnolo {|} e�nai eparkè. 47 / 80



To prìblhma SATTo prìblhma th ikanopoihsimìthta:Dojènto enì sunìlou Σ logik¸n prot�sewn, na eureje�ekt�mhsh pou na to ikanopoie�   h ap�nthsh ìti den up�rqeitètoia ekt�mhsh.Dedomènou ìti k�je prìtash mpore� na grafe� isodÔnama se
CNF morf , to parap�nw prìblhma e�nai isodÔnamo meTo prìblhma SAT:Doje�sh mia logik  prìtash φ se CNF morf , na eureje�ekt�mhsh pou na thn ikanopoie�   h ap�nthsh ìti den up�rqeitètoia ekt�mhsh. 48 / 80



To prìblhma SAT

Parat rhsh:An kai sto prìblhma SAT asqoloÔmaste mìno me mia prìtash,autì den mei¸nei thn genikìthta   th duskol�a tou. Autì isqÔeidiìti an èna sÔnolo Σ apotele�tai apì perissìtere apì m�aprot�sei φ1, φ2, . . . , φm, tìte gr�fonta k�je m�a apì autèse kanonik  suzeuktik  morf  φ′1, φ′2, . . . , φ′m, prokÔptei ìti to
Σ e�nai ikanopoihsimo an kai mìno an h CNF prìtash
φ′1 ∧ φ

′

2 ∧ · · · ∧ φ′m e�nai ikanopoi simh.
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To prìblhma 3-SATTo prìblhma 3-SAT e�nai mia eidik  per�ptwsh tou probl mato
SAT, ìpou k�je parènjesh th prìtash φ perièqei akrib¸ 3ìrou. Sthn per�ptwsh aut , lème ìti h φ e�nai se morf  3-CNF.Par�deigmaH prìtash

(p1 ∨ p2 ∨ p3) ∧ (p1 ∨ ¬p2 ∨ p3) ∧ (¬p1 ∨ p2 ∨ p4)e�nai se morf  3-CNF.An kai to 3-SAT apotele� eidik  per�ptwsh tou SAT, telik�e�nai isodÔnamo me to genikì prìblhma SAT, ìpw prokÔpteiapì thn anagwg  pou akolouje�. 50 / 80



Apì to SAT sto 3-SAT'Estw φ mia prìtash ekfrasmènh se CNF w φ1 ∧ · · · ∧ φm, ìpouk�je φi e�nai di�zeuxh apì �toma   kai arn sei atìmwn.MporoÔme gia k�je φi na kataskeu�soume mia logik�isodÔnamh di�zeuxh me akrib¸ 3 ìrou w ex :An h φi perièqei ènan akrib¸ ìro, èstw ton p1, tìte e�nailogik� isodÔnamh me thn prìtash φ′i :
(p1∨y1∨y2)∧(p1∨¬y1∨y2)∧(p1∨y1∨¬y2)∧(p1∨¬y1∨¬y2)ìpou y1, y2 nèa �toma.An h φi perièqei 2 ìrou, èstw φi : p1 ∨ p2, tìte e�nailogik� isodÔnamh me thn prìtash φ′i :

(p1 ∨ p2 ∨ y1) ∧ (p1 ∨ p2 ∨ ¬y1)ìpou y1 nèo �tomo. 51 / 80



Apì to SAT sto 3-SATAn h φi perièqei 3 akrib¸ �toma, tìte den k�noume kam�aallag An h φi perièqei 4   perissìterou ìrou, èstw
φi : p1 ∨ p2 ∨ · · · ∨ pk , k > 3 tìte thn antikajistoÔme me thnprìtash φ′i :
(p1 ∨ p2 ∨ y1)

∧(¬y1 ∨ p3 ∨ y2) ∧ (¬y2 ∨ p4 ∨ y3) ∧ · · · ∧ (¬yk−4 ∨ pk−2 ∨ yk−3)

∧(¬yk−3 ∨ pk−1 ∨ pk)ìpou y1, . . . , yk−3 nèa �toma.EÔkola prokÔptei ìti up�rqei ekt�mhsh pou ikanopoie� thn
φ′i an kai mìno an o periorismì aut  th ekt�mhsh sta
p1, . . . , pk ikanopoie� thn φi . 52 / 80



Apì to SAT sto 3-SAT
'AskhshNa grafe� h prìtash

(p1 ∨ p2 ∨ ¬p3 ∨ ¬p4 ∨ p5) ∧ (p1 ∨ ¬p2)se morf  3-CNF.
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Apì to SAT sto 3-SATApì ta prohgoÔmena prokÔptei to sumpèrasma:Ta probl mata SAT kai 3-SAT e�nai isodÔnama apì pleur�duskol�a ep�lush.Dhlad , parìlo, pou mèqri s mera den mporoÔme na talÔsoume ��apodotik���, en toÔtoi gnwr�zoume ìti e�naiisodÔnama kai epomènw an up�rxei èna nèo algìrijmo poud�nei ��apodotik �� lÔsh sto prìblhma 3-SAT, autì ja d¸sei��apodotik �� lÔsh kai sto genikì prìblhma SAT.H shmas�a tou probl mato SAT den perior�zetai sthn Logik kai sta logik� kukl¸mata, ìpou profan¸ emfan�zontaiprobl mata ikanopoihsimìthta, all� apotele� thn kardi� touprobl mato kai se �lle efarmogè th Plhroforik .Sthn sunèqeia ja parousi�soume orismène apì autè. 54 / 80



Graf mata
'Ena gr�fhma desm¸n G e�nai èna sÔnolo V (ta stoiqe�a touopo�ou onom�zontai korufè) kai èna sÔnolo E ⊆ V × Vzeug¸n koruf¸n (ta stoiqe�a tou opo�ou onom�zontai desmo�  akmè). Oi desmo� tou E lème ìti en¸noun ti korufè pouperièqoun.H sunhjismènh anapar�stash gia èna gr�fhma G e�nai hgrafik  apeikìnish tou. K�je koruf  tou V anapar�stataiw èna shme�o sto ep�pedo kai k�je desmì tou G pou en¸neidÔo korufè w mia gramm  pou en¸nei ta ant�stoiqa dÔoshme�a tou epipèdou.
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Graf mataPar�deigma H du�da (V ,E ) ìpou
V = {v1, v2, v3, v4, v5, v6, v7, v8}kai E = {{v1, v3}, {v1, v4}, {v1, v5}, {v2, v3}, {v2, v5},

{v2, v8}, {v3, v4}, {v3, v8}, {v7, v8}} e�nai èna gr�fhma desm¸n
G . H grafik  tou apeikìnish e�nai h akìloujh:
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Anex�rthto sÔnolo graf mato
Suqn�, ja taut�zoume èna gr�fhma me thn grafik  touapeikìnish kai ja jewroÔme ta vi w onìmata   etikète twnkoruf¸n tou.Ta graf mata apoteloÔn thn ��gl¸ssa�� diatÔpwsh poll¸nalgorijmik¸n problhm�twn.'Ena sÔnolo A koruf¸n tou G onom�zetai anex�rthto an giak�je zeÔgo koruf¸n v , u pou an kei sto A den up�rqeiup�rqei desmì pou ti en¸nei. Oi korufè tou A onom�zontaianex�rthte kai o arijmì twn koruf¸n pou an koun sto Aonom�zetai mègejo tou A.
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Anex�rthto sÔnolo graf matoPar�deigma: Gia to gr�fhma G :
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ta sÔnola koruf¸n {v1, v5, v7} kai {v7, v1, v2, v3} e�naianex�rthta me megèjh 3 kai 4 ant�stoiqa. 58 / 80



To prìblhma tou anex�rthtou sunìlou
'Ena �llo gnwstì ��dÔskolo prìblhma�� e�nai to prìblhma touanex�rthtou sunìlou (IS: Independent Set), to opo�o èqei thnex  diatÔpwsh: Dojènto enì graf mato G = (V ,E ) kaienì jetikoÔ akera�ou k na breje� an up�rqei èna sÔnolo kkoruf¸n I ⊆ V , pou an� dÔo na mhn sundèontai metaxÔ tou meakm .H anagwg  (apì to 3-SAT sto IS) pou akolouje� apodeiknÔeiìti an mporoÔme na lÔsoume ��apodotik��� to IS to mporoÔme nak�noume to �dio kai gia to 3-SAT.
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Apì to 3-SAT sto ISD�netai mia prìtash φ se morf  3-CNF φ1 ∧ · · · ∧ φm kai apìaut  ja kataskeuaste� èna gr�fhma G tètoio ¸ste k�jeanex�rthto sÔnolì tou me m stoiqe�a na antistoiqe� se miaekt�mhsh pou ikanopoie� thn φ. An den up�rqei tètoio sÔnolo,tìte h φ den e�nai ikanopoi simh.JewroÔme ìti to G e�nai arqik� kenì.Gia k�je diazeuktikì ìro φi th φ, eis�goume 3 nèekorufè sto gr�fhma G me etikète ta onìmata twn ìrwnth φi , ti opo�e en¸noume an� dÔo sqhmat�zonta ènatr�gwno.AfoÔ k�noume to �dio gia k�je φi th φ, to G e�nai ènagr�fhma pou apotele�tai apì xèna tr�gwna.Tèlo, en¸noume k�je koruf  me etikèta pj me k�je �llhme etikèta ¬pj , kai ètsi prokÔptei to telikì gr�fhma. 60 / 80



Apì to 3-SAT sto IS - Par�deigmaGia par�deigma, an
φ : (¬p1 ∨ p2 ∨ ¬p3) ∧ (p1 ∨ ¬p2 ∨ p3) ∧ (p1 ∨ p2 ∨ p3),Tìte to gr�fhma G pou prokÔptei me thn parap�nwdiadikas�a e�nai to akìloujo:
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p2 ¬p3
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Apì to 3-SAT sto IS'Ena anex�rthto sÔnolo I megèjou m ja prèpei naperièqei akrib¸ ènan ìro apì k�je tr�gwno.An perièqei th metablht  pi , den mpore� na perièqei thn�rnhs  th ¬pi , kai ant�strofa. Sthn pr¸th per�ptwshjètoume v(pi ) = 1, alli¸ v(pi ) = 0.Se k�je metablht  pj pou den emfan�zetai h �dia oÔte kai h�rnhs  th sto I mporoÔme na d¸soume auja�reth ekt�mhsh
v(pj).'Etsi, pa�rnoume thn zhtoÔmenh ekt�mhsh v pou jaikanopoie� thn φ. An h φ den ikanopoie�tai, tìte denup�rqei tètoio sÔnolo I . 62 / 80



Apì to 3-SAT sto IS

'AskhshGia thn prìtash φ :

(¬p∨q∨¬r)∧(p∨¬q∨r)∧(p∨q∨r)∧(¬p∨¬q∨r)∧(¬p∨¬q∨¬r)na kataskeuaste� to ant�stoiqo gr�fhma G kai na breje� miaekt�mhsh pou thn ikanopoie�, an up�rqei.
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Apì to 3-SAT sto ISKatìpin, autoÔ prokÔptei ìti:To prìblhma tou anex�rthtou sunìlou e�nai toul�qiston tìsodÔskolo ìso to SAT kai èna gr goro algìrijmo pou lÔneito pr¸to mpore� na metasqhmatiste� se ènan gr goroalgìrijmo gia to deÔtero.Me ton �dio trìpo, me kat�llhle anagwgè(metasqhmatismoÔ), mpore� na deiqje� ìti mia meg�lh gk�ma��dÔskolwn�� all� shmantik¸n problhm�twn e�nai isodÔnamaupologistik�, kai h ��apodotik �� lÔsh gia k�poio apì aut� jaodhgoÔse sthn ��apodotik �� lÔsh ìlwn twn upolo�pwn. 64 / 80



Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ ∨ y) ∧ (¬φ ∨ ζ ∨ ¬y) ∧ (¬ζ ∨ ¬φ ∨ ψ)4 (¬φ) ∨ (φ ∧ ψ)
|=| (¬φ∨φ)∧(¬φ∨ψ) |=| ¬φ∨ψ |=| (¬φ∨ψ∨y1)∧(¬φ∨ψ∨¬y1)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ((ψ ∧ ζ) ∨ ψ) |=| φ ∨ ψ |=| (φ ∨ ψ ∨ y1) ∧ (φ ∨ ψ ∨ ¬y1)65 / 80



Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ ∨ y) ∧ (¬φ ∨ ζ ∨ ¬y) ∧ (¬ζ ∨ ¬φ ∨ ψ)4 (¬φ) ∨ (φ ∧ ψ)
|=| (¬φ∨φ)∧(¬φ∨ψ) |=| ¬φ∨ψ |=| (¬φ∨ψ∨y1)∧(¬φ∨ψ∨¬y1)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ((ψ ∧ ζ) ∨ ψ) |=| φ ∨ ψ |=| (φ ∨ ψ ∨ y1) ∧ (φ ∨ ψ ∨ ¬y1)66 / 80



Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ ∨ y) ∧ (¬φ ∨ ζ ∨ ¬y) ∧ (¬ζ ∨ ¬φ ∨ ψ)4 (¬φ) ∨ (φ ∧ ψ)
|=| (¬φ∨φ)∧(¬φ∨ψ) |=| ¬φ∨ψ |=| (¬φ∨ψ∨y1)∧(¬φ∨ψ∨¬y1)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ ∨ y) ∧ (¬φ ∨ ζ ∨ ¬y) ∧ (¬ζ ∨ ¬φ ∨ ψ)4 (¬φ) ∨ (φ ∧ ψ)
|=| (¬φ∨φ)∧(¬φ∨ψ) |=| ¬φ∨ψ |=| (¬φ∨ψ∨y1)∧(¬φ∨ψ∨¬y1)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
|=| φ ∨ ((ψ ∧ ζ) ∨ ψ) |=| φ ∨ ψ |=| (φ ∨ ψ ∨ y1) ∧ (φ ∨ ψ ∨ ¬y1)72 / 80



Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
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Ask sei1. Na metasqhmatisjoÔn se morf  3-SAT oi tÔpoi:1 φ→ ψ
φ→ ψ |=| ¬φ ∨ ψ |=| (¬φ ∨ ψ ∨ y1) ∧ (¬φ ∨ ψ ∨ ¬y1)2 ((φ→ ψ) → φ) → ψApì ton p�naka alhje�a prokÔptei ìti
((φ→ ψ) → φ) → ψ |=| φ→ ψ, opìte h lÔsh e�nai �dia methn prohgoÔmenh.3 (¬φ ∨ (φ→ ζ)) ∧ (¬ζ ∨ (φ→ ψ))
|=| (¬φ ∨ ζ ∨ y) ∧ (¬φ ∨ ζ ∨ ¬y) ∧ (¬ζ ∨ ¬φ ∨ ψ)4 (¬φ) ∨ (φ ∧ ψ)
|=| (¬φ∨φ)∧(¬φ∨ψ) |=| ¬φ∨ψ |=| (¬φ∨ψ∨y1)∧(¬φ∨ψ∨¬y1)5 (¬φ) → (ψ ∧ (ζ ∨ ψ))
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Ask sei2. Na metasqhmatisje� to prìblhma ikanopoihsimìthta tousunìlou:
Σ = {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2) → p4,

¬p4 ∨ ¬p5, (p4 ∨ p1) → p2}se morf  SAT, sth sunèqeia se morf  3-SAT kai tèlo stoprìblhma tou anex�rthtou sunìlou.
Σ |=| (¬p1 ∨ ¬p2 ∨ ¬p5) ∧ (¬p2) ∧ (¬p2 ∨ p1) ∧ (¬p3 ∨ ¬p2 ∨ p4)

∧ (¬p4 ∨ ¬p5) ∧ (¬p4 ∨ p2) ∧ (¬p1 ∨ p2)

|=| (¬p1 ∨ ¬p2 ∨ ¬p5) ∧ (¬p2 ∨ y1 ∨ y2) ∧ (¬p2 ∨ y1 ∨ ¬y2)

∧ (¬p2 ∨ ¬y1 ∨ y2) ∧ (¬p2 ∨ ¬y1 ∨ ¬y2)

∧ (¬p2 ∨ p1 ∨ y1) ∧ (¬p2 ∨ p1 ∨ ¬y1) ∧ (¬p3 ∨ ¬p2 ∨ p4)

∧ (¬p4 ∨ ¬p5 ∨ y1) ∧ (¬p4 ∨ ¬p5 ∨ ¬y1)

∧ (¬p4 ∨ p2 ∨ y1) ∧ (¬p4 ∨ p2 ∨ ¬y1)

∧ (¬p1 ∨ p2 ∨ y1) ∧ (¬p1 ∨ p2 ∨ ¬y1) 75 / 80



Ask sei2. Na metasqhmatisje� to prìblhma ikanopoihsimìthta tousunìlou:
Σ = {¬p1 ∨ ¬p2 ∨ ¬p5,¬p2, p2 → p1, (p3 ∧ p2) → p4,

¬p4 ∨ ¬p5, (p4 ∨ p1) → p2}se morf  SAT, sth sunèqeia se morf  3-SAT kai tèlo stoprìblhma tou anex�rthtou sunìlou.
Σ |=| (¬p1 ∨ ¬p2 ∨ ¬p5) ∧ (¬p2) ∧ (¬p2 ∨ p1) ∧ (¬p3 ∨ ¬p2 ∨ p4)

∧ (¬p4 ∨ ¬p5) ∧ (¬p4 ∨ p2) ∧ (¬p1 ∨ p2)

|=| (¬p1 ∨ ¬p2 ∨ ¬p5) ∧ (¬p2 ∨ y1 ∨ y2) ∧ (¬p2 ∨ y1 ∨ ¬y2)

∧ (¬p2 ∨ ¬y1 ∨ y2) ∧ (¬p2 ∨ ¬y1 ∨ ¬y2)

∧ (¬p2 ∨ p1 ∨ y1) ∧ (¬p2 ∨ p1 ∨ ¬y1) ∧ (¬p3 ∨ ¬p2 ∨ p4)

∧ (¬p4 ∨ ¬p5 ∨ y1) ∧ (¬p4 ∨ ¬p5 ∨ ¬y1)

∧ (¬p4 ∨ p2 ∨ y1) ∧ (¬p4 ∨ p2 ∨ ¬y1)

∧ (¬p1 ∨ p2 ∨ y1) ∧ (¬p1 ∨ p2 ∨ ¬y1) 76 / 80



Ask sei3. 'Ena sÔnolo koruf¸n A enì graf mato onom�zetai kl�kaan gia k�je zeÔgo koruf¸n pou an kei sto A up�rqei desmìpou ti en¸nei.Na deiqje� ìti ta probl mata tou anex�rthtou sunìlou kai theÔresh mia kl�ka e�nai isodÔnama.LÔsh. An G = (V ,E ) e�nai èna gr�fhma desm¸n, tosumplhrwmatikì tou gr�fhma G ′ = (V ,E ′) e�nai to gr�fhmame {v ,w} ∈ E ′ ⇔ {v ,w} /∈ E , dhlad  prokÔptei apì to Gdiagr�fonta k�je desmì tou G kai prosjètonta k�je desmìpou den up�rqei sto G .Profan¸, k�je anex�rthto sÔnolo tou G antistoiqe� se miaakrib¸ kl�ka tou G ′ kai ant�strofa. Epomènw h eÔresh enìanex�rthtou sunìlou sto G an�getai sthn eÔresh mia kl�kasto G ′. 77 / 80



Ask sei3. 'Ena sÔnolo koruf¸n A enì graf mato onom�zetai kl�kaan gia k�je zeÔgo koruf¸n pou an kei sto A up�rqei desmìpou ti en¸nei.Na deiqje� ìti ta probl mata tou anex�rthtou sunìlou kai theÔresh mia kl�ka e�nai isodÔnama.LÔsh. An G = (V ,E ) e�nai èna gr�fhma desm¸n, tosumplhrwmatikì tou gr�fhma G ′ = (V ,E ′) e�nai to gr�fhmame {v ,w} ∈ E ′ ⇔ {v ,w} /∈ E , dhlad  prokÔptei apì to Gdiagr�fonta k�je desmì tou G kai prosjètonta k�je desmìpou den up�rqei sto G .Profan¸, k�je anex�rthto sÔnolo tou G antistoiqe� se miaakrib¸ kl�ka tou G ′ kai ant�strofa. Epomènw h eÔresh enìanex�rthtou sunìlou sto G an�getai sthn eÔresh mia kl�kasto G ′. 78 / 80



Ask sei
4. Na diatupwje� algìrijmo, o opo�o epilÔei to prìblhmaikanopoihsimìthta gia k�je prìtash se morf  DNF.LÔsh. Mia prìtash φ se morf  DNF e�nai ikanopoi simh annperièqei mia ikanopoi simh sÔzeuxh, ann perièqei mia sÔzeuxhqwr� ant�jetou ìrou.O algìrijmo diab�zei th φ apì arister� pro ta dexi� mèqrina entop�sei thn pr¸th tètoia sÔzeuxh φi . An den up�rqei, tìteapant� ìti h prìtash den e�nai ikanopoi simh. Alli¸, jèteialhj  k�je ìro pk th φi kai yeud  k�je ìro ¬pk kai alhje�ìlou tou upìloipou.
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