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Kef�laio 1

Apar�jmhsh

To kÔrio prìblhma th sunduastik  pou ja ma apasqol sei sto bibl�o autì e�-

nai h eÔresh trìpwn apar�jmhsh (katamètrhsh) twn stoiqe�wn enì peperasmènou

sunìlou. Skopì ma sto pr¸to kef�laio e�nai na exoikei¸soume ton anagn¸sth

me thn ènnoia th apar�jmhsh kai na eis�goume èna aplì all� isqurì algebrikì

ergale�o gia thn ep�lush problhm�twn apar�jmhsh, th mèjodo twn gennhtri¸n

sunart sewn. Epiplèon, ja sunoy�soume orismène apì ti basikìtere arqè a-

par�jmhsh, d�nonta èmfash sthn teqnik  th 1�1 antistoiq�a kai ja efarmìsoume

ti parap�nw mejìdou se sugkekrimèna stoiqei¸dh probl mata apar�jmhsh sunì-

lwn, sullog¸n, sunjèsewn kai diamer�sewn akera�wn, trigwnism¸n polug¸nwn kai

diamer�sewn sunìlwn.

1.1 Apar�jmhsh kai genn trie sunart sei

1.1.1 H ènnoia th apar�jmhsh

Apar�jmhsh twn stoiqe�wn enì peperasmènou sunìlou lègetai o upologismì tou

pl jou twn stoiqe�wn (plhjikoÔ arijmoÔ) tou sunìlou autoÔ. Sun jw, to sÔno-

lo pou d�netai se k�poio prìblhma apar�jmhsh exart�tai apì èna (toul�qiston) mh

arnhtikì akèraio n, opìte mporoÔme na to sumbol�soume me An. Tìte den e�nai xek�-

jaro to ti akrib¸ ennooÔme me ton ìro {upologismì} tou pl jou twn stoiqe�wn

tou An, �ra oÔte me ton ìro {apar�jmhsh} twn stoiqe�wn tou An. Asfal¸ o pio

filìdoxo stìqo ma e�nai na broÔme ènan aplì tÔpo, an autì e�nai dunatì, gia to

pl jo an twn stoiqe�wn aut¸n.

Gia na g�noume pio katanohto�, parajètoume tr�a sugkekrimèna parade�gmata.

Gia mh arnhtikoÔ akera�ou m, ja sumbol�zoume me [m] to sÔnolo {1, 2, . . . ,m},
ìpou [0] = ∅ kat� sÔmbash.
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Par�deigma 1.1.1 'Estw an to pl jo twn akolouji¸n σ = (σ1, σ2, . . . , σn) m -

kou n me thn ex  idiìthta: k�je stoiqe�o tou [n] emfan�zetai sth σ akrib¸ m�a

for�. 'Estw ep�sh Dn to pl jo twn akolouji¸n σ = (σ1, σ2, . . . , σn) m kou n
ìpw prohgoumènw, gia ti opo�e isqÔei epiplèon ìti σi 6= i gia 1 ≤ i ≤ n. Ja

de�xoume sthn Par�grafo 1.1.2 ìti

an = n! (1.1)

kai sthn Par�grafo 2.2.6 ìti

Dn = n!

(
1− 1

1!
+

1

2!
− · · · + (−1)n

n!

)
(1.2)

gia k�je n. ✷

Sto prohgoÔmeno par�deigma, o tÔpo (1.1) gia to an e�nai anamf�bola ikanopoi-

htikì kai lÔnei pl rw to ant�stoiqo prìblhma apar�jmhsh. Asfal¸ o tÔpo

(1.2) den e�nai ex�sou aplì. Efìson ìmw de gnwr�zoume k�poion aploÔstero tÔpo

gia to Dn, e�nai fusikì na jewr soume thn ap�nthsh pou d�nei o (1.2) ikanopoihtik .

Par�deigma 1.1.2 'Estw an to pl jo twn sunìlwn th morf  {B1, . . . , Br},
ìpou r e�nai tuqa�o jetikì akèraio kai ta Bi e�nai mh ken�, an� dÔo xèna metaxÔ

tou sÔnola, h ènwsh twn opo�wn e�nai �sh me [n]. Gia to an isqÔei o tÔpo

an =
1

e

(
1n

1!
+

2n

2!
+

3n

3!
+ · · ·

)
, (1.3)

ìpou e =
∑

k≥0 1/k!. ✷

To dexiì mèlo tou tÔpou (1.3) e�nai èna �peiro �jroisma to opo�o èqei pol-

laplasiaste� me ton �rrhto arijmì 1/e. Profan¸ h èkfrash aut  e�nai praktik�

duskolìtero na upologiste�, gia par�deigma, apì thn ant�stoiqh tou tÔpou (1.2). E-

pomènw e�nai fusikì na èqoume mikrìtero enjousiasmì gia thn apotelesmatikìthta

tou tÔpou (1.3) apì ìti gia tou (1.1) kai (1.2).

Par�deigma 1.1.3 'Estw an to pl jo twn akolouji¸n (r1, r2, . . . , rk) tuqa�ou

m kou k, tètoiwn ¸ste ri ∈ {1, 2} gia k�je de�kth i kai r1 + r2 + · · ·+ rk = n. Me

�lla lìgia, an e�nai to pl jo twn trìpwn me tou opo�ou mpore� na grafe� o n w

�jroisma akera�wn �swn me 1   2, ìpou h seir� twn prosjetèwn èqei shmas�a. Ja

doÔme sthn Par�grafo 1.2.2 ìti

an = an−1 + an−2 (1.4)
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gia n ≥ 2, ìpou a0 = 1, ìti

∑

n≥0

anx
n =

1

1− x− x2
(1.5)

kai ja sumper�noume ìti

an =

⌊n/2⌋∑

i=0

(
n− i
i

)
, (1.6)

ìpou

(
m

i

)
=

m!

i! (m − i)! , kai ìti

an =
1√
5

(τn+1 − τ̄n+1), (1.7)

ìpou τ = (1 +
√

5)/2 kai τ̄ = (1−
√

5)/2. ✷

Oi parap�nw tÔpoi d�noun diaforetikoÔ trìpou na kajorisjoÔn oi ìroi th

akolouj�a (an), o kajèna me ta dik� tou pleonekt mata. Apì thn (1.4) kai thn

a0 = a1 = 1, gia par�deigma, prokÔptei ìti a2 = 2, a3 = 3, a4 = 5, a5 = 8,
a6 = 13, a7 = 21 k.o.k., grhgorìtera apì ìti me qr sh th (1.6)   th (1.7), en¸

apì thn (1.7) prokÔptei h asumptwtik  sumperifor� an ∼ τn+1/
√

5 gia n → ∞.

H sqèsh (1.5), h opo�a e�nai kai h pio dusnìhth, kajor�zei th {sun jh genn tria

sun�rthsh} th akolouj�a (an), ènnoia thn opo�a ja melet soume sthn Par�grafo
1.1.3. H sqèsh aut  krÔbei plhrofor�e gia thn (an) pou den e�nai �mesa oratè.

Apì aut n, gia par�deigma, prokÔptoun amèsw oi upìloipe sqèsei, ìpw ja doÔme

sthn Par�grafo 1.2.2, kaj¸ kai �lle (blèpe p.q. 'Askhsh 8).

Apì ta prohgoÔmena parade�gmata g�nontai faner� ta ex : Pr¸ton, to er¸thma

e�n se k�je sugkekrimènh per�ptwsh èqoume {upolog�sei} ta stoiqe�a enì pepera-

smènou sunìlou epark¸   ìqi mpore� na e�nai z thma upokeimenik  kr�sh. DeÔte-

ron, mpore� èna prìblhma apar�jmhsh na epidèqetai pollè diaforetikè ikanopoi-

htikè lÔsei. Kat� sunèpeia den up�rqei saf  trìpo na or�sei kane� epakrib¸

thn ènnoia th apar�jmhsh. Mpore� ìmw na anaptÔxei th dia�sjhs  tou gia to ti

ennooÔme me ton ìro {apar�jmhsh} mèsa apì thn empeir�a me ta probl mata apar�-

jmhsh kai ti teqnikè gia th lÔsh tou. Elp�zoume ìti h ènnoia th apar�jmhsh

ja fwtiste� me ton trìpo autì sti paragr�fou kai ta kef�laia pou akoloujoÔn.
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1.1.2 Basikè arqè apar�jmhsh

Sten� sundedemènh me thn ènnoia th apar�jmhsh twn stoiqe�wn enì peperasmè-

nou sunìlou e�nai aut  th amfimonos manth apeikìnish. Upenjum�zoume ìti mia

apeikìnish sunìlwn ϕ : A→ B lègetai amfimonos manth (  1�1 antistoiq�a,   1�1

kai ep� apeikìnish) an gia k�je stoiqe�o y tou B up�rqei monadikì stoiqe�o x tou A
tètoio ¸ste ϕ(x) = y.

IsodÔnama, h apeikìnish ϕ : A → B e�nai amfimonos manth an kai mìno an

up�rqei apeikìnish ψ : B → A tètoia ¸ste na isqÔei ψ(ϕ(x)) = x gia k�je x ∈ A
kai ϕ(ψ(y)) = y gia k�je y ∈ B, dhlad  tètoia ¸ste h sÔnjesh ϕ ◦ ψ na e�nai h

tautotik  apeikìnish sto B kai h sÔnjesh ψ ◦ϕ na e�nai h tautotik  apeikìnish sto

A. Sthn per�ptwsh aut , kajemi� apì ti ϕ,ψ e�nai h ant�strofh th �llh.

Orismì 1.1.1 'Ena sÔnolo A onom�zetai peperasmèno an up�rqei mh arnhtikì

akèraio m kai amfimonos manth apeikìnish f : A → [m]. Sthn per�ptwsh aut 

o akèraio m, o opo�o e�nai monadikì, lègetai plhjikì arijmì   pl jo twn

stoiqe�wn tou A kai sumbol�zetai me #A.

Oi dÔo akìlouje prot�sei, oi opo�e e�nai �mese sunèpeie tou OrismoÔ 1.1.1,

sunistoÔn ti pr¸te arqè apar�jmhsh pou ja qrhsimopoi soume.

Prìtash 1.1.1 An ϕ : A → B e�nai amfimonos manth apeikìnish peperasmènwn

sunìlwn, tìte #A = #B.

Apìdeixh. 'Estw #B = m, opìte up�rqei amfimonos manth apeikìnish f : B → [m].
H apeikìnish f ◦ ϕ : A → [m] e�nai ep�sh amfimonos manth, w sÔnjesh dÔo

amfimonos mantwn apeikon�sewn, kai sunep¸ #A = m. ✷

To mèro (b) th epìmenh prìtash genikeÔei thn Prìtash 1.1.1.

Prìtash 1.1.2 (a) (Prosjetik  Arq ) An A1, A2, . . . , An e�nai peperasmèna

sÔnola, an� dÔo xèna metaxÔ tou, tìte

#
n⋃

i=1

Ai =
n∑

i=1

#Ai.

(b) 'Estw mh arnhtikì akèraio m. An ϕ : A → B e�nai apeikìnish pepera-

smènwn sunìlwn kai gia k�je y ∈ B up�rqoun akrib¸ m stoiqe�a x ∈ A me

ϕ(x) = y, tìte #A = m · (#B).

Apìdeixh. Af noume to mèro (a) w �skhsh (blèpe 'Askhsh 1) kai apodeiknÔoume

to (b). Gia y ∈ B gr�foume ϕ−1(y) = {x ∈ A : ϕ(x) = y}. ParathroÔme ìti to A
gr�fetai w ènwsh

A =
⋃

y∈B

ϕ−1(y)
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xènwn an� dÔo, #B to pl jo uposunìlwn tou th morf  ϕ−1(y), to kajèna apì

ta opo�a èqei m stoiqe�a. To zhtoÔmeno èpetai apì to (a). ✷

Pìrisma 1.1.1 Gia to kartesianì ginìmeno A1 × A2 × · · · × An peperasmènwn

sunìlwn A1, A2, . . . , An isqÔei

# A1 ×A2 × · · · ×An =

n∏

i=1

#Ai.

Apìdeixh. Jètoume Bi = A1×A2×· · ·×Ai kai mi = #Ai gia 1 ≤ i ≤ n kai zhtoÔme

na de�xoume ìti #Bn = m1m2 · · ·mn. JewroÔme thn apeikìnish ϕ : Bn → Bn−1 gia

thn opo�a

ϕ(x1, x2, . . . , xn) = (x1, . . . , xn−1)

gia (x1, x2, . . . , xn) ∈ Bn. ParathroÔme ìti gia k�je y ∈ Bn−1 up�rqoun akrib¸

mn to pl jo stoiqe�a x ∈ Bn me ϕ(x) = y, ìsa e�nai ta stoiqe�a xn ∈ An. Apì

thn Prìtash 1.1.2 (b) èpetai ìti #Bn = mn (#Bn−1) kai to zhtoÔmeno prokÔptei

me epagwg  sto n. ✷

A efarmìsoume se {arg  k�nhsh} ti arqè autè se k�poia sugkekrimèna pro-

bl mata apar�jmhsh.

Par�deigma 1.1.4 'Estw an to pl jo twn uposunìlwn tou [n] = {1, 2, . . . , n}.
Ja de�xoume ìti isqÔei an = 2n

gia k�je n. Gia par�deigma gia n = 2, ta tèssera

uposÔnola tou sunìlou {1, 2} e�nai ta ex : ∅, {1}, {2} kai {1, 2}.
'Estw An to sÔnolo twn uposunìlwn tou [n] kai èstw Bn = {0, 1}n to karte-

sianì ginìmeno tou {0, 1} me ton eautì tou n forè. Me �lla lìgia, Bn e�nai to

sÔnolo twn akolouji¸n (ε1, ε2, . . . , εn) m kou n me εi ∈ {0, 1} gia k�je de�kth i.
Apì to Pìrisma 1.1.1 èqoume #Bn = 2n

. MporoÔme na or�soume mia amfimonos -

manth apeikìnish ϕ : An → Bn w ex . Gia S ∈ An, èstw ϕ(S) h akolouj�a

(ε1, ε2, . . . , εn) ∈ Bn gia thn opo�a

εi =

{
1, an i ∈ S
0, an i /∈ S.

Gia par�deigma an n = 5 kai S = {2, 3, 5}, tìte ϕ(S) = (0, 1, 1, 0, 1). An h apeikì-

nish ψ : Bn → An or�zetai jètonta

ψ(ε1, ε2, . . . , εn) = {i ∈ [n] : εi = 1}

gia (ε1, ε2, . . . , εn) ∈ Bn, tìte isqÔoun ψ(ϕ(x)) = x gia x ∈ An kai ϕ(ψ(y)) = y gia
y ∈ Bn. Sunep¸ h ϕ e�nai amfimonos manth apeikìnish me ant�strofh apeikìnish

thn ψ. Apì thn Prìtash 1.1.1 prokÔptei ìti #An = #Bn = 2n
. ✷
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Par�deigma 1.1.5 Anadi�taxh enì sunìlou S me n stoiqe�a lègetai m�a akolou-

j�a (σ1, σ2, . . . , σn) m kou n sthn opo�a k�je stoiqe�o tou S emfan�zetai akrib¸

m�a for�. Gia par�deigma, h (4, 2, 5, 1, 3) e�nai anadi�taxh tou sunìlou [5].
'Estw an to pl jo twn anadiat�xewn tou sunìlou [n]. Ja de�xoume ìti isqÔei

an = n! gia k�je n. Gia n = 3, oi èxi anadiat�xei tou [3] e�nai oi (1, 2, 3), (1, 3, 2),
(2, 1, 3), (2, 3, 1), (3, 1, 2) kai (3, 2, 1).

'Estw An to sÔnolo twn anadiat�xewn tou [n] kai σ = (σ1, σ2, . . . , σn) ∈ An.

Diagr�fonta ton ìro n apì th σ prokÔptei m�a anadi�taxh ϕ(σ) tou sunìlou [n−1].
Gia par�deigma an n = 5 kai σ = (3, 1, 5, 4, 2), tìte ϕ(σ) = (3, 1, 4, 2). Me ton trìpo

autì or�zetai h apeikìnish ϕ : An → An−1. ParathroÔme ìti gia k�je anadi�taxh

τ ∈ An−1 up�rqoun akrib¸ n anadiat�xei σ ∈ An me ϕ(σ) = τ . Gia par�deigma

an n = 4 kai τ = (3, 1, 2), tìte oi tèsserei anadiat�xei σ ∈ An me ϕ(σ) = τ
e�nai oi (4, 3, 1, 2), (3, 4, 1, 2), (3, 1, 4, 2) kai (3, 1, 2, 4). Apì thn Prìtash 1.1.2 (b)

sumpera�noume ìti an = nan−1, apì ìpou prokÔptei o tÔpo an = n! me epagwg 

sto n. ✷

To skeptikì me to opo�o efarmìsame thn Prìtash 1.1.1 sto Par�deigma 1.1.4

sunist� mia apì ti aploÔstere all� shmantikìtere teqnikè apar�jmhsh, thn

teqnik  th 1�1 antistoiq�a. Gia na upolog�soume to pl jo twn stoiqe�wn enì

sunìlou A arke� na broÔme mia 1�1 antistoiq�a tou A me kat�llhlo sÔnolo B,
tou opo�ou  dh gnwr�zoume to pl jo twn stoiqe�wn. H teqnik  aut  suqn� bohj�ei

shmantik� sthn kalÔterh katanìhsh enì aploÔ tÔpou san autoÔ pou sunant same

parap�nw, ìpw elp�zoume na g�nei kai me to epìmeno par�deigma.

Par�deigma 1.1.6 'Ena tournou� tènni, sto opo�o lamb�noun mèro n pa�kte,

diex�getai me ag¸ne knock out. Sugkekrimèna an o n e�nai �rtio, tìte oi pa�kte

agwn�zontai se zeug�ria kai oi nikhtè twn ag¸nwn proqwroÔn ston epìmeno gÔro,

en¸ oi htthmènoi apoqwroÔn kai an o n e�nai perittì, tìte èna pa�kth prokr�netai

me kl rwsh kai oi upìloipoi agwn�zontai se zeug�ria. H diadikas�a suneq�zetai

¸spou na me�noun dÔo pa�kte kai na anakurhqje� o nikht  sto metaxÔ tou ag¸na.

Poiì e�nai to pl jo an twn ag¸nwn pou ja diexaqjoÔn sunolik�;
EÔkola br�skoume ìti a2 = 1, a3 = 2, a4 = 3, a5 = 4 k.o.k. kai odhgoÔmaste

sto na eik�soume ìti isqÔei an = n − 1 gia k�je n. Pr�gmati, èstw An to sÔno-

lo twn ag¸nwn pou diex qjhsan kai Bn to sÔnolo twn htthmènwn paikt¸n stou

ag¸ne autoÔ. Efìson sto tèlo mènei mìno èna nikht , èqoume #Bn = n − 1.
ParathroÔme ìti h apeikìnish ϕ : An → Bn pou antistoiqe� se k�je ag¸na ton

htthmèno pa�kth e�nai amfimonos manth. Autì sumba�nei giat� k�je pa�kth, ektì

tou nikht , q�nei se akrib¸ ènan ag¸na. Apì thn Prìtash 1.1.1 prokÔptei ìti

#An = #Bn = n− 1. ✷

Akolouj¸nta to �dio skeptikì sto Par�deigma 1.1.5, èstw An to sÔnolo twn

anadiat�xewn tou [n] kai Bn to kartesianì ginìmeno [1] × [2] × · · · × [n], dhlad 
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to sÔnolo twn akolouji¸n (ε1, ε2, . . . , εn) m kou n me akèraiou ìrou, tètoiou

¸ste 1 ≤ εi ≤ i gia k�je i. Apì to Pìrisma 1.1.1 èqoume amèsw ìti #Bn =
n!. Protrèpoume ton anagn¸sth na epiqeir sei na bre� o �dio mia 1�1 antistoiq�a

ϕ : An → Bn. Mia tètoia antistoiq�a ja or�soume sthn Par�grafo 2.2.1 kai ja

th qrhsimopoi soume gia na apode�xoume m�a isqurìterh apì ton tÔpo #An = n!
prìtash.

1.1.3 Genn trie sunart sei kai o daktÔlio C[[x]]

Sthn par�grafo aut  ja eis�goume th mèjodo twn gennhtri¸n sunart sewn, thn

opo�a ja qrhsimopoi soume ekten¸ sta epìmena kef�laia. Arq�zoume p�li me èna

sugkekrimèno par�deigma.

Par�deigma 1.1.7 'Estw an to pl jo twn kalÔyewn mia n × 2 skakièra me

orjog¸nia 1 × 2   2 × 1 (ntìmina)   2 × 2 (tetr�gwna), ta opo�a an� dÔo den

tèmnontai sto eswterikì tou. 'Eqoume a1 = 1, a2 = 3, a3 = 5 kai a4 = 11. Gia

n = 3 oi pènte kalÔyei fa�nontai sto Sq ma 1.1.

Sq ma 1.1: Oi pènte kalÔyei th 3× 2 skakièra.

Aut  th for� den e�nai tìso eÔkolo na mantèyei kane� ènan aplì tÔpo gia to

an. MporoÔme ìmw na skeftoÔme w ex . Gia kajemi� apì ti an kalÔyei th

n× 2 skakièra, e�te h teleuta�a st lh kalÔptetai apì èna k�jeto (2× 1) ntìmino,
e�te oi dÔo teleuta�e st le kalÔptontai apì dÔo orizìntia (1 × 2) ntìmina   apì

èna 2 × 2 tetr�gwno. Up�rqoun an−1 kalÔyei sthn pr¸th per�ptwsh kai 2an−2

sth deÔterh. Epomènw, sÔmfwna me thn Prìtash 1.1.2 (a) isqÔei

an = an−1 + 2an−2 (1.8)

gia n ≥ 2, ìpou èqoume jèsei a0 = 1. To epìmeno b ma apotele� th basik  idèa th

mejìdou twn gennhtri¸n sunart sewn: Gia ton upologismì tou an qrhsimopoioÔme

th dunamoseir�

F (x) = a0 + a1x+ a2x
2 + · · · =

∑

n≥0

anx
n. (1.9)
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Autì mpore� na g�nei w ex . 'Eqoume

F (x) = 1 + x +
∑

n≥2

anx
n = 1 + x +

∑

n≥2

(an−1 + 2an−2)x
n

= 1 + x + x
∑

n≥2

an−1x
n−1 + 2x2

∑

n≥2

an−2x
n−2

= 1 + x + x (F (x)− 1) + 2x2 F (x)

= 1 + (x+ 2x2)F (x)

kai sunep¸

F (x) =
1

1− x− 2x2
. (1.10)

Parathr¸nta t¸ra ìti 1−x−2x2 = (1+x)(1−2x), h prohgoÔmenh sqèsh gr�fetai

F (x) =
1

3

(
1

1 + x
+

2

1− 2x

)
=

1

3



∑

n≥0

(−1)nxn + 2
∑

n≥0

2nxn


 . (1.11)

Exis¸nonta tou suntelestè tou xn
sti (1.9) kai (1.11) prokÔptei o tÔpo

an =
1

3
(2n+1 + (−1)n).

✷

H dunamoseir� F (x), ìpw or�zetai apì thn (1.9), lègetai (sun jh) genn tria

sun�rthsh th akolouj�a (an). Mèjodo twn gennhtri¸n sunart sewn onom�zetai

h eÔresh th dunamoseir� F (x) kai qrhsimopoie�tai sun jw ìtan o upologismì

th F (x) e�nai eukolìtero apì ton apeuje�a upologismì tou an.

Tupikè dunamoseirè. E�nai shmantikì na katano sei kane� thn ènnoia pou

d�noume sto �peiro �jroisma (1.9), h opo�a de sump�ptei me aut  pou sunantoÔme ston

apeirostikì logismì kai de sqet�zetai me to an to �jroisma sugkl�nei   apokl�nei

gia sugkekrimène timè tou x. To �jroisma

∑
n≥0 anx

n
de noe�tai w sun�rthsh

tou x, ìpw ston apeirostikì logismì, all� apl� w èna isodÔnamo trìpo na

katagr�youme thn akolouj�a (an), pou ìmw upakoÔei stou kanìne prìsjesh

kai pollaplasiasmoÔ



∑

n≥0

anx
n


 +



∑

n≥0

bnx
n


 =

∑

n≥0

(an + bn)xn
(1.12)
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kai 

∑

n≥0

anx
n





∑

n≥0

bnx
n


 =

∑

n≥0

cnx
n, (1.13)

ìpou

cn =

n∑

k=0

akbn−k = a0bn + a1bn−1 + · · · + anb0. (1.14)

Gia par�deigma, an

F (x) = 1 + x+ x2 + · · · =
∑

n≥0

xn

G(x) = 0 + x+ 2x2 + 3x3 + · · · =
∑

n≥0

nxn
,

tìte

F (x) +G(x) = 1 + 2x+ 3x2 + · · · =
∑

n≥0

(n+ 1)xn

kai

F (x)G(x) = (1 + x+ x2 + · · ·)(x+ 2x2 + 3x3 + · · ·) = x+ 3x2 + 6x3 + · · ·

=
∑

n≥0

n(n+ 1)

2
xn

.

To sÔnolo twn ajroism�twn

∑
n≥0 anx

n
, me an ∈ C gia k�je n, sumbol�zetai

me C[[x]] kai br�sketai se 1�1 antistoiq�a me to sÔnolo twn akolouji¸n (a0, a1, . . .)
me an ∈ C gia k�je n. Dhlad  sto C[[x]] isqÔei

∑
n≥0 anx

n =
∑

n≥0 bnx
n
an

kai mìno an an = bn gia k�je n. Oi pr�xei pou or�same sto C[[x]] me ti (1.12)

kai (1.13) epekte�noun ti sun jei pr�xei prìsjesh kai pollaplasiasmoÔ tou da-

ktul�ou C[x] twn poluwnÔmwn sto x me migadikoÔ suntelestè, ta opo�a mporoÔn

na jewrhjoÔn w ta stoiqe�a tou C[[x]] me peperasmèno pl jo mh mhdenik¸n su-

ntelest¸n. Oi pr�xei autè kajistoÔn to C[[x]] metajetikì daktÔlio (kai m�lista

C-�lgebra). Me apl� lìgia, isqÔoun oi sun jei nìmoi (metajetikìthta, prose-

tairismoÔ, epimerismoÔ k.o.k.) pou isqÔoun kai gia ti pr�xei tou daktul�ou C[x].
To mhdenikì stoiqe�o kai h mon�da tou C[[x]] e�nai ta 0 = 0 + 0 · x+ 0 · x2 + · · · kai
1 = 1 + 0 · x+ 0 · x2 + · · ·, ant�stoiqa.

Ta stoiqe�a tou C[[x]] lègontai tupikè dunamoseirè me migadikoÔ suntelestè,
ìro pou k�nei saf  th di�kris  tou apì ti dunamoseirè tou apeirostikoÔ logi-

smoÔ. An F (x) =
∑

n≥0 anx
n ∈ C[[x]], gr�foume [xn]F (x) gia to suntelest  an
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tou xn
sthn tupik  dunamoseir� F (x). H spoudaiìthta pou èqoun gia ma oi pr�xei

tou C[[x]] ofe�letai sth sunduastik  ermhne�a pou epidèqontai, h opo�a d�netai apì

thn epìmenh prìtash.

Prìtash 1.1.3 'Estw stoiqe�a F (x) =
∑

n≥0 anx
n
kai G(x) =

∑
n≥0 bnx

n
tou

C[[x]] kai èstw ìti up�rqoun peperasmèna sÔnola An kai Bn, tètoia ¸ste an = #An

kai bn = #Bn gia k�je n ∈ N.

(a) An ta An kai Bn e�nai xèna metaxÔ tou, tìte [xn] (F (x)+G(x)) = #(An∪Bn).

(b) O suntelest  [xn]F (x)G(x) e�nai �so me to pl jo twn trìpwn me tou

opo�ou mporoÔme na gr�youme to n w �jroisma twn stoiqe�wn enì zeÔgou

(i, j) mh arnhtik¸n akera�wn kai na epilèxoume èna stoiqe�o tou Ai kai èna

stoiqe�o tou Bj .

Apìdeixh. To (a) prokÔptei apì ton tÔpo-orismì (1.12) kai thn prosjetik  arq .

Apì to Pìrisma 1.1.1 gnwr�zoume ìti to aibj e�nai �so me to pl jo twn zeug¸n

(a, b) me a ∈ Ai kai b ∈ Bj . Apì thn parat rhsh aut , ton tÔpo-orismì (1.14) kai

thn prosjetik  arq  sumpera�noume ìti o suntelest  [xn]F (x)G(x) e�nai �so me

to pl jo twn tetr�dwn (i, j, a, b) me i+ j = n, a ∈ Ai kai b ∈ Bj, dhlad  ìti isqÔei

to (b). ✷

Par�deigma 1.1.8 'Estw cn to pl jo twn trìpwn me tou opo�ou mporoÔme na

gr�youme to n w �jroisma n = i+j twn stoiqe�wn enì zeÔgou (i, j) mh arnhtik¸n
akera�wn kai na epilèxoume (i) m�a k�luyh th i× 2 skakièra me orjog¸nia 1 × 2
  2× 1   2× 2, ìpw sto Par�deigma 1.1.7 kai (ii) èna uposÔnolo tou sunìlou [j].

An an e�nai ìpw sto Par�deigma 1.1.7, bn = 2n
e�nai to pl jo twn uposunìlwn

tou [n] kai c0 = 1, tìte apì thn Prìtash 1.1.3 (b) èqoume

∑

n≥0

cnx
n =



∑

n≥0

anx
n





∑

n≥0

bnx
n


 =

1

(1 + x)(1 − 2x)

∑

n≥0

2nxn

=
1

(1 + x)(1 − 2x)2
.

Apì th sqèsh aut  mpore� na prokÔyei o tÔpo cn = (2n+1(3n + 4) + (−1)n)/9 me

diadikas�a an�logh me aut n pou efarmìsame gia thn isìthta (1.10). ✷

Asfal¸ ofe�loume na dikaiolog soume to giat� oi di�fore pr�xei metaxÔ

dunamoseir¸n pou èqoume  dh qrhsimopoi sei sta prohgoÔmena parade�gmata èqoun

nìhma sto C[[x]], me thn ènnoia pou tou èqoume d¸sei. Gia tupikè dunamoseirè F (x)
kai G(x) gr�foume F (x) = 1/G(x),   F (x) = G(x)−1

an isqÔei F (x)G(x) = 1 sto
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C[[x]], dhlad  an h F (x) e�nai antistrèyimo stoiqe�o tou C[[x]] me ant�strofo th

G(x). 'Etsi, h (1.10) san isìthta sto C[[x]] e�nai isodÔnamh me thn

(1− x− 2x2)



∑

n≥0

anx
n


 = 1

pou apode�xame, h opo�a, exis¸nonta tou suntelestè tou xn
sta dÔo th mèlh,

shma�nei ìti gia thn akolouj�a (an) isqÔoun h (1.8) kai a0 = a1 = 1. Omo�w, h

isìthta sthn opo�a katal xame sto Par�deigma 1.1.8 ermhneÔetai w h isìthta

(1 + x)(1− 2x)2



∑

n≥0

cnx
n


 = 1

sto C[[x]], h opo�a shma�nei ìti gia thn akolouj�a (cn) isqÔei cn−3cn−1 +4cn−3 = 0
gia n ≥ 1, ìpou cn = 0 gia n < 0 kai c0 = 1. Genikìtera, gia tupikè dunamoseirè

F (x), G(x) kai H(x) gr�foume F (x) = H(x)/G(x) an isqÔei F (x)G(x) = H(x) kai
h G(x)−1

up�rqei sto C[[x]]. Me thn pro�pìjesh aut  gia th G(x), ta stoiqe�a

H(x)/G(x) tou C[[x]] upakoÔoun stou gnwstoÔ kanìne prìsjesh, pollaplasi-
asmoÔ kai dia�resh pou isqÔoun gia rhtè sunart sei. Gia par�deigma, h pr¸th

isìthta th (1.11) èqei nìhma sto C[[x]] kai prokÔptei apì thn (1.10).

Prìtash 1.1.4 Mia tupik  dunamoseir� F (x) =
∑

n≥0 anx
n ∈ C[[x]] èqei ant�-

strofo sto C[[x]] an kai mìno an a0 6= 0.

Apìdeixh. Apì ti (1.13) kai (1.14) prokÔptei ìti h dunamoseir�

∑
n≥0 bnx

n
e�nai h

ant�strofo th F (x) an kai mìno an

a0bn + a1bn−1 + · · ·+ anb0 =

{
1, an n = 0
0, an n ≥ 1.

(1.15)

Gia n = 0 h sqèsh (1.15) gr�fetai a0b0 = 1, apì ìpou prokÔptei ìti a0 6= 0.
Antistrìfw an a0 6= 0, tìte h (1.15) èqei monadik  lÔsh w pro (b0, b1, b2, . . .) pou
or�zetai epagwgik� apì ti sqèsei b0 = a−1

0 , b1 = −a1b0/a0, b2 = −(a1b1+a2b0)/a0

k.o.k. ✷

'Apeira ajro�smata kai ginìmena. Gia F0(x), F1(x), F2(x), . . . ∈ C[[x]] to �peiro

�jroisma F (x) =
∑

k≥0 Fk(x) or�zetai w stoiqe�o tou C[[x]] an gia k�je n ∈ N

up�rqoun mìno peperasmènou pl jou de�kte k me [xn]Fk(x) 6= 0. Sthn per�ptwsh
aut  to �jroisma twn [xn]Fk(x) gia autoÔ tou de�kte k or�zei to suntelest  tou

xn
sthn F (x). Gia par�deigma, to �jroisma

∑

k≥0

(x+ x2 + x3)k
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or�zetai sto C[[x]] diìti gia n ∈ N, to polu¸numo (x+x2 +x3)k de suneisfèrei ston

upologismì tou suntelest  tou xn
gia k > n, en¸ to

∑

k≥0

(
1

2
+ x)k

den èqei nìhma sto C[[x]] diìti o stajerì tou ìro e�nai to mh peperasmèno �jroisma∑
k≥0 2−k = 1 + 1/2 + 1/4 + · · ·. H epìmenh prìtash d�nei basikè idiìthte twn

parap�nw ennoi¸n.

Prìtash 1.1.5 'Estw F (x), G(x) ∈ C[[x]], me F (x) =
∑

n≥0 anx
n
.

(a) An a0 = 0, tìte to �jroisma

∑
k≥0 F (x)k or�zetai sto C[[x]] kai isqÔei

∑

k≥0

F (x)k =
1

1− F (x)
. (1.16)

Eidikìtera, èqoume

∑

k≥0

αkxk =
1

1− αx (1.17)

sto C[[x]] gia k�je α ∈ C.

(b) To �jroisma F (G(x)) =
∑

k≥0 ak G(x)k or�zetai sto C[[x]] an F (x) ∈ C[x]  
an G(0) = 0.

Apìdeixh. (a) AfoÔ a0 = 0, èqoume F (x) = xH(x) ìpou H(x) =
∑

n≥1 anx
n−1 ∈

C[[x]]. Epomènw [xn]F (x)k = [xn]xkH(x)k = 0 gia k > n kai sunep¸ to �jroisma

sto aristerì mèlo th (1.16) or�zetai sto C[[x]]. Gia ton �dio lìgo

[xn] (1− F (x))
∑

k≥0

F (x)k = [xn] (1− F (x))

n∑

k=0

F (x)k

= [xn] (1− F (x)n+1)

=

{
1, an n = 0
0, an n ≥ 1,

to opo�o isoduname� me thn proteinìmenh isìthta. H deÔterh isìthta prokÔptei apì

thn pr¸th jètonta F (x) = αx = 0 + α · x+ 0 · x2 + · · ·.
(b) To zhtoÔmeno prokÔptei me to skeptikì th apìdeixh tou (a) an G(0) = 0, en¸
e�nai profanè an F (x) ∈ C[x]. ✷
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To mèro (a) th Prìtash 1.1.5 dikaiologe� th deÔterh isìthta sthn (1.11) sto

Par�deigma 1.1.7. H dunamoseir� F (G(x)) tou mèrou (b), ìtan or�zetai sto C[[x]],
lègetai sÔnjesh twn F (x) kai G(x).

An�loge parathr sei isqÔoun gia �peira ginìmena stoiqe�wn tou C[[x]]. Gia

par�deigma, gia F1(x), F2(x), . . . ∈ C[[x]] me Fk(0) = 0 gia k�je k, to ginìmeno

∏

k≥1

(1 + Fk(x)) (1.18)

e�nai kal� orismèno stoiqe�o tou C[[x]] an gia k�je n ∈ N up�rqei N ∈ N ¸ste

[xi]Fk(x) = 0 gia k�je 1 ≤ i ≤ n kai k > N . Sthn per�ptwsh aut  o suntelest 

tou xn
sto ginìmeno (1.18) or�zetai w o suntelest  tou xn

sto peperasmèno

ginìmeno

∏N
k=1 (1 + Fk(x)). Gia par�deigma, to �peiro ginìmeno

∏

k≥1

(1 + xk)

or�zetai sto C[[x]], en¸ to ∏

k≥1

(1 +
x

2k
)

den èqei nìhma sto C[[x]], afoÔ o suntelest  tou x sto ginìmeno autì upolog�zetai

apì to �peiro �jroisma

∑
k≥1 2−k

.

Par�gwgoi kai diwnumikè dunamoseirè. Pollè ènnoie pou or�zontai ston

apeirostikì logismì gia dunamoseirè èqoun nìhma sto C[[x]] kai d�noun qr sima

ergale�a gia ton upologismì tupik¸n dunamoseir¸n. Ja exet�soume sÔntoma thn

ènnoia th parag¸gou kai ti diwnumikè seirè (kai ja parapèmyoume ton anagn¸sth

sthn 'Askhsh 12 gia ti basikè idiìthte twn ekjetik¸n dunamoseir¸n).

Gia F (x) =
∑

n≥0 anx
n ∈ C[[x]], or�zoume thn par�gwgo F ′(x) ∈ C[[x]] apì ton

tÔpo

F ′(x) =
∑

n≥1

nanx
n−1. (1.19)

Gia par�deigma, an

F (x) =
∑

n≥0

xn = 1 + x+ x2 + x3 + · · · =
1

1− x,

tìte

F ′(x) =
∑

n≥0

nxn−1 = 1 + 2x+ 3x2 + · · · = (1 + x+ x2 + · · ·)2

= (F (x))2 =
1

(1− x)2 .
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'Opw upodeiknÔei to par�deigma autì, sto C[[x]] isqÔoun oi sun jei nìmoi

parag¸gish gia thn prìsjesh, ton pollaplasiasmì, th dia�resh kai th sÔnjesh,

ìtan autè or�zontai (blèpe 'Askhsh 7).

Par�deigma 1.1.9 'Estw a0, a1, . . . h akolouj�a pou or�zetai apì ti sqèsei a0 =
1, a1 = 0 kai

an+1 =
6

n+ 1

n−1∑

i=0

aian−i−1

gia n ≥ 1. Up�rqei k�poio aplì tÔpo gia to an?

'Estw F (x) =
∑

n≥0 anx
n
h genn tria sun�rthsh th (an). ParathroÔme ìti

gia n ≥ 1 isqÔei

[xn]F ′(x) = (n+ 1) an+1 = 6
n−1∑

i=0

aian−i−1 = 6 [xn−1]



∑

k≥0

akx
k




2

= [xn] 6x (F (x))2.

H prohgoÔmenh isìthta kai h upìjesh a1 = 0 d�noun F ′(x) = 6x (F (x))2. IsodÔna-
ma, èqoume (1/F (x))′ = −6x apì ìpou, me to dedomèno F (0) = a0 = 1, sumpera�-
noume ìti 1/F (x) = 1− 3x2

kai

F (x) =
1

1− 3x2
=
∑

n≥0

3nx2n.

Epomènw an = 3n/2
  0, an o n e�nai �rtio   perittì, ant�stoiqa. ✷

Erqìmaste t¸ra sti diwnumikè seirè. Gia α ∈ C or�zoume th diwnumik  seir�

(1 + x)α w thn tupik  dunamoseir�

(1 + x)α =
∑

n≥0

(
α

n

)
xn, (1.20)

ìpou (
α

n

)
=
α(α − 1) · · · (α− n+ 1)

n!
(1.21)

gia n ≥ 1 kai

(
α
0

)
= 1. Gia par�deigma, gia α = −1/2 èqoume

(−1/2

n

)
=

1

n!

(
−1

2

)(
−3

2

)
· · ·
(
−2n− 1

2

)
= (−1)n

1 · 3 · · · (2n− 1)

2nn!

= (−1)n
(2n)!

22n · (n!)2
= (−1)n

1

22n

(
2n

n

)
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kai sunep¸ (1 + x)−1/2 =
∑

n≥0 (−1)n 1
22n

(2n
n

)
xn

. IsodÔnama, èqoume

(1− 4x)−1/2 =
∑

n≥0

(
2n

n

)
xn. (1.22)

Apì thn Prìtash 1.1.5 (b) prokÔptei ìti gia k�je F (x) ∈ C[[x]] me F (0) = 0, h
seir�

(1 + F (x))α =
∑

n≥0

(
α

n

)
F (x)n

e�nai kal� orismèno stoiqe�o tou C[[x]]. Gia α ∈ Z, ìpw fa�netai apì thn akìloujh

prìtash, o orismì autì sumfwne� me thn ènnoia pou  dh èqoume d¸sei sthn tupik 

dunamoseir� (1+F (x))α. Ti diwnumikè seirè (1+x)α me α ∈ Z ja ti exet�soume

diexodik� sti Paragr�fou 1.2.1 kai 1.2.2.

Prìtash 1.1.6 Gia α, β ∈ C kai F (x), G(x) ∈ C[[x]] me F (0) = G(0) = 0, isqÔoun
sto C[[x]] ta ex :

(a) (1 + F (x))α (1 + F (x))β = (1 + F (x))α+β
.

(b) ((1 + F (x))α)β = (1 + F (x))αβ
.

(g) (1 + F (x))α (1 +G(x))α = ((1 + F (x))(1 +G(x)))α.

Me �lla lìgia, isqÔoun oi gnwsto� kanìne pou dièpoun ti ekjetikè sunart -

sei xα
tou apeirostikoÔ logismoÔ. H apìdeixh th Prìtash 1.1.6 d�netai sthn

'Askhsh 9.

Par�deigma 1.1.10 'Estw an =
(2n

n

)
gia n ∈ N kai F (x) =

∑
n≥0 anx

n
. Apì thn

isìthta (1.22) èqoume F (x) = (1− 4x)−1/2
, opìte

(F (x))2 = (1− 4x)−1 =
∑

n≥0

4nxn

kai sunep¸

n∑

k=0

akan−k = [xn] (F (x))2 = 4n.

De�xame dhlad  ìti isqÔei

n∑

k=0

(
2k

k

)(
2n− 2k

n− k

)
= 4n

(1.23)

gia k�je n ∈ N. ✷
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1.2 Efarmogè

1.2.1 UposÔnola

'Estw peperasmèno sÔnolo S. 'Ena uposÔnolo tou S me k stoiqe�a ja onom�zetai

k�uposÔnolo tou S. Sumbol�zoume me

(S
k

)
to sÔnolo ìlwn twn k�uposunìlwn tou

S kai jètoume

(
n
k

)
= #

(
S
k

)
ìtan to pl jo twn stoiqe�wn tou S e�nai �so me n. Oi

akèraioi

(n
k

)
lègontai diwnumiko� suntelestè. Gia par�deigma èqoume

(4
2

)
= 6, afoÔ

gia n = 4 up�rqoun ta ex  èxi dimel  uposÔnola tou [n]: {1, 2}, {1, 3}, {1, 4},
{2, 3}, {2, 4} kai {3, 4}. Jewr¸nta to n stajerì, h genn tria sun�rthsh twn

diwnumik¸n suntelest¸n d�netai apì thn akìloujh prìtash.

Prìtash 1.2.1 Gia jetikoÔ akèraiou n isqÔei

(1 + x)n =

n∑

k=0

(
n

k

)
xk. (1.24)

Apìdeixh. JewroÔme thn amfimonos manth apeikìnish ϕ : An → {0, 1}n tou Pa-

rade�gmato 1.1.4, ìpou An e�nai to sÔnolo twn uposunìlwn tou [n]. Parathr¸nta
ìti an ϕ(S) = (r1, r2, . . . , rn), tìte #S = r1 + r2 + · · ·+ rn, br�skoume ìti

n∑

k=0

(
n

k

)
xk =

∑

S⊆[n]

x#S

=
∑

(r1,r2,...,rn)∈{0,1}n

xr1+r2+···+rn

=




∑

r1 ∈{0,1}

xr1






∑

r2 ∈{0,1}

xr2


 · · ·




∑

rn ∈{0,1}

xrn




= (1 + x)n.

✷

Apì thn Prìtash 1.2.1 mporoÔme na sun�goume eÔkola pollè apì ti basikè

idiìthte twn diwnumik¸n suntelest¸n. Exis¸nonta, gia par�deigma, tou sunte-

lestè tou xk
sthn tautìthta (1 + x)n = (1 + x)n−1 (1 + x), prokÔptei apì thn

(1.24) ìti (
n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
. (1.25)
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Qrhsimopoi¸nta ti sqèsei (1.20) kai (1.21),   thn (1.25) kai epagwg  sto n,
prokÔptei o gnwstì tÔpo

(
n

k

)
=

n!

k! (n − k)! . (1.26)

Ep�sh, jètonta x = 1 kai x = −1 sthn (1.24), ant�stoiqa, pa�rnoume

∑n
k=0

(n
k

)
=

2n
kai

∑n
k=0(−1)k

(
n
k

)
= 0 gia n ≥ 1. Paragwg�zonta thn (1.24) w pro x kai

jètonta x = 1, pa�rnoume
∑n

k=0 k
(
n
k

)
= n2n−1

k.o.k.

Fusik� oi parap�nw idiìthte mporoÔn na prokÔyoun eujèw apì ti basikè

arqè th Paragr�fou 1.1.2. Gia par�deigma, h (1.25) prokÔptei apì thn prosjetik 

arq , parathr¸nta ìti to pl jo twn k�uposunìlwn T tou [n] me n ∈ T e�nai �so me(n−1
k−1

)
kai ìti to pl jo twn k�uposunìlwn T tou [n] me n /∈ T e�nai �so me

(n−1
k

)
. Gia

thn (1.26) skeptìmaste w ex . 'Estw An to sÔnolo twn anadiat�xewn tou [n] kai

Bn =
([n]

k

)
. Or�zoume thn apeikìnish ϕ : An → Bn jètonta ϕ(σ) = {σ1, σ2, . . . , σk}

gia σ = (σ1, σ2, . . . , σn) ∈ An. ParathroÔme ìti gia k�je T ∈ Bn up�rqoun akrib¸

k!(n − k)! anadiat�xei σ ∈ An me ϕ(σ) = T . Efìson #An = n! kai #Bn =
(n
k

)
,

apì thn Prìtash 1.1.2 (b) sumpera�noume ìti n! = k!(n− k)!
(n

k

)
.

Mia endiafèrousa gen�keush th (1.26) e�nai h ex . JewroÔme sÔnolo S me n
stoiqe�a kai mh arnhtikoÔ akera�ou n1, n2, . . . , nr me �jroisma n. Sumbol�zoume

me

( n
n1,n2,...,nr

)
to pl jo twn akolouji¸n (T1, T2, . . . , Tr) m kou r, xènwn an� dÔo

uposunìlwn Ti tou S me ènwsh S kai me #Ti = ni gia k�je i. Gia par�deigma, gia

S = [4], r = 3 kai n1 = 2, n2 = n3 = 1, m�a apì ti tri�de (T1, T2, T3) e�nai h

({2, 4}, {3}, {1}), en¸ up�rqoun sunolik�

(
4

2,1,1

)
= 12 tètoie tri�de. ParathroÔme

ìti

(
n

1,1,...,1

)
= n! kai

(
n

k,n−k

)
=
(
n
k

)
. Sunep¸ h (1.26) e�nai h eidik  per�ptwsh r = 2

th epìmenh prìtash.

Prìtash 1.2.2 Gia jetikoÔ akera�ou n1, n2, . . . , nr me �jroisma n isqÔei

(
n

n1, n2, . . . , nr

)
=

n!

n1!n2! · · · nr!
. (1.27)

Apìdeixh. 'Estw An to sÔnolo twn anadiat�xewn tou [n] kai Bn to sÔnolo twn

akolouji¸n (T1, T2, . . . , Tr), ìpou Ti e�nai xèna an� dÔo sÔnola me ènwsh [n] kai
me #Ti = ni gia k�je i. Or�zoume thn apeikìnish ϕ : An → Bn w ex : 'Estw

m0 = 0 kai mi = n1 + n2 + · · · + ni gia 1 ≤ i ≤ r. Gia σ = (σ1, σ2, . . . , σn) ∈ An

jètoume ϕ(σ) = (T1, T2, . . . , Tr), ìpou to Ti apotele�tai apì tou ìrou σj th σ me

mi−1 < j ≤ mi. 'Opw sthn eidik  per�ptwsh r = 2, èqoume ìti gia k�je τ ∈ Bn

up�rqoun akrib¸ n1!n2! · · · nr! anadiat�xei σ ∈ An me ϕ(σ) = τ . 'Eqoume ep�sh
#An = n! kai #Bn =

( n
n1,n2,...,nr

)
. To zhtoÔmeno èpetai apì thn Prìtash 1.1.2 (b).

✷
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1.2.2 Sunduasmo� me epan�lhyh kai sunjèsei

Sunduasmo� me epan�lhyh. 'Estw x1, x2, . . . , xn metablhtè pou an� dÔo metat�-

jentai kai èstw k ∈ N. Gia mh arnhtikoÔ akera�ou a1, a2, . . . , an, o bajmì tou

monwnÔmou xa1

1 x
a2

2 · · · xan
n or�zetai w to �jroisma a1+a2+· · ·+an. Pìsa mon¸numa

up�rqoun sti metablhtè x1, x2, . . . , xn bajmoÔ k? IsodÔnama, poio e�nai to pl jo

twn dianusm�twn (a1, a2, . . . , an) ∈ Nn
me a1 + a2 + · · · + an = k? To pl jo autì

sumbol�zetai me

((n
k

))
kai anafèretai w to pl jo twn sunduasm¸n me epan�lh-

yh k apì n antike�mena x1, x2, . . . , xn. Gia par�deigma èqoume

((3
2

))
= 6, afoÔ gia

n = 3 up�rqoun ta èxi mon¸numa x2
1, x1x2, x1x3, x

2
2, x2x3 kai x2

3 bajmoÔ dÔo sti

metablhtè x1, x2, x3.

Prìtash 1.2.3 Gia mh arnhtikoÔ akera�ou n, k isqÔei

((n
k

))
=
(n+k−1

k

)
.

Apìdeixh. 'Opw sthn apìdeixh th Prìtash 1.2.1 br�skoume ìti

∑

k≥0

((
n
k

))
xk =

∑

a1,...,an∈N

xa1+a2+···+an =

n∏

i=1



∑

ai≥0

xai




=

n∏

i=1

(1 + x+ x2 + · · · ) =

n∏

i=1

1

1− x,

dhlad  prokÔptei h genn tria sun�rthsh

∑

k≥0

((
n
k

))
xk =

1

(1− x)n . (1.28)

AnaptÔssonta th dunamoseir� (1 − x)−n =
∑

k≥0

(−n
k

)
(−x)k sÔmfwna me thn

(1.20), prokÔptei ìti

((n
k

))
= (−1)k

(−n
k

)
. Tèlo, apì thn (1.21) br�skoume ìti

(−1)k
(−n

k

)
=
(n+k−1

k

)
. ✷

Sunjèsei akera�wn. 'Estw n jetikì akèraio. SÔnjesh (  diatetagmènh di-

amèrish) tou n lègetai mia akolouj�a ρ = (r1, r2, . . . , rk) me stoiqe�a jetikoÔ ake-

ra�ou pou èqoun �jroisma n. Oi akèraioi ri lègontai mèrh th sÔnjesh ρ. Gia

par�deigma, o akèraio n = 5 èqei sunolik� 16 sunjèsei, apì ti opo�e tr�a mèrh

èqoun oi (3, 1, 1), (1, 3, 1), (1, 1, 3), (2, 2, 1), (2, 1, 2) kai (1, 2, 2).

Prìtash 1.2.4 To pl jo twn sunjèsewn tou n e�nai �so me 2n−1
. To pl jo twn

sunjèsewn tou n me k mèrh e�nai �so me

(n−1
k−1

)
.
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Apìdeixh. Profan¸, arke� na apode�xoume to deÔtero isqurismì th prìtash.

Jètonta ϕ(ρ) = (r1 − 1, r2 − 1, . . . , rk − 1) gia ρ = (r1, r2, . . . , rk), prokÔptei mia
1�1 antistoiq�a ϕ apì to sÔnolo twn sunjèsewn tou n me k mèrh sto sÔnolo twn

dianusm�twn (a1, a2, . . . , ak) ∈ Nk
me a1 + a2 + · · ·+ ak = n− k. Kat� sunèpeia, to

pl jo twn sunjèsewn tou n me k mèrh e�nai �so me (
(

k
n−k

)
). To zhtoÔmeno prokÔptei

apì thn Prìtash 1.2.3. ✷

Mia euje�a apìdeixh th Prìtash 1.2.4 (epomènw kai th Prìtash 1.2.3),

basismènh sthn teqnik  th 1�1 antistoiq�a, mpore� na doje� w ex . 'Estw An

to sÔnolo twn sunjèsewn tou n kai Bn to sÔnolo twn uposunìlwn tou [n], opìte
#Bn−1 = 2n−1

. Gia ρ = (r1, r2, . . . , rk) ∈ An, èstw

ψ(ρ) = {r1, r1 + r2, . . . , r1 + r2 + · · ·+ rk−1}.

Apì thn upìjesh ìti oi r1, r2, . . . , rk e�nai jetiko� akèraioi me �jroisma n prokÔptei

ìti ψ(ρ) ∈ Bn−1. Epiplèon, h apeikìnish ψ : An → Bn−1 e�nai amfimonos manth,

ìpou h ant�strof  th apeikon�zei to uposÔnolo {s1, s2, . . . , sk−1} tou [n − 1] me
s1 < s2 < · · · < sk−1 sto stoiqe�o (s1, s2 − s1, . . . , n − sk−1) tou An. 'Epetai ìti

#An = #Bn−1 = 2n−1
. Ep�sh, h sÔnjesh ρ ∈ An èqei k mèrh an kai mìno an to

sÔnolo ψ(ρ) èqei k−1 stoiqe�a. Kat� sunèpeia, o periorismì ψk th ψ sto sÔnolo

An,k twn sunjèsewn tou n me k mèrh e�nai amfimonos manth apeikìnish th morf 

ψk : An,k →
([n−1]

k−1

)
, opìte #An,k = #

([n−1]
k−1

)
=
(
n−1
k−1

)
.

Ja kle�soume thn par�grafo aut  me mia efarmog  sto prìblhma tou Parade�g-

mato 1.1.3.

Oi arijmo� Fibonacci. 'Estw an o akèraio pou or�same sto Par�deigma 1.1.3,

dhlad  to pl jo twn sunjèsewn (r1, r2, . . . , rk) tou n tuqa�ou m kou, me ri ∈
{1, 2} gia k�je i. 'Etsi gia n = 1, 2, 3, 4 èqoume an = 1, 2, 3, 5, ant�stoiqa. Gia

n = 3 oi trei sunjèsei e�nai oi (1, 1, 1), (1, 2) kai (2, 1). Sumbol�zonta me an,k to

pl jo twn sunjèsewn (r1, r2, . . . , rk) tou n me dosmèno m ko k kai mèrh ri ∈ {1, 2}
gia k�je i, br�skoume ìti

∑

n≥1

an,k x
n =

∑

(r1,r2,...,rk)∈{1,2}k

xr1+r2+···+rk

=




∑

r1 ∈{1,2}

xr1






∑

r2 ∈{1,2}

xr2


 · · ·




∑

rk ∈{1,2}

xrk




= (x+ x2)k.
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Jètonta a0 = 1 kai ajro�zonta p�nw sto k prokÔptei ìti

∑

n≥0

anx
n =

∑

k≥0

(x+ x2)k =
1

1− x− x2
, (1.29)

dhlad  h (1.5). Gr�fonta t¸ra (1−x−x2)
∑

n≥0 an x
n = 1 kai exis¸nonta tou

suntelestè tou xn
sta dÔo mèlh th isìthta aut  prokÔptei ìti an = an−1+an−2

gia n ≥ 2, dhlad  h sqèsh (1.4). Ep�sh, anaptÔssonta to di¸numo (x+ x2)k w

(x+ x2)k = xk(1 + x)k =
k∑

i=0

(
k

i

)
xk+i

prokÔptei apì thn (1.29) ìti an =
∑

k+i=n

(k
i

)
, dhlad  o tÔpo (1.6). 'Ena akìma

tÔpo gia to an prokÔptei gr�fonta 1− x− x2 = (1− τx)(1− τ̄x) kai

1

1− x− x2
=

1

x
√

5

(
1

1− τx −
1

1− τ̄x

)
,

ìpou τ = (1+
√

5)/2 kai τ̄ = (1−
√

5)/2. Pr�gmati, anaptÔssonta ti gewmetrikè
seirè ìpw sthn Prìtash 1.1.5 (a) kai ex�gonta to suntelest  tou xn−1

sthn

parap�nw isìthta, sumpera�noume ìti gia n ≥ 1 isqÔei

an−1 =
1√
5

(τn − τ̄n),

dhlad  o tÔpo (1.7). O akèraio an−1 lègetai arijmì Fibonacci kai suqn� sum-

bol�zetai me Fn.

1.2.3 Diamer�sei akera�wn

'Estw n jetikì akèraio. Diamèrish tou n e�nai mia akolouj�a λ = (λ1, λ2, . . . , λr)
me stoiqe�a jetikoÔ akera�ou λ1 ≥ λ2 ≥ · · · ≥ λr pou èqoun �jroisma n. Oi

akèraioi λi lègontai mèrh th λ kai gr�foume λ ⊢ n,   |λ| = n, gia to �jroism�

tou. Gia par�deigma, h (5, 3, 3, 2) e�nai diamèrish tou n = 13 me tèssera mèrh. Sto

Sq ma 1.2 apeikon�zetai to di�gramma Young gia th diamèrish aut , èna apì tou

kÔriou trìpou me tou opo�ou mporoÔme na parast soume sqhmatik� diamer�sei

akera�wn. To di�gramma Young th λ = (λ1, λ2, . . . , λr) apotele�tai apì n = |λ|
monadia�a tetr�gwna paratagmèna se r seirè. H seir� i perièqei λi tetr�gwna

kai oi r seirè arq�zoun apì arister� apì thn �dia katakìrufo, ìpw fa�netai sto

sq ma.
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Sq ma 1.2: To di�gramma Young th diamèrish (5, 3, 3, 2).

Sumbol�zoume me p(n) to pl jo twn diamer�sewn tou n. 'Etsi gia n = 1, 2, 3, 4, 5
èqoume p(n) = 1, 2, 3, 5, 7, ant�stoiqa. Oi pènte diamer�sei tou n = 4 e�nai oi (4),
(3, 1), (2, 2), (2, 1, 1) kai (1, 1, 1, 1). En¸ den up�rqei k�poio aplì genikì tÔpo

gia to p(n), h ant�stoiqh genn tria sun�rthsh upolog�zetai eÔkola w ex . 'Estw

Λk to sÔnolo twn diamer�sewn λ = (λ1, λ2, . . . , λr) (sumperilambanomènh kai th

monadik  diamèrish qwr� mèrh) me λi ≤ k gia k�je i kai èstw pk(n) to pl jo twn

diamer�sewn tou n pou an koun sto Λk. Gia tuqa�a diamèrish λ, èstw mi to pl jo

twn mer¸n th λ pou e�nai �sa me i. Gia par�deigma, gia λ = (5, 3, 3, 2) èqoume

m2 = m5 = 1, m3 = 2 kai mi = 0 gia ti upìloipe timè tou i. ParathroÔme

ìti h apeikìnish ϕk : Λk → Nk
me ϕk(λ) = (m1,m2, . . . ,mk) gia λ ∈ Λk e�nai

amfimonos manth kai ìti |λ| = m1 + 2m2 + · · · + kmk. 'Epetai ìti

∑

λ∈Λk

x|λ| =
∑

m1,...,mk∈N

xm1+2m2+···+kmk =
k∏

i=1



∑

mi≥0

ximi


 =

k∏

i=1

1

1− xi
,

dhlad  ìti

∑

n≥0

pk(n)xn =
1

(1− x)(1− x2) · · · (1− xk)
, (1.30)

ìpou pk(0) = 1. 'Amesh sunèpeia th (1.30) e�nai h epìmenh prìtash.

Prìtash 1.2.5 Jètonta p(0) = 1, èqoume

∑

n≥0

p(n)xn =
1

(1− x)(1− x2)(1− x3) · · · =
∏

i≥1

1

1− xi
. (1.31)

To parap�nw skeptikì mpore� na qrhsimopoihje� me epituq�a se probl mata

apar�jmhsh diamer�sewn akera�wn me sugkekrimène idiìthte. Mia endiafèrousa

per�ptwsh e�nai h ex . Gia n ∈ N, èstw o(n) to pl jo twn diamer�sewn tou

n me mèrh perittoÔ akera�ou kai q(n) to pl jo twn diamer�sewn tou n me mèrh
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akera�ou diaforetikoÔ an� dÔo. Gia par�deigma, gia n = 5 up�rqoun oi diamer�sei

(5), (3, 1, 1) kai (1, 1, 1, 1, 1) tou pr¸tou e�dou kai oi diamer�sei (5), (4, 1) kai (3, 2)
tou deÔterou. Sunep¸ o(5) = q(5) = 3.

Prìtash 1.2.6 IsqÔei o(n) = q(n) gia k�je n.

Apìdeixh. Gia tuqa�a diamèrish λ, èstw mi to pl jo twn mer¸n th λ pou e�nai

�sa me i, ìpw prin, kai èstw Γ (ant�stoiqa, ∆) to sÔnolo twn diamer�sewn me mèrh

perittoÔ (ant�stoiqa, diaforetikoÔ an� dÔo) akera�ou. 'Etsi èqoume λ ∈ Γ an kai

mìno an mi = 0 gia k�je �rtio i, en¸ λ ∈ ∆ an kai mìno an mi ∈ {0, 1} gia k�je i.
To skeptikì th apìdeixh th Prìtash 1.2.5 de�qnei me an�logo trìpo ìti

∑

n≥0

o(n)xn =
∑

λ∈Γ

x|λ| =
∑

mi∈N

xm1+3m3+5m5+···

=



∑

m1≥0

xmi





∑

m3≥0

x3m3


 · · · =

1

1− x ·
1

1− x3
· · ·

=
∏

j≥1

1

1− x2j−1

kai

∑

n≥0

q(n)xn =
∑

λ∈∆

x|λ| =
∑

mi ∈{0,1}

xm1+2m2+3m3+··· =

=




∑

m1 ∈{0,1}

xm1






∑

m2 ∈{0,1}

x2m2


 · · · = (1 + x)(1 + x2) · · ·

=
∏

i≥1

(1 + xi).

'Omw

∏

i≥1

(1 + xi) =
∏

i≥1

1− x2i

1− xi
=

(1− x2)(1 − x4)(1− x6) · · ·
(1− x)(1− x2)(1 − x3) · · ·

=
1

(1− x)(1− x3)(1− x5) · · · =
∏

j≥1

1

1− x2j−1
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kai, exis¸nonta tou suntelestè tou xn
, èqoume o(n) = q(n) gia k�je n. ✷

Mia apìdeixh th prohgoÔmenh prìtash me thn teqnik  th 1�1 antistoiq�a

prote�netai sthn 'Askhsh 22. Gia parìmoia fainìmena sth jewr�a twn diamer�sewn

akera�wn parapèmpoume sto klasikì sÔggramma [3℄.

1.2.4 Trigwnismo� kai mh diastauroÔmene diamer�sei

'Estw P èna kurtì polÔgwno sto ep�pedo me n+2 korufè, ìpou n ≥ 1. Onom�zoume
trigwnismì tou P mia upodia�res  tou se tr�gwna me n − 1 diagwn�ou, oi opo�e

an� dÔo den tèmnontai sto eswterikì tou P . Sto Sq ma 1.3 apeikon�zetai èna

trigwnismì enì kurtoÔ oktag¸nou kai oi pènte dunato� trigwnismo� enì kurtoÔ

pentag¸nou.

(b)(a)

Sq ma 1.3: (a) 'Ena trigwnismì oktag¸nou (b) Oi trigwnismo� enì pen-

tag¸nou.

Pìsoi e�nai oi trigwnismo� tou polug¸nou P gia tuqa�o n? 'Estw κ0, κ1, . . . , κn+1

oi korufè tou P arijmhmène kuklik�, ¸ste oi κi−1 kai κi na e�nai �kra akm  tou

P gia 1 ≤ i ≤ n + 2, ìpou κn+2 = κ0. 'Estw T (P ) to sÔnolo twn trigwnism¸n

tou P kai an to pl jo twn trigwnism¸n aut¸n. ParathroÔme ìti gia τ ∈ T (P )
up�rqei monadikì de�kth 2 ≤ i ≤ n + 1 gia ton opo�o o τ perièqei to tr�gwno

Ti me korufè κ0, κ1 kai κi. 'Estw Ti (P ) to sÔnolo aut¸n twn trigwnism¸n tou

P . 'Ena trigwnismì τ ∈ T2 (P ) apotele�tai apì to T2 kai n − 1 akìmh tr�gwna

pou sqhmat�zoun trigwnismì ϕ(τ) tou polug¸nou Q me korufè κ0, κ2, . . . , κn+1.

'Etsi or�zetai mia 1�1 antistoiq�a ϕ : T2 (P ) → T (Q), apì ìpou prokÔptei ìti

#T2 (P ) = an−1. Omo�w èqoume #Tn+1 (P ) = an−1. Tèlo, gia ti upìloipe

timè 3 ≤ i ≤ n tou i kai τ ∈ Ti (P ), ta tr�gwna tou τ ektì tou Ti sqhmat�zoun
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dÔo trigwnismoÔ, ènan tou polug¸nou Q me korufè κ1, κ2, . . . , κi kai ènan tou

polug¸nou R me korufè κi, κi+1, . . . , κn+2 = κ0. 'Etsi or�zetai m�a 1�1 antistoiq�a

ϕi : Ti (P )→ T (Q) × T (R), ìpou ta Q kai R e�nai kurt� polÔgwna me i kai n−i+3
korufè, ant�stoiqa, kai sunep¸ #Ti (P ) = ai−2 an−i+1. Apì ta prohgoÔmena

sun�goume ìti an = 2an−1 +
∑n

i=3 ai−2 an−i+1  , isodÔnama,

an =
n−1∑

i=0

aian−i−1, (1.32)

ìpou a0 = 1 kat� sÔmbash. Jètonta F (x) =
∑

n≥0 anx
n
kai anagnwr�zonta

to �jroisma sto dexiì mèlo th (1.32) w to suntelest  tou xn−1
sthn tupik 

dunamoseir� F (x)2, sumpera�noume ìti isqÔei

F (x)2 =
∑

n≥1

anx
n−1 = (F (x)− 1) /x,

dhlad  ìti xF (x)2 − F (x) + 1 = 0. Me qr sh th Prìtash 1.1.6 (a) prokÔptei

eÔkola ìti h (monadik ) lÔsh th ex�swsh aut  sto C[[x]] e�nai h

F (x) =
1−
√

1− 4x

2x
. (1.33)

Apì thn isìthta

√
1− 4x =

∑
n≥0

(1/2
n

)
(−4x)n kai ton tÔpo (1.21) gia α = 1/2

sumpera�noume ìti gia n ≥ 0 isqÔei

an = −1

2

(
1/2

n+ 1

)
(−4)n+1 = (−1)n 22n+1

1
2 (−1

2) · · · (1
2 − n)

(n+ 1)!

= 2n 1 · 3 · · · (2n− 1)

(n + 1)!
=

1

n+ 1

(
2n

n

)
.

Apode�xame thn akìloujh prìtash.

Prìtash 1.2.7 To pl jo twn trigwnism¸n enì kurtoÔ polug¸nou me n + 2 ko-

rufè e�nai �so me

1
n+1

(2n
n

)
. ✷

O arijmì

1
n+1

(2n
n

)
lègetai n-ostì arijmì Catalan kai suqn� sumbol�zetai me

Cn. Gia n = 1, 2, 3, 4, 5 o Cn pa�rnei ti timè 1, 2, 5, 14 kai 42, ant�stoiqa. O tÔpo

an = 1
n+1

(2n
n

)
ston opo�o katal xame mpore� na apodeiqje� me thn teqnik  th 1�1

antistoiq�a kai m�lista me di�forou trìpou. Ax�zei ton kìpo na perigr�youme

ènan apì autoÔ. Gr�foume pr¸ta ton tÔpo autì isodÔnama w

nan =

(
2n

n− 1

)
.
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'Estw P kurtì polÔgwno me n+2 korufè κ0, κ1, . . . , κn+1 kai T (P ) to sÔnolo twn

trigwnism¸n tou P , ìpw prohgoumènw. 'Estw ep�sh An to sÔnolo twn zeug¸n

(τ, T ), ìpou τ ∈ T (P ) kai T e�nai tr�gwno pou an kei ston τ , kai Bn to sÔnolo

twn dianusm�twn (r1, r2, . . . , rn−1) me stoiqe�a akera�ou me 0 ≤ r1 ≤ r2 ≤ · · · ≤
rn−1 ≤ n + 1. 'Eqoume #An = nan afoÔ k�je trigwnismì τ ∈ T (P ) apotele�tai

apì n akrib¸ tr�gwna. Ep�sh, sÔmfwna me thn Prìtash 1.2.3, to Bn èqei

(
2n

n−1

)

stoiqe�a, ìsoi e�nai kai oi sunduasmo� me epan�lhyh n − 1 antikeimènwn apì n + 2
antike�mena. Arke� epomènw na broÔme m�a 1�1 antistoiq�a ϕ : An → Bn. 'Estw

(τ, T ) ∈ An. KateujÔnoume kajemi� apì ti diagwn�ou δ pou sqhmat�zoun ton τ
ètsi ¸ste to tr�gwno T na br�sketai sta arister� ma ìtan proqwroÔme apì thn

arqik  pro thn telik  koruf  th δ kai jètoume ϕ(τ, T ) = (r1, r2, . . . , rn−1), ìpou
r1 ≤ r2 ≤ · · · ≤ rn−1 kai κr1

, κr2
, . . . , κrn−1

e�nai oi arqikè korufè twn n − 1
diagwn�wn pou or�zoun ton τ . Gia par�deigma, gia to zeÔgo tou Sq mato 1.4

èqoume ϕ(τ, T ) = (0, 2, 2, 5, 6, 6, 9). Af netai ston anagn¸sth na apode�xei ìti h

apeikìnish ϕ : An → Bn e�nai pr�gmati 1�1 antistoiq�a.

T

k k

k

k

k

kk

k

k

k
9

8

7

6 5

4

3

2

10

Sq ma 1.4: Trigwnismì enì dekag¸nou me èna kajorismèno tr�gwno T .

H Prìtash 1.2.7 d�nei mia sunduastik  ermhne�a tou arijmoÔ Catalan 1
n+1

(2n
n

)
,

dhlad  ton ekfr�zei w to pl jo twn stoiqe�wn enì peperasmènou sunìlou. O

�dio arijmì epidèqetai plhj¸ra sunduastik¸n ermhnei¸n, mia apì ti opo�e peri-

gr�foume eujÔ amèsw.

Mh diastauroÔmene diamer�sei. Diamèrish enì sunìlou S e�nai èna sÔno-

lo π = {B1, B2, . . . , Bk} mh ken¸n uposunìlwn Bi tou S, ta opo�a e�nai an� dÔo

xèna metaxÔ tou kai èqoun ènwsh �sh me S. Ta sÔnola Bi lègontai mèrh th π.
Gia par�deigma, to sÔnolo π = {{1, 4, 7}, {2}, {3, 9}, {5, 6, 8}} e�nai diamèrish tou
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sunìlou [9] = {1, 2, . . . , 9} me mèrh {1, 4, 7}, {2}, {3, 9} kai {5, 6, 8} kai gr�fetai

pio sÔntoma w π = 147/2/39/568.
'Estw t¸ra jetikì akèraio n. M�a diamèrish π tou S = [n] lègetai mh dia-

stauroÔmenh (noncrossing) an èqei thn ex  idiìthta: an B,B′
e�nai mèrh th π kai

a, c ∈ B, b, d ∈ B′
me a < b < c < d, tìte B = B′

. Gia par�deigma, h diamèrish

1489/23/567 tou [9] e�nai mh diastauroÔmenh, en¸ h 189/236/47/5 den e�nai. Oi

diamer�sei autè parist�nontai gewmetrik� sto Sq ma 1.5. Se mia tètoia par�stash

th diamèrish π tou [n], oi akèraioi 1, 2, . . . , n parist�nontai me kuklik  seir� w

oi korufè κ1, κ2, . . . , κn enì kurtoÔ n-g¸nou sto ep�pedo. 'Ena mèro B th π
parist�netai w to kurtì polÔgwno ρ(B) me korufè ta shme�a κi gia i ∈ B, ìpou to
ρ(B) e�nai shme�o   eujÔgrammo tm ma, an to B èqei èna   dÔo stoiqe�a, ant�stoiqa.

SÔmfwna me ton parap�nw orismì, h diamèrish π e�nai mh diastauroÔmenh akrib¸

ìtan ta polÔgwna ρ(B) pou parist�noun ta mèrh th π an� dÔo den tèmnontai. To

pl jo twn mh diastauroÔmenwn diamer�sewn tou [n] upolog�zetai w 1, 2, 5, 14 gia

n = 1, 2, 3, 4 ant�stoiqa. Gia par�deigma oi pènte diamer�sei 1/2/3, 12/3, 13/2,
23/1 kai 123 tou {1, 2, 3} e�nai ìle mh diastauroÔmene, en¸ h mình diastauroÔmenh

diamèrish tou {1, 2, 3, 4} e�nai h 13/24. OdhgoÔmaste sto na eik�soume thn akìloujh
prìtash.

(a) (b)

1

8

9

56

7 4

3

2

1

9

8

7 4

56

3

2

Sq ma 1.5: (a) H diamèrish 1489/23/567. (b) H diamèrish 189/236/47/5.

Prìtash 1.2.8 To pl jo twn mh diastauroÔmenwn diamer�sewn tou sunìlou [n]
e�nai �so me ton arijmì Catalan 1

n+1

(2n
n

)
.
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Apìdeixh. 'Estw NCn to sÔnolo twn mh diastauroÔmenwn diamer�sewn tou [n] kai
an = #NCn, me a0 = 1. Arke� na de�xoume ìti to an ikanopoie� th sqèsh (1.32).

'Estw B to mèro th π ∈ NCn pou perièqei to n. 'Estw NCn(0) to sÔnolo twn

diamer�sewn π ∈ NCn me B = {n} kai gia 1 ≤ i ≤ n − 1, èstw NCn(i) to sÔnolo

twn diamer�sewn π ∈ NCn gia ti opo�e to Br{n} e�nai mh kenì kai èqei mègisto

stoiqe�o to i. IsqÔei an =
∑n−1

i=0 #NCn(i) kai sunep¸ arke� na de�xoume ìti

#NCn(i) = aian−i−1 gia 0 ≤ i ≤ n− 1.

Pr�gmati, gia i = 0   i = n − 1 èqoume #NCn(i) = an−1, afoÔ up�rqei h

emfan  1�1 antistoiq�a ϕ : NCn(i) → NCn−1, ìpou ϕ(π) e�nai h diamèrish tou

[n − 1] pou prokÔptei apì thn π diagr�fonta to mèro B = {n}, an i = 0,   to n
apì to mèro B, an i = n − 1. 'Estw t¸ra 1 ≤ i ≤ n − 2 kai π ∈ NCn(i), opìte
i, n ∈ B. Apì thn epilog  tou i kai thn upìjesh ìti h π e�nai mh diastauroÔmenh

èpetai ìti den up�rqoun a, c ∈ [n] me a < i < c < n pou an koun sto �dio mèro th π.
Sunep¸, diagr�fonta to n apì thn π prokÔptei m�a mh diastauroÔmenh diamèrish

π1 tou sunìlou [i] kai m�a mh diastauroÔmenh diamèrish π2 tou {i+1, . . . , n−1}. Gia
par�deigma, gia n = 9 kai π = 159/234/68/7, opìte B = {1, 5, 9} kai i = 5, èqoume
π1 = 15/234 kai π2 = 68/7. Jètonta ϕi(π) = (π1, π2) or�zetai mia apeikìnish ϕi :
NCn(i)→ NCi × NCi+1,n, ìpou NCi+1,n e�nai to sÔnolo twn mh diastauroÔmenwn

diamer�sewn tou {i+1, . . . , n}. Af netai ston anagn¸sth na bebaiwje� ìti h ϕi e�nai

1�1 antistoiq�a. Profan¸ #NCi+1,n = #NCn−i−1 = an−i−1, opìte #NCn(i) =
aian−i−1, ìpw to jèlame. ✷

1.3 'Alle arqè apar�jmhsh

Sthn par�grafo aut  parajètoume sÔntoma trei akìmh jemeli¸dei arqè apar�-

jmhsh: thn arq  egkleismoÔ�apokleismoÔ, thn arq  th autoant�strofh apeikì-

nish kai to L mma tou kÔklou.

1.3.1 H arq  egkleismoÔ�apokleismoÔ

Akrogwnia�o l�jo th aparijmhtik  sunduastik  apotele� h arq  egkleismoÔ�

apokleismoÔ. GenikeÔonta thn prosjetik  arq  th Prìtash 1.1.2 (a), h arq 

aut  afor� to pl jo twn stoiqe�wn th ènwsh n uposunìlwn enì peperasmènou

sunìlou ta opo�a mporoÔn na tèmnontai metaxÔ tou me tuqa�o trìpo. Sthn par�-

grafo aut  ja d¸soume mìno th diatÔpwsh kai thn apìdeixh aut  th arq . Mia

efarmog  th d�netai sthn apìdeixh th Prìtash 2.2.6.
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Je¸rhma 1.3.1 (Arq  EgkleismoÔ-ApokleismoÔ) Gia uposÔnola A1, A2, . . . , An

peperasmènou sunìlou S isqÔei

#

(
S −

n⋃

i=1

Ai

)
=

∑

I⊆[n]

(−1)#I #
⋂

i∈I

Ai, (1.34)

ìpou èqoume ∩i∈IAi = S gia I = ∅ kat� sÔmbash.

To �jroisma sto dexiì mèlo th (1.34) èqei akrib¸ 2n
ìrou, ìsa e�nai kai ta

uposÔnola tou [n]. DÔo apì tou ìrou autoÔ e�nai o #S (prokÔptei gia I = ∅)

kai o (−1)n # ∩n
i=1 Ai (prokÔptei gia I = [n]).

H apìdeixh tou Jewr mato 1.3.1 pou ja d¸soume bas�zetai sto akìloujo l m-

ma, to opo�o ja genikeÔsoume me to Je¸rhma antistrof  tou Möbius sto deÔtero

tìmo. Gia thn abelian  om�da R pou emfan�zetai sto l mma autì sun jw arke� na

jewr sei kane� ìti R = C,   ìti to R e�nai k�poio poluwnumikì daktÔlio, ìpw

o C[x]. Sumbol�zoume me 2[n]
to sÔnolo twn uposunìlwn tou [n].

L mma 1.3.1 Gia jetikì akèraio n, prosjetik  abelian  om�da R kai sunart sei

f, g : 2[n] → R isqÔei

f(x) =
∑

x⊆y⊆[n]

g(y) (1.35)

gia k�je x ⊆ [n] an kai mìno an

g(x) =
∑

x⊆y⊆[n]

(−1)#(yrx) f(y) (1.36)

gia k�je x ⊆ [n].

Apìdeixh. 'Estw ìti isqÔei h (1.35) gia k�je x ⊆ [n]. Gia dosmèno x ⊆ [n] èqoume

∑

x⊆y⊆[n]

(−1)#(yrx) f(y) =
∑

x⊆y⊆[n]

(−1)#(yrx)
∑

y⊆z⊆[n]

g(z)

=
∑

x⊆z⊆[n]

g(z)
∑

x⊆y⊆z

(−1)#(yrx)

=
∑

x⊆z⊆[n]

g(z)
∑

u⊆zrx

(−1)#u

= g(x)
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diìti, jètonta m = #(zrx), èqoume

∑

u⊆zrx

(−1)#u =

m∑

i=0

(−1)i
(
m

i

)
=

{
1, an m = 0
0, diaforetik�

=

{
1, an z = x
0, diaforetik�.

Epomènw, isqÔei h (1.36) gia k�je x ⊆ [n]. H apìdeixh tou ant�strofou e�nai

parìmoia. ✷

Apìdeixh tou Jewr mato 1.3.1. Gia I ⊆ [n] jètoume

AI =
⋂

i∈I

Ai, BI = AI ∩




⋂

j∈[n]rI

(SrAj)


 ,

ìpou A∅ = S kat� sÔmbash, opìte BI e�nai to sÔnolo twn stoiqe�wn x tou S
me thn idiìthta x ∈ Ai ⇔ i ∈ I. Jètoume ep�sh f(I) = #AI kai g(I) = #BI .

ParathroÔme ìti k�je x ∈ S an kei se akrib¸ èna apì ta sÔnola BI , sugkekrimèna

se eke�no gia to opo�o I = {i ∈ [n] : x ∈ Ai}. Kat� sunèpeia, to S e�nai h xènh

ènwsh twn sunìlwn BI gia I ⊆ [n]. Genikìtera, to AI e�nai h xènh ènwsh twn

sunìlwn BJ gia J ⊇ I. Epomènw, apì thn prosjetik  arq  th Prìtash 1.1.2

(a) èqoume

f(I) =
∑

I⊆J⊆[n]

g(J)

gia I ⊆ [n]. Apì to L mma 1.3.1 prokÔptei ìti

g(I) =
∑

I⊆J⊆[n]

(−1)#(JrI) f(J)

gia I ⊆ [n]. Jètonta I = ∅ sthn prohgoÔmenh isìthta kai parathr¸nta ìti

g(∅) = # (S − ∪n
i=1Ai), èqoume to zhtoÔmeno. ✷

1.3.2 H arq  th autoant�strofh apeikìnish

'Opw h teqnik  th 1�1 antistoiq�a, ètsi kai h arq  th autoant�strofh apeikì-

nish e�nai exairetik� qr simh, an kai bas�zetai se mia aploÔstath parat rhsh.

Gia na katano soume kalÔtera thn arq  aut  ja exet�soume èna sugkekrimèno

par�deigma. 'Estw ìti jèloume na apode�xoume sunduastik� thn tautìthta

m∑

k=0

(−1)k
(
n

k

)
= (−1)m

(
n− 1

m

)
. (1.37)

33



Sumbol�zoume me A(n,m) to sÔnolo twn uposunìlwn tou [n] pou èqoun plhj�rijmo
mikrìtero   �so tou m kai gr�foume thn (1.37) sth morf 

∑

S∈A(n,m)

(−1)#S = (−1)m
(
n− 1

m

)
. (1.38)

Gia na apode�xoume thn tautìthta aut , epiqeiroÔme na zeugar¸soume k�je ìro �so

me (−1)m−1
sto �jroisma tou aristeroÔ mèlou th (1.38) me ènan apì tou ìrou

�sou me (−1)m. Gia to lìgo autì jewroÔme thn apeikìnish τ : A(n,m)→ A(n,m)
me

τ(S) =





Sr{n}, an n ∈ S
S ∪ {n}, an n /∈ S kai #S < m
S, an n /∈ S kai #S = m

gia k�je S ∈ A(n,m). ParathroÔme ìti h τ e�nai amfimonos manth apeikìnish,

me ant�strofh ton eautì th (mia apeikìnish me thn idiìthta aut  lègetai autoa-

nt�strofh), dhlad  ìti isqÔei τ(τ(S)) = S gia k�je S ∈ A(n,m). ParathroÔme

ep�sh ìti

(−1)#S + (−1)#τ(S) = 0

an τ(S) 6= S. 'Etsi, oi ìroi tou aristeroÔ mèlou th (1.38) me τ(S) 6= S èqoun an�

dÔo �jroisma mhdèn kai sunep¸ isqÔei

∑

S∈A(n,m)

(−1)#S =
∑

S∈A(n,m): τ(S)=S

(−1)#S .

To zhtoÔmeno èpetai afoÔ up�rqoun akrib¸

(
n−1
m

)
sÔnola S ∈ A(n,m) me τ(S) = S

kai kajèna apì aut� èqei plhj�rijmo �so me m. H mèjodo th prohgoÔmenh

apìdeixh ekfr�zetai apì thn akìloujh prìtash.

Prìtash 1.3.1 'Estw peperasmèno sÔnolo S, prosjetik  abelian  om�da R kai

apeikon�sei w : S → R kai τ : S → S ¸ste na isqÔei τ2(x) = x gia k�je x ∈ S.
An w(τ(x)) = −w(x) gia k�je x ∈ S gia to opo�o τ(x) 6= x, tìte

∑

x∈S

w(x) =
∑

x∈S: τ(x)=x

w(x). (1.39)

Apìdeixh. Arke� na parathr sei kane� ìti oi ìroi tou ajro�smato sto aristerì

mèlo th (1.39) oi opo�oi den emfan�zontai sto �jroisma tou dexioÔ mèlou th

isìthta aut  qwr�zontai se zeÔgh th morf  {w(x),w(τ(x))}, kajèna apì ta

opo�a èqei �jroisma mhdèn. ✷

H arq  th autoant�strofh apeikìnish ofe�letai stou Garsia kai Milne [7℄.

Efarmogè th d�nontai sti apode�xei twn Prot�sewn 2.2.8 kai 4.6.1.
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1.3.3 To L mma tou kÔklou

JewroÔme to prìblhma apar�jmhsh tou epìmenou parade�gmato.

Par�deigma 1.3.1 Poio e�nai to pl jo twn akolouji¸n (ε1, ε2, . . . , ε2n) m kou

2n me ti idiìthte:

(i) εi ∈ {−1, 1} gia 1 ≤ i ≤ 2n,

(ii) ε1 + ε2 + · · ·+ εj ≥ 0 gia 1 ≤ j ≤ 2n kai

(iii) ε1 + ε2 + · · ·+ ε2n = 0?

Gia par�deigma, gia n = 3 up�rqoun oi ex  pènte akolouj�e:

(1, 1, 1,−1,−1,−1) (1,−1, 1, 1,−1,−1)
(1, 1,−1, 1,−1,−1) (1,−1, 1,−1, 1,−1).
(1, 1,−1,−1, 1,−1)

Jètonta ε2n+1 = −1, èqoume na aparijm soume orismène akolouj�e akera�wn
m kou 2n + 1 to �jroisma twn stoiqe�wn twn opo�wn e�nai �so me −1. Sti peri-

pt¸sei autè mpore� na efarmoste� h akìloujh qr simh prìtash twn Dvoretzky
kai Motzkin [4℄.

Prìtash 1.3.2 (L mma tou KÔklou) 'Estw (b1, b2, . . . , bm) akolouj�a akera�wn me
m ≥ 2 kai b1 + b2 + · · · + bm = −1. Jètonta bm+j = bj gia 1 ≤ j ≤ m, up�rqei

monadikì de�kth i ∈ [m] tètoio ¸ste na isqÔei

bi + bi+1 + · · ·+ bi+k−1 ≥ 0

gia 1 ≤ k ≤ m− 1.

Prin apode�xoume thn prìtash aut , a thn efarmìsoume sto prìblhma tou Pa-

rade�gmato 1.3.1. 'Estw Bn to sÔnolo twn akolouji¸n (ε1, ε2, . . . , ε2n+1) m kou
2n + 1 me stoiqe�a 1   −1, �jroisma stoiqe�wn �so me −1 kai merik� ajro�smata

ε1 + ε2 + · · · + εj ≥ 0 gia 1 ≤ j ≤ 2n (opìte, anagkastik� ε2n+1 = −1). 'Estw

ep�sh An to sÔnolo ìlwn twn akolouji¸n m kou 2n + 1 me stoiqe�a 1   −1 kai

�jroisma stoiqe�wn �so me −1. Profan¸ isqÔei #An =
(
2n+1

n

)
. JewroÔme tuqa�o

stoiqe�o x = (ε1, ε2, . . . , ε2n+1) tou An kai ti kuklikè metatop�sei autoÔ, dhlad 

ti akolouj�e th morf  (εi, εi+1, . . . , εn, ε1, . . . , εi−1) gia 1 ≤ i ≤ 2n+1. Apì thn
Prìtash 1.3.2 prokÔptei ìti oi akolouj�e autè e�nai an� dÔo diaforetikè kai ìti

metaxÔ tou up�rqei monadik , èstw h f(x), h opo�a an kei sto Bn. Gia par�deigma,

an n = 3 kai x = (1,−1,−1, 1,−1, 1,−1), tìte f(x) = (1,−1, 1,−1, 1,−1,−1),
me i = 4. Gia thn apeikìnish f : An → Bn pou or�same, parathroÔme ìti gia
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k�je y ∈ Bn up�rqoun akrib¸ 2n + 1 stoiqe�a x ∈ An me f(x) = y. Apì thn

Prìtash 1.1.2 (b) sumpera�noume ìti

#Bn =
1

2n+ 1
(#An) =

1

2n + 1

(
2n+ 1

n

)
=

1

n+ 1

(
2n

n

)
.

Dhlad , to pl jo twn stoiqe�wn tou Bn, �ra kai to zhtoÔmeno pl jo twn akolou-

ji¸n tou Parade�gmato 1.3.1, e�nai �so me ton nstì arijmì Catalan. ✷

Pìrisma 1.3.1 Oi akìloujoi akèraioi e�nai �soi me ton arijmì Catalan 1
n+1

(2n
n

)
:

(i) To pl jo twn monopati¸n (v0, v1, . . . , v2n) sto hmiep�pedo x ≥ y tou R2
me

arq  v0 = (0, 0), pèra v2n = (n, n) kai b mata vj − vj−1 ∈ {(1, 0), (0, 1)}
gia 1 ≤ j ≤ 2n.

(ii) To pl jo twn Young tampl¸ sq mato (n, n) (blèpe Par�grafo 4.1 gia to

sqetikì orismì).

(iii) To pl jo twn mh diastauroÔmenwn diamer�sewn tou sunìlou [2n], k�je mèro
twn opo�wn èqei akrib¸ dÔo stoiqe�a.

Apìdeixh. Se k�je per�ptwsh mpore� eÔkola na perigrafe� mia 1�1 antistoiq�a tou

sunìlou pou kaloÔmaste na aparijm soume me eke�no twn akolouji¸n tou Parade�g-

mato 1.3.1 (oi antistoiq�e autè perigr�fontai me par�deigma sto Sq ma 1.6). Oi

leptomèrei af nontai ston anagn¸sth. ✷

1 2 74

65 83

−1

−11

1

−1

−1

1

1

1 1 −1 1 −1 −1 1 −1

Sq ma 1.6: Antike�mena pou antistoiqoÔn sthn (1, 1,−1, 1,−1,−1, 1,−1)

Apìdeixh th Prìtash 1.3.2. Isqurizìmaste pr¸ta ìti up�rqei to polÔ èna tètoio

de�kth i ∈ [m]. Pr�gmati, an dÔo stoiqe�a i < j tou sunìlou [m] e�qan th dosmènh

idiìthta, tìte ja e�qame bi + bi+1 + · · ·+ bj−1 ≥ 0 kai bj + bj+1 + · · ·+ bm+i−1 ≥ 0.
Ajro�zonta ti dÔo autè anisìthte prokÔptei ìti b1 + b2 + · · · + bm ≥ 0, se
ant�jesh me thn upìjesh. Gia thn Ôparxh, jètoume

b(i, j) = bi + bi+1 + · · · + bj−1
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gia i < j me 1 ≤ i ≤ m kai jewroÔme to mikrìtero dunatì �jroisma b(r, s) aut 

th morf  me ìqi perissìterou apì m ìrou, dhlad  me s − r ≤ m. Epiplèon,

upojètoume ìti o akèraio s− r e�nai o el�qisto dunatì gia ìla ta zeÔgh (i, j) me
j−i ≤ m, ìpw parap�nw, pou elaqistopoioÔn to b(i, j). Ja de�xoume ìti b(s, t) ≥ 0
gia s < t ≤ s + m − 1. Pr�gmati, an t − r ≤ m, tìte to zhtoÔmeno isqÔei afoÔ

èqoume b(r, s) ≤ b(r, t) = b(r, s) + b(s, t) apì thn epilog  tou (r, s). An t− r > m,

tìte

b(s, t) = −1 − b(t−m, s) = −1 − b(r, s) + b(r, t−m) ≥ 0

diìti b(r, t −m) > b(r, s) apì thn epilog  tou (r, s). 'Epetai ìti o de�kth i = s  

s−m, an s ≤ m   s > m, ant�stoiqa, èqei th zhtoÔmenh idiìthta. ✷

1.4 Ask sei

1. Apode�xte thn Prìtash 1.1.2 (a).

2. Gia poie tupikè dunamoseirè G(x) ∈ C[[x]] up�rqei tupik  dunamoseir�

F (x) ∈ C[[x]] me F (0) = 0, tètoia ¸ste G(x) =
∑

k≥1(F (x))k?

3. 'Estw (an) h akolouj�a tou Parade�gmato 1.1.7, me a0 = a1 = 1 kai an =
an−1 + 2an−2 gia n ≥ 2.

(a) De�xte ìti

an =

⌊n/2⌋∑

i=0

2i

(
n− i
i

)

gia n ∈ N.

(b) De�xte ìti to an+1 e�nai �so me to pl jo twn akolouji¸n (ε1, ε2, . . . , εn)
gia ti opo�e isqÔoun εi ∈ {−1, 0, 1} gia 1 ≤ i ≤ n kai εiεi+1 = 0 gia

1 ≤ i ≤ n− 1.

4. 'Estw m jetikì akèraio kai èstw f(x) = (1 + x)(1 + x2) · · · (1 + x2m).

(a) De�xte ìti h tupik  dunamoseir� F (x) = f(x)/f(−x) or�zetai sto C[[x]]
kai ìti èqei mh arnhtikoÔ akèraiou suntelestè.

(b) Perigr�yte mia sunduastik  ermhne�a gia to suntelest  tou xn
sthn

F (x).

5. 'Estw F (x) =
∑

n≥0 anx
n ∈ C[[x]] kai èstw bij o suntelest  tou xi

sthn

tupik  dunamoseir� (F (x))j . An Bm e�nai o (m + 1) × (m + 1) p�naka me

stoiqe�a bij gia 0 ≤ i, j ≤ m, de�xte ìti

det(Bm) = a
(m+1

2 )
1 .
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6. 'Estw ank to pl jo twn dianusm�twn (m1,m2, . . . ,mk), ìpou m1, . . . ,mk

e�nai mh arnhtiko� akèraioi me �jroisma tetrag¸nwn �so me n (me a00 = 1 kai

an0 = 0 gia n ≥ 1).

(a) De�xte ìti

∑

n≥0

ankx
n =



∑

n≥0

xn2




k

gia k�je k ∈ N.

(b) De�xte ìti det (aij)
m
i,j=0 = 1 gia k�je m ∈ N.

7. De�xte ìti gia F (x), G(x) ∈ C[[x]] isqÔoun oi sun jei nìmoi parag¸gish

(a) (F (x) +G(x))′ = F ′(x) +G′(x),

(b) (F (x)G(x))′ = F ′(x)G(x) + F (x)G′(x),

(g) (F (G(x)))′ = F ′(G(x))G′(x), an h sÔnjesh F (G(x)) or�zetai sto C[[x]],

(d) (1/F (x))′ = −F ′(x)/F (x)2, an F (0) 6= 0,

(e) F ′(x) = α (1 + x)α−1
, an α ∈ C kai F (x) = (1 + x)α.

Ep�sh, gia F0(x), F1(x), F2(x), . . . ∈ C[[x]] de�xte ìti

(st) an to �jroisma F (x) =
∑

k≥0 Fk(x) or�zetai sto C[[x]], tìte kai to∑
k≥0 F

′
k(x) or�zetai sto C[[x]] kai isqÔei F ′(x) =

∑
k≥0 F

′
k(x).

8. 'Estw (an) h akolouj�a tou Parade�gmato 1.1.3, me a0 = a1 = 1 kai an =
an−1 + an−2 gia n ≥ 2. De�xte ìti

an+1 =
1

n+ 1

(
n∑

i=0

aian−i + 2

n−1∑

i=0

aian−i−1

)

gia n ≥ 1.

9. Apode�xte thn Prìtash 1.1.6.

10. Upolog�ste to genikì ìro th akolouj�a (an) pragmatik¸n arijm¸n pou

or�zetai jètonta a0 = 1 kai

an+1 =
1

n+ 1

n∑

k=0

ak2
2n−2k+1

gia n ∈ N.
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11. 'Estw c0 = 1 kai

cn =
1 · 3 · · · (2n+ 1)

2 · 4 · · · (2n)

gia n ≥ 1.

(a) De�xte ìti cn = (−1)n
(−3/2

n

)
.

(b) Bre�te ènan aplì tÔpo gia to �jroisma

∑n
k=0 ckcn−k.

12. Gia F (x) ∈ C[[x]] me F (0) = 0, or�zoume th dunamoseir�

exp (F (x)) = eF (x) =
∑

n≥0

(F (x))n

n!
. (1.40)

De�xte ìti

(a) h exp (F (x)) e�nai kal� orismènh w stoiqe�o tou C[[x]],

(b) h exp (F (x)) e�nai antistrèyimo stoiqe�o tou C[[x]] me ant�strofh thn

exp (−F (x)),

(g) isqÔei exp (F (x) + G(x)) = exp (F (x)) · exp (G(x)) sto C[[x]], ìpou
G(x) ∈ C[[x]] me G(0) = 0,

(d) (exp (F (x)))′ = F ′(x) · exp (F (x)),

(e) h (exp (F (x)))α e�nai kal� orismènh sto C[[x]] gia α ∈ R kai isqÔei

(exp (F (x)))α = exp (αF (x)).

13. Gia jetikoÔ akera�ou n kai k sumbol�zoume me a(n, k) to pl jo twn ep�

apeikon�sewn f : [n]→ [k] kai jètoume Fn(x) =
∑n

k=1 a(n, k)x
k
.

(a) De�xte ìti Fn+1(x) = xFn(x) + x(x+ 1)F ′
n(x) gia k�je n ≥ 1.

(b) Sun�gete ìti k�je r�za tou poluwnÔmou Fn(x) e�nai pragmatikì ari-

jmì.

14. De�xte ìti gia 0 ≤ d ≤ n kai x ∈ C isqÔei

d∑

i=0

(
n

i

)
(x− 1)d−i =

d∑

i=0

(
n− d+ i− 1

i

)
xd−i. (1.41)

Sun�gete ìti

k∑

i=0

(−1)k−i

(
n

i

)(
d− i
d− k

)
=

(
n− d+ k − 1

k

)
(1.42)

gia 0 ≤ k ≤ d ≤ n.
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15. 'Estw cn to pl jo twn trìpwn me tou opo�ou mpore� na epilèxei kane�

m�a sÔnjesh ρ tou jetikoÔ akera�ou n me dÔo mèrh kai èpeita na epilèxei m�a

sÔnjesh gia k�je mèro th ρ.

(a) Upolog�ste th genn tria sun�rthsh

∑
n≥0 cnx

n
kai ex�gete ènan aplì

tÔpo gia to cn. D¸ste mia euje�a sunduastik  apìdeixh tou tÔpou pou

br kate gia to cn.

(b) GenikeÔste to (a) ìtan h ρ èqei dosmèno pl jo k mer¸n.

(g) Apant ste sta erwt mata tou (a) an h ρ èqei tuqa�o pl jo mer¸n.

16. (a) 'Estw jetikì akèraio m kai èstw c(n,m) to pl jo twn sunjèsewn

tou n me mèrh megalÔtera   �sa tou m. De�xte ìti

∑

n≥0

c(n,m)xn =
1− x

1− x− xm
,

ìpou c(0,m) = 1 kat� sÔmbash.

(b) Sun�gete ìti to pl jo twn sunjèsewn tou n me mèrh di�fora tou 1 e�nai

�so me ton arijmì Fibonacci Fn−1. Epiplèon, bre�te mia 1�1 antistoiq�a

apì to sÔnolo twn sunjèsewn tou n me mèrh di�fora tou 1 sto sÔnolo

twn sunjèsewn tou n− 2 me mèrh �sa me 1   2.

(g) De�xte ìti to pl jo twn sunjèsewn tou n me mèrh perittoÔ akera�ou

e�nai �so me ton arijmì Fibonacci Fn. Epiplèon, bre�te mia 1�1 antistoi-

q�a apì to sÔnolo twn sunjèsewn tou n me mèrh perittoÔ akera�ou

sto sÔnolo twn sunjèsewn tou n− 1 me mèrh �sa me 1   2.

(d) Gia 0 ≤ j ≤ n upolog�ste to pl jo twn sunjèsewn tou n, akrib¸ j
mèrh twn opo�wn e�nai �sa me 1.

17. 'Estw an to pl jo twn dianusm�twn (m1,m2, . . . ,mn), ìpoum1,m2, . . . ,mn

e�nai akèraioi me �jroisma n kai 0 ≤ mi ≤ 3 gia k�je i. De�xte ìti

an =

⌊n/2⌋∑

j=0

(
n

j

)(
n

2j

)
.

18. 'Estw n, k jetiko� akèraioi.

(a) De�xte ìti to �jroisma twn ginomènwn a1a2 · · · ak p�nw se ìla ta dianÔ-

smata (a1, a2, . . . , ak) ∈ Nk
me a1 + · · ·+ ak = n e�nai �so me

(n+k−1
2k−1

)
.

(b) De�xte ìti to �jroisma twn ginomènwn a1(a1−1)a2(a2−1) · · · ak(ak−1)
p�nw se ìla ta dianÔsmata (a1, a2, . . . , ak) ∈ Nk

me a1+a2+· · ·+ak = n
e�nai �so me 2k

(n+k−1
3k−1

)
.

40



(g) Mpore�te na diatup¸sete kai na apode�xete gen�keush twn (a) kai (b)?

19. (a) An

∑

n≥0

f(n)xn =
p(x)

(1− x)d+1
(1.43)

gia k�poia sun�rthsh f : N → C kai polu¸numo p(x), upolog�ste th

genn tria sun�rthsh

∑
n≥0 f(2n)xn

w rht  sun�rthsh tou x.

(b) 'Estw g(n) to pl jo twn dianusm�twn (r1, r2, . . . , r6), ìpou r1, . . . , r6
e�nai mh arnhtiko� akèraioi me �jroisma 2n. Upolog�ste th genn tria

sun�rthsh

∑
n≥0 g(n)xn

.

(g) Genikìtera, an isqÔei h (1.43) kai m ∈ N, de�xte ìti

∑

n≥0

f(mn)xn =
qm(x)

(1− x)d+1
(1.44)

gia k�poio polu¸numo qm(x) kai upolog�ste tou suntelestè tou qm(x)
w sunart sei eke�nwn tou p(x). De�xte ep�sh ìti an o bajmì tou p(x)
den uperba�nei to d, tìte to �dio isqÔei gia to qm(x).

20. Mia diamèrish akera�ou λ = (λ1, λ2, . . . , λr) lègetai autosuzug  an oi st le
tou di�grammato Young th λ èqoun m kh λ1, λ2, . . . , λr. 'Estw c(n) to

pl jo twn autosuzug¸n diamer�sewn tou akera�ou n, ìpou c(0) = 1 kat�

sÔmbash. De�xte ìti

∑

n≥0

c(n)xn =
∏

i≥1

(1 + x2i−1). (1.45)

21. D�netai akèraio m ≥ 2. Sumbol�zoume me s(n) to pl jo twn diamer�sewn

tou n kanèna mèro twn opo�wn den emfan�zetai m   perissìtere forè kai

me t(n) to pl jo twn diamer�sewn tou n kanèna mèro twn opo�wn den e�nai

pollapl�sio tou m (ìpou s(0) = t(0) = 1 kat� sÔmbash).

(a) Upolog�ste ti genn trie sunart sei

∑
n≥0 s(n)xn

kai

∑
n≥0 t(n)xn

.

(b) De�xte ìti isqÔei s(n) = t(n) gia k�je n ∈ N.

22. Bre�te m�a 1�1 antistoiq�a metaxÔ tou sunìlou twn diamer�sewn tou n me mèrh

perittoÔ akera�ou kai tou sunìlou twn diamer�sewn tou n me diakekrimèna

mèrh.

23. 'Estw kurtì polÔgwno P me n+ 2 korufè. Mia polugwnik  upodia�resh tou

P e�nai mia upodia�res  tou se polÔgwna, h opo�a or�zetai apì diagwn�ou tou
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P pou an� dÔo den tèmnontai sto eswterikì tou P . De�xte ìti gia 1 ≤ i ≤
n, to pl jo twn polugwnik¸n upodiairèsewn tou P se i polÔgwna (opìte

qrhsimopoioÔntai i− 1 diag¸nioi) e�nai �so me

1

n+ 1

(
n− 1

i− 1

)(
n+ i

i

)
.

24. Upolog�ste to pl jo twn diamer�sewn π tou sunìlou [n] me thn ex  idiìthta:
an B,B′

e�nai diaforetik� mèrh th π kai a, b ∈ B, c, d ∈ B′
, me a < b kai

c < d, tìte b < c   d < a.

25. Upolog�ste:

(a) To pl jo twn diamer�sewn tou sunìlou [2n], k�je mèro twn opo�wn

èqei akrib¸ dÔo stoiqe�a.

(b) To pl jo twn zeug¸n (w, π), ìpou w = (w1, . . . , w2n) e�nai anadi�taxh
tou [2n] kai π e�nai diamèrish tou [2n] se disÔnola, ìpw sto (a), kai

epiplèon isqÔoun ta ex : (i) h diamèrish {{i, j} : {wi, wj} ∈ π} tou [2n]
e�nai mh diastauroÔmenh, (ii) an i < j kai {wi, wj} ∈ π, tìte wi < wj

kai (iii) an k < i < j < ℓ kai {wi, wj} ∈ π, {wk, wℓ} ∈ π, tìte wj < wℓ.

26. (a) De�xte ìti to pl jo twn mh diastauroÔmenwn diamer�sewn tou [n] e�nai
�so me

1
n+1

(2n
n

)
qwr� qr sh th anagwgik  sqèsh (1.32).

(b) De�xte ìti to pl jo twn mh diastauroÔmenwn diamer�sewn tou [n] me k
mèrh e�nai �so me

1
k

(n−1
k−1

)( n
k−1

)
.

(g) 'Estw diamèrish λ = (λ1, . . . , λr) tou n. De�xte ìti to pl jo twn mh

diastauroÔmenwn diamer�sewn tou [n] ta mèrh twn opo�wn èqoun plhj�-

rijmou λ1, . . . , λr e�nai �so me

n!

m1! · · ·mn! (n − r + 1)!
,

ìpou mi e�nai to pl jo twn mer¸n th λ �swn me i.

(d) Bre�te m�a 1�1 antistoiq�a metaxÔ tou sunìlou twn mh diastauroÔme-

nwn diamer�sewn tou [n] kai tou sunìlou twn trigwnism¸n enì kurtoÔ

polug¸nou me n+ 2 korufè.

27. M�a diamèrish π tou [n] lègetai mh emfwleumènh (nonnesting) an èqei thn

ex  idiìthta: an B,B′
e�nai diakekrimèna mèrh th π kai a, e ∈ B, b, d ∈ B′

me a < b < d < e, tìte up�rqei c ∈ B me b < c < d.

(a) De�xte ìti to pl jo twn mh emfwleumènwn diamer�sewn tou [n] e�nai �so
me ton arijmì Catalan 1

n+1

(2n
n

)
.

42



(b) De�xte ìti to pl jo twn mh emfwleumènwn diamer�sewn tou [n] me k
mèrh e�nai �so me

1
k

(n−1
k−1

)( n
k−1

)
.

(g) De�xte ìti to pl jo twn mh emfwleumènwn diamer�sewn tou [n] ta mèrh

twn opo�wn èqoun dosmènou plhj�rijmou λ1, . . . , λr e�nai �so me to

pl jo twn mh diastauroÔmenwn diamer�sewn tou [n] me thn �dia idiìthta.

28. (a) De�xte ìti up�rqoun akrib¸ (n+1)n−1
akolouj�e a = (a1, a2, . . . , an)

stoiqe�wn tou [n] me thn ex  idiìthta: gia k�je 1 ≤ i ≤ n oi akèraioi

1, 2, . . . , i emfan�zontai sthn a sunolik� toul�qiston i forè.

(b) De�xte ìti up�rqoun akrib¸ (n−1)n−1
akolouj�e a = (a1, a2, . . . , an)

stoiqe�wn tou [n] me thn ex  idiìthta: gia k�je 1 ≤ i ≤ n−1 oi akèraioi

1, 2, . . . , i emfan�zontai sthn a sunolik� toul�qiston i+ 1 forè.

29. 'Estw B to sÔnolo twn akolouji¸n (b1, b2, . . . , bm) akera�wn tuqa�ou m kou

me ti idiìthte b1 + · · ·+ bm = −1 kai b1 + · · ·+ br−1 ≥ 0 gia 1 ≤ r ≤ m− 1
kai èstw k jetikì akèraio. De�xte ìti gia k�je akolouj�a (b1, b2, . . . , bm)
akera�wn me b1 + · · · + bm = −k kai bi ≥ −1 gia k�je i, up�rqei monadik 
akolouj�a deikt¸n 1 ≤ i1 < i2 < · · · < ik ≤ m, tètoia ¸ste oi akolouj�e

(bij , bij+1, . . . , bij+1−1) gia 1 ≤ j ≤ k − 1 kai (bik , . . . , bm, b1, . . . , bi1−1) na

an koun sto B.
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Upode�xei - LÔsei

1. Gia 1 ≤ i ≤ n èstwmi = #Ai, opìte up�rqei amfimonos manth apeikìnish fi : Ai →
[mi]. De�xte ìti h apeikìnish f : ∪n

i=1 Ai → [m1 +m2 + · · ·+mn] me f(x) = f1(x) an
x ∈ A1 kai f(x) = m1 + · · ·+mi−1 + fi(x) an x ∈ Ai me i ≥ 2, e�nai kal� orismènh

kai amfimonos manth kai sumper�nete to zhtoÔmeno.

2. Parathr ste pr¸ta ìti ja prèpei G(0) = 0. Antistrìfw, an G(0) = 0, qrhsi-
mopoi ste thn Prìtash 1.1.5 (a) gia na de�xete ìti h monadik  F (x) ∈ C[[x]] me ti
dosmène idìthte e�nai h F (x) = G(x)/(1 +G(x)) =

∑
k≥1(−1)k−1(G(x))k

.

3. Gia to (a) qrhsimopoi ste th sqèsh (1.10) gia th genn tria sun�rthsh th (an) kai
ergasje�te ìpw sthn apìdeixh th (1.6) sto tèlo th Paragr�fou 1.2.2. Gia to

(b) diakr�nete ti peript¸sei εn = 0 kai εn ∈ {−1, 1} gia na de�xete ìti to pl jo

bn twn akolouji¸n aut¸n epalhjeÔei ton anagwgikì tÔpo bn = bn−1 + 2bn−2, me

b0 = 1 kai b1 = 3.

4. 'Eqoume

F (x) =
(1 + x)(1 + x2)(1 + x3) · · · (1 + x2m)

(1− x)(1 + x2)(1 − x3) · · · (1 + x2m)
=

(1 + x)(1 + x3) · · · (1 + x2m−1)

(1 − x)(1 − x3) · · · (1− x2m−1)

=

m∏

i=1

(1 + x2i−1)



∑

k≥0

xk





∑

k≥0

x3k


 · · ·



∑

k≥0

x(2m−1)k


 ,

apì ìpou prokÔptei to (a). Gia to (b) sun�gete p.q. ìti o suntelest  tou xn
sthn

F (x) e�nai �so me to pl jo twn diatetagmènwn zeug¸n (λ, µ), ìpou λ kai µ e�nai

diamer�sei akera�wn tètoie ¸ste ta mèrh th λ e�nai diakekrimènoi peritto� akèraioi

≤ 2m− 1, ta mèrh th µ e�nai peritto� akèraioi ≤ 2m− 1 kai |λ|+ |µ| = n.

5. ParathroÔme ìti to zhtoÔmeno isqÔei an a0 = 0, afoÔ tìte o p�naka Bm e�nai k�tw

trigwnikì me diag¸nia stoiqe�a �sa me 1, a1, a
2
1, . . . , a

m
1 . Gia th genik  per�ptwsh

jètoume F (x) = a0 + G(x), opìte h G(x) ∈ C[[x]] èqei stajerì ìro �so me 0, kai

cij = [xi]G(x)j
. Apì ti isìthte

bij = [xi] F (x)j = [xi] (a0 +G(x))j = [xi]

j∑

k=0

(
j

k

)
aj−k
0 G(x)k

=

j∑

k=0

cik

(
j

k

)
aj−k
0

prokÔptei ìti Bm = CmDm, ìpou Cm e�nai o (m+1)×(m+1) p�naka me stoiqe�a cij
gia 0 ≤ i, j ≤ m kai Dm e�nai �nw trigwnikì (m+1)× (m+1) p�naka me diag¸nia
stoiqe�a �sa me 1. Sumpera�noume ìti det(Bm) = det(Cm), opìte to zhtoÔmeno

prokÔptei apì thn eidik  per�ptwsh a0 = 0.
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6. Gia to (a) parathr ste ìti

∑

n≥0

ankx
n =

∑

m1,...,mn∈N

xm2
1+m2

1+···+m2
k

kai paragontopoi ste to dexiì mèlo. Me dedomèno to (a), to (b) prokÔptei efar-

mìzonta thn 'Askhsh 5 sthn F (x) =
∑

n≥0 x
n2

.

7. Gia ta (a)�(g) qrhsimopoi ste apeuje�a upologismoÔ,   to gegonì ìti oi nìmoi

auto� isqÔoun gia polu¸numa. Gia to (d) upojèste qwr� bl�bh th genikìthta ìti

F (x) = 1 − H(x), ìpou H(x) ∈ C[[x]] me H(0) = 0, kai qrhsimopoi ste ton tÔpo

th Prìtash 1.1.5 (a) gia thn ant�strofh th F (x), kaj¸ kai to (st) (eÔkolo).

Gia to (e) qrhsimopoi ste thn tautìthta n
(
α
n

)
= α

(
α−1
n−1

)
, ìpou n ≥ 1.

8. Paragwg�ste th sqèsh (1.5).

9. H apìdeixh th Prìtash 1.1.6 pou ja perigr�youme d�netai w de�gma gia to p¸

kanìne gia na qeirizìmaste tupikè dunamoseirè mporoÔn na prokÔyoun sqetik�

eÔkola apì ant�stoiqou kanìne pou isqÔoun gia ti dunamoseirè tou apeirostikoÔ

logismoÔ (mia pio euje�a apìdeixh e�nai asfal¸ dunat ). Ja jewr soume gnwstì

apì ton apeirostikì logismì to akìloujo l mma.

L mma 1.4.1 (a) An gia k�poio ǫ > 0 oi dunamoseirè f(x) =
∑∞

n=0 anx
n
kai

g(x) =
∑∞

n=0 bnx
n
sugkl�noun kai isqÔei f(x) = g(x) gia |x| < ǫ, tìte an = bn

gia k�je n.

(b) Gia α ∈ C, h dunamoseir�

∑∞
n=0

(
α
n

)
xn

sugkl�nei gia k�je x ∈ C me |x| < 1

kai isqÔei

∑∞
n=0

(
α
n

)
xn = (1 + x)α

.

(g) An gia k�poio ǫ > 0 oi dunamoseirè

∑∞
n=0 anx

n
kai

∑∞
n=0 bnx

n
sugkl�noun

gia |x| < ǫ kai h akolouj�a (cn) or�zetai apì thn (1.14), tìte h

∑∞
n=0 cnx

n

sugkl�nei gia |x| < ǫ kai isqÔei
∑∞

n=0 cnx
n = (

∑∞
n=0 anx

n) (
∑∞

n=0 bnx
n) gia

|x| < ǫ.

Gia to (a) parathroÔme ìti

(1 + F (x))α+β =
∑

n≥0

(
α+ β

n

)
F (x)n

kai ìti

(1 + F (x))α (1 + F (x))β =



∑

n≥0

(
α

n

)
F (x)n





∑

n≥0

(
β

n

)
F (x)n




=
∑

n≥0

(
n∑

k=0

(
α

k

)(
β

n− k

))
F (x)n.
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Epomènw arke� na apode�xoume ìti gia n ≥ 0 isqÔei

(
α+ β

n

)
=

n∑

k=0

(
α

k

)(
β

n− k

)
. (1.46)

Gia x ∈ C me |x| < 1, gnwr�zoume ìti (1+x)α+β = (1+x)α(1+x)β
. Qrhsimopoi¸nta

ta mèrh (b) kai (g) tou L mmato 1.4.1, mporoÔme na gr�youme aut  thn isìthta w

isìthta metaxÔ dÔo dunamoseir¸n. H (1.46) prokÔptei exis¸nonta tou suntelestè

tou xn
, sÔmfwna me to mèro (a) tou �diou l mmato. Ergazìmenoi omo�w, gia to

(b) qrhsimopoioÔme ti isìthte

∑

n≥0

(
αβ

n

)
xn = (1 + x)αβ = ((1 + x)α)β

=



1 +
∑

k≥1

(
α

k

)
xk




β

=
∑

l≥0

(
β

l

)


∑

k≥1

(
α

k

)
xk




l

gia x ∈ C me |x| < ǫ kai gia to (g) thn isìthta

(1 + x)α(1 + y)α = (1 + x+ y + xy)α =
∑

n≥0

(
α

n

)
(x + y + xy)n

kaj¸ kai to an�logo tou L mmato 1.4.1 (a) gia dunamoseirè se dÔo metablhtè x
kai y. Oi leptomèreie parale�pontai. Mia algebrosunduastik  apìdeixh th (1.46)

mpore� na doje� w ex . An α, β ∈ N, tìte h (1.46) prokÔptei aparijm¸nta me dÔo

trìpou ta n-uposÔnola th ènwsh dÔo xènwn sunìlwn me plhj�rijmou α kai β.
AfoÔ ta dÔo mèlh th (1.46) e�nai polu¸numa sta α kai β (me suntelestè p.q. apì

to s¸ma C), h isìthta isqÔei san tautìthta sto daktÔlio C[x, y] kai sunep¸ gia

tuqa�e timè twn α kai β.

10.

11. Gia to (a) parathroÔme ìti

cn =
1

n!

(
3

2
· 5
2
· · · (n+

1

2
)

)
= (−1)n

(−3/2

n

)
.

Gia to (b), apì thn (1.21) prokÔptei ìti

∑
n≥0 cnx

n = (1− x)−3/2
kai sunep¸ ìti

n∑

k=0

ckcn−k = [xn]




∑

n≥0

cnx
n




2

= [xn] (1− x)−3

= (−1)n

(−3

n

)
= (n+ 1)(n+ 2)/2.
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12. Gia to (a) qrhsimopoi ste thn Prìtash 1.1.5 (b). To (b) prokÔptei apì to (g). Gia

to (g) upolog�zoume ìti

exp (F (x) +G(x)) =
∑

n≥0

(F (x) +G(x))n

n!
=
∑

n≥0

1

n!

n∑

k=0

(
n

k

)
F (x)kG(x)n−k

=
∑

n≥0

n∑

k=0

1

k!(n− k)! F (x)kG(x)n−k =
∑

k,l≥0

F (x)k

k!

G(x)l

l!

=



∑

k≥0

F (x)k

k!





∑

l≥0

G(x)l

l!




= exp (F (x)) · exp (G(x)).

Gia to (d) qrhsimopoi ste èna apì ta erwt mata (g)   (st) th 'Askhsh 7. Gia to

(e) mporoÔme na upojèsoume ìti F (x) = x. Apì thn Prìtash 1.1.5 (b) prokÔptei

ìti h

(exp (x))α = (ex)α = (1 + (ex − 1))α =
∑

k≥0

(
α

k

)
(ex − 1)k

=
∑

k≥0

(
α

k

)(
x+

x2

2!
+
x3

3!
+ · · ·

)k

or�zetai sto C[[x]], ìpou èqoume ep�sh

exp (αx) =
∑

n≥0

αnxn

n!
.

Mènei na de�xoume ìti [xn] (exp (x))α = αn/n! gia k�je n ∈ N. Kat� to prìtupo th

lÔsh th 'Askhsh 9, èna trìpo gia na epiteuqje� autì e�nai o ex . Gnwr�zoume

ìti exp (αx) = (exp (x))α
gia x ∈ R kai ìti up�rqei ǫ > 0 tètoio ¸ste |ex − 1| < 1

gia |x| < ǫ. Apì aut� sumpera�noume ìti isqÔei

∑

n≥0

αnxn

n!
=
∑

k≥0

(
α

k

)
(ex − 1)k

(1.47)

gia |x| < ǫ, ìpou h sÔgklish kai sta dÔo mèlh e�nai apìluth kai omoiìmorfh. Gia

n ∈ N, a sumbol�soume me Dnf(x) thn tim  sto mhdèn th n-st  parag¸gou mia

ape�rw paragwg�simh sto x = 0 sun�rthsh f(x). Efarmìzonta th Dn
sta dÔo

mèlh th (1.47) prokÔptei ìti

αn = Dn
∑

k≥0

(
α

k

)
(ex − 1)k =

∑

k≥0

(
α

k

)
Dn (ex − 1)k
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=

n∑

k=0

(
α

k

)
Dn (ex − 1)k = Dn

n∑

k=0

(
α

k

)
(ex − 1)k

= n! [xn]
n∑

k=0

(
α

k

)
(ex − 1)k

= n! [xn]
∑

k≥0

(
α

k

)
(ex − 1)k = n! [xn] (exp (x))α

kai sunep¸ to zhtoÔmeno.

13.

14. AfoÔ ta dÔo mèlh th (1.41) e�nai polu¸numa sto x, arke� na apode�xei kane� thn

isìthta aut  gia jetikè akèraie timè tou x. Jewr ste loipìn ìti o x e�nai jetikì

akèraio kai aparijm ste me dÔo trìpou to sÔnolo twn zeug¸n (S, f), ìpou S e�nai

d-uposÔnolo tou [n] kai f : S → [x] e�nai apeikìnish gia thn opo�a gia k�je j ∈ S
isqÔei f(j) 6= x ⇒ [j − 1] ⊆ S. Pio sugkekrimèna, gia to aristerì mèlo epilèxte

pr¸ta ta stoiqe�a (èstw i se pl jo) j ∈ S gia ta opo�a f(j) = x me

(
n
i

)
trìpou

kai èpeita ta upìloipa stoiqe�a tou S kai timè th f me (x− 1)d−i
trìpou. Gia to

dexiì mèlo, epilèxte pr¸ta to el�qisto 0 ≤ i ≤ d me thn idiìthta [d− i] ⊆ S kai ti

ant�stoiqe timè th f me xd−i
trìpou kai èpeita ta upìloipa stoiqe�a tou S kai

timè th f (anagkastik� �se me x) me
(
n−d+i−1

i

)
trìpou. Gia thn (1.42) exis¸ste

tou suntelestè tou xd−k
sta dÔo mèlh th (1.41).

15. Gia to (a) efarmìste thn Prìtash 1.1.3 (b) ìtan an = bn = 2n−1
e�nai to pl jo twn

sunjèsewn tou n kai sumper�nete ìti

∑
n≥0 cnx

n = F (x)2, ìpou F (x) = x/(1−2x).

Sun�gete ìti cn = (n−1)2n−2
gia k�je jetikì akèraio n. To teleuta�o er¸thma tou

(a) af netai ston anagn¸sth. Gia th gen�keush tou (b) oi ant�stoiqe apant sei

e�nai oi F (x)k = xk/(1 − 2x)k
kai

(
n−1
k−1

)
2n−k

. Gia to (g) h genn tria sun�rthsh

e�nai h

∑

k≥1

F (x)k =
F (x)

1− F (x)
=

x

1− 3x

kai to zhtoÔmeno pl jo �so me 3n−1
.

16. Gia to (a) ergaste�te ìpw sthn (1.29) kai de�xte ìti

∑

n≥0

c(n,m)xn =
∑

k≥0

∑

r1,r2,...,rk≥m

xr1+r2+···+rk

=
∑

k≥0

(xm + xm+1 + · · ·)k =
1

1− xm/(1− x) .

Gia m = 2 prokÔptei to (b). Mia 1�1 antistoiq�a me ti zhtoÔmene idiìthte mpore�

na orisje� xekin¸nta apì mia sÔnjesh ρ = (r1, r2, . . . , rk) tou n me mèrh megalÔtera

tou 1, antikajist¸nta k�je mèro ri ≥ 3 me th sÔnjesh tou ri th morf  ρi =
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(2, 1, . . . , 1) kai diagr�fonta to pr¸to mèro th ρ1 (oi leptomèreie af nontai ston

anagn¸sth). Gia par�deigma, apì th sÔnjesh (3, 2, 4, 3) tou 12 prokÔptei me autìn

ton trìpo h sÔnjesh (1, 2, 2, 1, 1, 2, 1) tou 10. Gia to (g) ergaste�te ìpw sto (a) kai

de�xte ìti an c(n) e�nai to pl jo twn sunjèsewn tou n me mèrh perittoÔ akera�ou,

tìte

∑

n≥0

c(n)xn =
∑

k≥0

(x+ x3 + x5 + · · ·)k =
1

1− x/(1− x2)

=
1− x2

1− x− x2
= 1 + x

∑

n≥1

Fn x
n−1,

opìte c(n) = Fn. Mia 1�1 antistoiq�a me ti zhtoÔmene idiìthte mpore� na oriste�

xekin¸nta apì mia sÔnjesh ρ = (r1, r2, . . . , rk) tou n me mèrh perittoÔ akera�ou,

antikajist¸nta k�je mèro ri me th sÔnjesh tou ri th morf  ρi = (2, . . . , 2, 1) kai
diagr�fonta to teleuta�o mèro th ρk (oi leptomèreie af nontai ston anagn¸sth).

Gia par�deigma, apì th sÔnjesh (3, 1, 5, 3) tou 12 prokÔptei me autìn ton trìpo

h sÔnjesh (2, 1, 1, 2, 2, 1, 2) tou 11. Gia to (d), de�xte ìti to zhtoÔmeno pl jo

sunjèsewn e�nai �so me to �jroisma

⌊(n−j)/2⌋∑

k=j

(
k

j

)(
n− k − 1

k − j − 1

)

gia 0 ≤ j < n, upolog�zonta to pl jo eke�nwn twn sunjèsewn me dosmèno pl jo

mer¸n k.

17. Parathr ste ìti o akèraio an e�nai �so me to suntelest  tou xn
sto polu¸numo

(1 + x+ x2 + x3)n
. P¸ paragontopoie�tai to polu¸numo autì?

18. Qrhsimopoi¸nta to logismì twn tupik¸n dunamoseir¸n, ergaste�te w ex . Jew-

r ste thn tautìthta

∑

a1,...,ak∈N

xa1

1 x
a2

2 · · ·xak

k =
1

(1− x1)(1 − x2) · · · (1− xk)
. (1.48)

Paragwg�ste w pro xi gia k�je i kai pollaplasi�ste me x1x2 · · ·xk gia na de�xete

ìti

∑

a1,...,ak ∈N

a1a2 · · ·ak x
a1

1 x
a2

2 · · ·xak

k =
x1x2 · · ·xk

(1 − x1)2(1− x2)2 · · · (1− xk)2
. (1.49)

Jèste x1 = · · · = xk = x sthn (1.49) kai exis¸ste tou suntelestè tou xn
sta dÔo

mèlh th isìthta pou prokÔptei gia na katal xete sto zhtoÔmeno tou (a). Gia to

(b) ergaste�te parìmoia, paragwg�zonta dÔo forè thn (1.48). Qrhsimopoi¸nta

mìno ti basikè arqè apar�jmhsh, d¸ste mia diaforetik  lÔsh w ex . Gia to (a)

parathr ste pr¸ta ìti to zhtoÔmeno �jroisma e�nai �so me to pl jo twn zeug¸n

(π, f), ìpou π e�nai diamèrish tou sunìlou [n] me k mèrh th morf  {a, a+ 1, . . . , b}
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kai f e�nai mia epilog  enì stoiqe�ou apì kajèna apì ta k mèrh th π. 'Epeita

perigr�yte mia 1�1 antistoiq�a tou sunìlou twn zeug¸n aut¸n me to sÔnolo twn

(2k−1)-uposunìlwn tou [n+k−1]. Ergaste�te parìmoia gia to (b), antikajist¸nta
thn f me thn epilog  enì zeÔgou stoiqe�wn apì kajèna apì ta k mèrh th π.

19. Gia to (a), jèste −x ant� gia to x sthn (1.43) kai prosjèste kat� mèlh gia na

sumper�nete ìti

∑

n≥0

f(2n)xn =
p(
√
x)(1 +

√
x)d+1 + p(−√x)(1−√x)d+1

2 · (1− x)d+1
.

Gia to (b) efarmìste to (a). Ap�nthsh: (1 + 15x+ 15x2 + x3)/(1− x)6. Gia to (g),

jètonta

Em



∑

n≥0

g(n)xn


 =

∑

n≥0

g(mn)xn,

parathr ste ìti

∑

n≥0

f(mn)xn = Em

(
p(x)

(1 − x)d+1

)
= Em

(
p(x)(1 + x+ · · ·+ xm−1)d+1

(1− xm)d+1

)

=
Em

(
p(x)(1 + x+ · · ·+ xm−1)d+1

)

(1− x)d+1

kai sunep¸ ìti h (1.44) isqÔei me qm(x) = Em

(
p(x)(1 + x+ · · ·+ xm−1)d+1

)
.

Sun�gete ìti gia to suntelest  tou xi
sto qm(x) isqÔei

[xi] qm(x) = [xmi]
(
p(x)(1 + x+ · · ·+ xm−1)d+1

)

=
∑

j≥0

pj [xmi−j ] (1 + x+ · · ·+ xm−1)d+1,

ìpou p(x) = p0 + p1x+ p2x
2 + · · ·. Gia perissìtere plhrofor�e parapèmpoume sto

�rjro twn F. Brenti kai V. Welker [The Veronese construction for formal power

series and graded algebras, Adv. in Appl. Math. 42 (2009), 545–556].

20. ParathroÔme ìti o suntelest  tou xn
sto dexiì mèlo th (1.45) e�nai �so me to

pl jo twn diamer�sewn tou n me mèrh diakekrimènou perittoÔ akera�ou. Epomè-

nw, arke� na breje� mia 1�1 antistoiq�a apì to sÔnolo twn autosuzug¸n diamer�sewn

tou n sto sÔnolo twn diamer�sewn tou n me mèrh diakekrimènou perittoÔ akera�ou.

Gia tuqa�a autosuzug  diamèrish λ tou n, èstw ϕ(λ) h akolouj�a (µ1, µ2, . . . , µr)
pou or�zetai w ex : µ1 e�nai to pl jo twn tetrag¸nwn pou br�skontai sthn pr¸th

gramm    pr¸th st lh tou diagr�mmato Young th λ. Oi upìloipoi ìroi µ2, . . . , µr

or�zontai parìmoia apì thn autosuzug  diamèrish pou prokÔptei apì to di�gramma

Young th λ diagr�fonta thn pr¸th gramm  kai st lh. Gia par�deigma, an λ =
(5, 5, 4, 4, 2), tìte ϕ(λ) = (9, 7, 3, 1). Af noume ston anagn¸sth na epalhjeÔsei ìti

h ϕ(λ) e�nai pr�gmati diamèrish tou n me mèrh diakekrimènou perittoÔ akera�ou

kai ìti h ϕ èqei ti zhtoÔmene idiìthte.
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21. Efarmìzonta to skeptikì sthn apìdeixh th eidik  per�ptwsh m = 2 (Prìtash

1.2.6), de�xte ìti

∑

n≥0

s(n)xn =
∏

i≥1

(
1 + xi + x2i + · · ·+ x(m−1)i

)

∑

n≥0

t(n)xn =
∏

i6≡ 0 (mod m)

1

1− xi

kai sun�gete ìti s(n) = t(n) gia k�je n ∈ N.

22. 'Estw Γ(n) (ant�stoiqa, ∆(n)) to sÔnolo twn diamer�sewn tou n me mèrh perittoÔ

(ant�stoiqa, diakekrimènou) akera�ou. 'Estw λ ∈ Γ(n) kaimi to pl jo twn mer¸n

th λ pou e�nai �sa me i, ¸ste mi = 0 an o i e�nai �rtio. 'Estw ϕ(λ) h diamèrish pou
prokÔptei apì th λ gr�fonta tomi sth duadik  tou par�stashmi = 2k1 + · · ·+2kr

gia k�je i me mi 6= 0 kai antikajist¸nta ta mi mèrh th λ pou e�nai �sa me i me
tou akera�ou 2kj · i. Gia par�deigma an n = 35 kai λ = (7, 7, 3, 3, 3, 3, 3, 3, 1, 1, 1),
tìte m7 = 2, m3 = 6 = 4+2, m1 = 3 = 2+1 kai ϕ(λ) = (14, 12, 6, 2, 1). Gia n = 3,
h ϕ apeikon�zei ta stoiqe�a (5), (3, 1, 1) kai (1, 1, 1, 1, 1) tou Γ(n) sta stoiqe�a (5),
(3, 2) kai (4, 1) tou ∆(n), ant�stoiqa. De�xte ìti ϕ(λ) ∈ ∆(n) an λ ∈ Γ(n) kai ìti

h apeikìnish ϕ : Γ(n) → ∆(n) e�nai 1�1 antistoiq�a gia k�je n (gia na or�sete thn

ant�strofh th ϕ, gr�yte k�je mèro th λ ∈ ∆(n) sth morf  2k · q me q perittì

akèraio kai sullèxte ìla ta mèrh th λ me ton �dio mègisto perittì par�gonta q).

23. Mia lÔsh pou genikeÔei th deÔterh apìdeixh th Prìtash 1.2.7 pou d¸same e�nai h

ex . O proteinìmeno tÔpo gia to pl jo, èstw an,i, twn polugwnik¸n upodiairè-

sewn tou P se i polÔgwna mpore� na grafe� isodÔnama sth morf 

i · an,i =

(
n− 1

i− 1

)(
n+ i

i− 1

)
. (1.50)

'Opw sthn eidik  per�ptwsh i = n, arke� na broÔme m�a 1�1 antistoiq�a ϕ : An →
Bn, ìpou An e�nai to sÔnolo twn zeug¸n (τ, T ) twn upodiairèsewn τ pou jèloume

na aparijm soume kai polug¸nwn T ∈ τ kai Bn e�nai to kartesianì ginìmeno tou

sunìlou twn akolouji¸n (ε1, ε2, . . . , εn−1) ∈ {0, 1}n−1
pou èqoun akrib¸ i − 1

suntetagmène �se me 1, me to sÔnolo twn dianusm�twn (r1, r2, . . . , ri−1) me stoiqe�a
akera�ou 0 ≤ r1 ≤ r2 ≤ · · · ≤ ri−1 ≤ n+ 1. 'Estw zeÔgo (τ, T ) ∈ An gia to opo�o

jèloume na or�soume to ϕ(τ, T ). To di�nusma (r1, r2, . . . , ri−1) or�zetai akrib¸

ìpw sthn eidik  per�ptwsh i = n. 'Estw j o el�qisto de�kth gia ton opo�o h

koruf  κrj+1
br�sketai toul�qiston dÔo akmè met� thn κrj

kat� thn kuklik  ma

ar�jmhsh. Jètoume ε1 = 1 an h diag¸nio me �kra κrj
kai κrj+2 e�nai mia apì ti

diagwn�ou pou or�zoun thn upodia�resh τ kai ǫ1 = 0 diaforetik�. Diagr�fonta

thn koruf  κrj+1 prokÔptei kurtì polÔgwno me n+ 1 korufè kai upodia�res  tou

se i− ε1 polÔgwna, èna apì ta opo�a e�nai to T . Epanalamb�nonta thn parap�nw

diadikas�a or�zontai ta ε2, . . . , εn−1 kai sunep¸ h apeikìnish ϕ. Gia par�deigma,

gia to zeÔgo tou Sq mato 1.7, ìpou n = 8 kai i = 6, èqoume r1 = 0, r2 = r3 = 2,
r4 = 6, r5 = 9 (opìte j = 1 sto pr¸to b ma th diadikas�a pou perigr�yame) kai
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ε1 = ε2 = ε3 = 1, ε4 = 0, ε5 = ε6 = 1, ε7 = 0. Af netai ston anagn¸sth na

de�xei ìti h ϕ : An → Bn e�nai amfimonos manth, kataskeu�zonta thn ant�strofh

apeikìnish. Mia gen�keush tou apotelèsmato autoÔ d�netai sthn 'Askhsh 13 (g)

tou Kefala�ou 3.

T

k k

k

k

k
k

k

k
9

8

7

3

2

10

4

k
6

k
5

Sq ma 1.7: Mia polugwnik  upodia�resh.

24. De�xte ìti a1 = 1 kai an = 2an−1 + an−2 + · · · + a1 gia n ≥ 2. Sun�gete ìti

an = F2n−1 gia k�je n, ìpou F1 = F2 = 1 kai Fn = Fn−1 + Fn−2 gia n ≥ 3 e�nai h

akolouj�a Fibonacci.

25. H ap�nthsh sto (a) e�nai 1 · 3 · 5 · · · (2n − 1) = (2n)!
2nn! . Auto prokÔptei apì thn

Prìtash 1.2.2   eujèw apì thn pollaplasiastik  arq , afoÔ up�rqoun 2n − 1
epilogè gia to zeug�ri p.q. tou 1 kai, dedomènh th epilog  aut , up�rqoun

2n− 3 epilogè gia to zeug�ri opoioud pote stoiqe�ou tou [2n] ektì tou 1 kai tou

zeugarioÔ tou k.o.k. 'Estw An to sÔnolo twn zeug¸n tou erwt mato (b) kai èstw

diamèrish π tou sunìlou [2n], ìpw sto er¸thma (a). Ja de�xoume ìti up�rqoun

akrib¸ 1 · 3 · 5 · · · (2n− 1) anadiat�xei w tou [2n], tètoie ¸ste (w, π) ∈ An. Apì

autì kai to apotèlesma tou (a) prokÔptei ìti #An = (1·3·5 · · · (2n−1))2. Gr�foume
π = {{a1, b1}, {a2, b2}, . . . , {an, bn}}, ìpou ai < bi gia k�je i kai b1 < b2 < · · · <
bn. O isqurismì ma prokÔptei apì thn pollaplasiastik  arq , parathr¸nta ìti

up�rqoun trei epilogè gia th jèsh tou {an−1, bn−1} sth w w pro to {an, bn}
(sugkekrimèna, e�te to bn−1 br�sketai sta arister� tou an, e�te ta an−1 kai bn−1

br�skontai an�mesa sta an kai bn, e�te to an−1 br�sketai sta dexi� tou bn) kai,

dosmènh th epilog  aut , up�rqoun pènte epilogè gia th jèsh tou {an−2, bn−2}
sth w w pro ta dÔo prohgoÔmena k.o.k. Sto Sq ma 1.8 apeikon�zetai to zeÔgo

(w, π) ∈ A4 me w = (3, 4, 6, 1, 7, 8, 2, 5) kai π = {{3, 8}, {4, 6}, {1, 7}, {2, 5}}.

26. Sumbol�zoume me NCn to sÔnolo twn mh diastauroÔmenwn diamer�sewn tou [n]. Mia

lÔsh gia ta (a) kai (b) mpore� na doje� w ex . 'Estw i ∈ [n] kai π ∈ NCn kai èstw
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3 4 7 86 1 2 5

Sq ma 1.8: 'Ena stoiqe�o tou A4.

h grammik  di�taxh

i ✁ i+ 1 ✁ · · · ✁ n ✁ 1 ✁ · · · ✁ i− 1

tou sunìlou [n]. Gia k�je mèro B th π sumbol�zoume me ℓi(B) kai ri(B), ant�-
stoiqa, to el�qisto kai mègisto stoiqe�o tou B w pro thn ✁ kai jètoume ϕ(i, π) =
(Li, Ri), ìpou Li = {ℓi(B) : B ∈ π} kai Ri = {ri(B) : i /∈ B,B ∈ π}. Gia

par�deigma, gia n = 9, i = 5 kai π = 178/256/34/9 èqoume Li = {3, 5, 7, 9} kai
Ri = {1, 4, 9}. De�xte ìti h apeikìnish

ϕ : [n]×NCn → {(L,R) : L,R ⊆ [n], #L = #R + 1}

e�nai amfimonos manth kai sun�gete ìti #NCn = 1
n

(
2n

n−1

)
. To (b) prokÔptei peri-

or�zonta kat�llhla thn antistoiq�a ϕ (gia ti leptomèrei de�te p.q. to �rjro tou

P.H. Edelman, [Chain enumeration and non-crossing partitions, Discrete Math. 31

(1980), 171–180℄).

Gia to (g) jewr ste thn akolouj�a b(π) = (b1, b2, . . . , bn+1) pou prokÔptei apì mia

diamèrish π me ti dosmène idiìthte jètonta bj = #B − 1, an j e�nai to el�qisto

stoiqe�o tou mèrou B th π kai bj = −1 gia ti upìloipe timè tou j ∈ [n+ 1] kai
qrhsimopoi ste to L mma tou kÔklou (Prìtash 1.3.2) gia ti kuklikè metatop�sei

(bi, bi+1, . . . , bi−1) twn akolouji¸n b(π).

Gia to (d), èstw polÔgwno P me n + 2 korufè κ0, κ1, . . . , κn+1, ìpw sthn Par�-

grafo 1.2.4 kai èstw τ trigwnismì tou P . ParathroÔme ìti o τ kajor�zetai pl rw
apì ti diagwn�ou tou th morf  κiκj , ìpou 0 ≤ i < j ≤ n+1, me thn ex  idiìthta:
up�rqoun de�kte r, s me 0 ≤ i < r < j < s ≤ n+ 1 ¸ste to sÔnolo pou prokÔptei

apì to τ diagr�fonta thn κiκj kai prosjètonta thn κrκs na e�nai ep�sh trigw-

nismì tou P . Onom�zoume autè ti diagwn�ou kalè. Gia par�deigma, oi kalè

diag¸nioi tou trigwnismoÔ tou Sq mato 1.4 e�nai oi κ0κ2, κ2κ4, κ2κ5, κ6κ8. 'Estw

ℓ1, ℓ2, . . . , ℓm oi euje�e pou prokÔptoun metatop�zonta par�llhla kai el�qista, me

kateÔjunsh makri� apì thn akm  κ0κn+1, ti euje�e pou or�zontai apì ti kalè

diagwn�ou tou τ . 'Estw ϕ(τ) h diamèrish tou [n] gia thn opo�a ta i, j ∈ [n] an koun
sto �dio mèro th ϕ(τ) an kai mìno an oi korufè κi kai κj br�skontai sto �dio apì

ta dÔo anoikt� hmiep�peda pou or�zei h euje�a ℓi gia k�je i ∈ [m]. Gia to par�deigma

tou Sq mato 1.4, h ϕ(τ) èqei mèrh {1}, {2, 5, 6, 8}, {3}, {4} kai {7}. Af netai ston
anagn¸sth na de�xei ìti h ϕ e�nai 1�1 antistoiq�a apì to sÔnolo twn trigwnism¸n

tou P sto NCn.

27. Apì thn Prìtash 1.2.8 kai thn 'Askhsh 26 prokÔptei ìti arke� na breje� mia 1�1

antistoiq�a tou sunìlou twn mh diastauroÔmenwn diamer�sewn tou [n] kai autoÔ twn
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mh emfwleumènwn diamer�sewn tou [n], h opo�a na diathre� tou plhj�rijmou twn

mer¸n mia diamèrish. Mia tètoia antistoiq�a perigr�fetai sto Je¸rhma 3.1 tou

�rjrou [C.A. Athanasiadis, On noncrossing and nonnesting partitions for classi-

cal reflection groups, Electron. J. Combin. 5 (1998), Research Paper 42, 16pp
(electronic)].

28. Gia to (a) jewr ste thn (prosjetik ) abelian  om�da Zn+1 twn akera�wn mod n+1,
thn om�da ginìmeno Zn

n+1 kai thn kuklik  upoom�da H th teleuta�a pou par�getai

apì to stoiqe�o (1, 1, . . . , 1). De�xte ìti k�je pleurik  kl�sh (a1, a2, . . . , an) + H
th H sthn Zn

n+1 perièqei akrib¸ m�a apì ti akolouj�e ti opo�e jèloume na

aparijm soume, jètonta

bi = #{j ∈ [n] : aj = i} − 1

gia i ∈ [n+1] kai efarmìzonta to L mma tou kÔklou. Gia to (b) ergaste�te omo�w

me thn om�da Zn
n−1.

29. Gia th monadikìthta ergaste�te ìpw sthn apìdeixh th Prìtash 1.3.2. Gia thn

Ôparxh, efarmìzonta kat�llhla to L mma tou kÔklou, de�xte pr¸ta ìti up�rqei

i ∈ [m] tètoio ¸ste na isqÔei

bi + bi+1 + · · ·+ bi+r−1 ≥ −k + 1

gia 1 ≤ r ≤ m− 1, ìpou bm+j = bj gia 1 ≤ j ≤ m (prosjèste k− 1 se k�poion apì

tou �sou me −1 ìrou th akolouj�a). Jètonta i1 = i, jewr ste to mikrìtero

akèraio i2 > i1 tètoion ¸ste h akolouj�a (bi1 , bi1+1, . . . , bi2−1) na an kei sto B kai

or�ste an�loga tou i3, . . . , ik. Qrhsimopoi¸nta ton trìpo epilog  tou i, de�xte
ìti h akolouj�a (bik

, bik+1, . . . , bi1+m−1) an kei ep�sh sto B.
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Kef�laio 2

Metajèsei

Oi metajèsei peperasmènwn sunìlwn kai oi sunduastikè tou idiìthte pa�zoun

shmantikì rìlo se èna eurÔ f�sma twn majhmatik¸n kai twn efarmog¸n tou. Sto

kef�laio autì epiqeiroÔme mia pr¸th exoike�wsh me th dom  tou sunìlou twn meta-

jèsewn enì peperasmènou sunìlou kai efarmìzoume ti mejìdou pou anaptÔxame

sto pr¸to kef�laio p�nw se k�poia basik� probl mata apar�jmhsh metajèsewn.

Ta probl mata aut� aforoÔn ti antistrofè, thn kuklik  dom , ti kajìdou, ti

uperb�sei kai ta stajer� shme�a metajèsewn.

2.1 H summetrik  om�da

'Estw sÔnolo Θ. Mia amfimonos manth apeikìnish w : Θ→ Θ lègetai met�jesh tou

Θ. Sumbol�zoume me S(Θ) to sÔnolo twn metajèsewn tou Θ kai jètoume S(Θ) = Sn

ìtan Θ = [n].
Mia met�jesh w ∈ Sn mpore� na parastaje� me di�forou trìpou, ìpw gia

par�deigma w h anadi�taxh (w(1), w(2), . . . , w(n)) tou sunìlou [n],   w o 2 × n
p�naka (

1 2 · · · n
w(1) w(2) · · · w(n)

)
, (2.1)

  w h lèxh w(1)w(2) · · · w(n),   me thn kuklik  th morf  (blèpe Par�grafo 2.2.2),
  w èna n×n p�naka me stoiqe�a 0   1 (p�naka - met�jesh),   me th morf  dèndrou

(blèpe Ask sei 19, 20 kai [12, Par�grafo 1.3℄),   w èna zeÔgo tampl¸ (blèpe

Kef�laio 4) k.o.k. (dÔo akìmh trìpoi apeikon�zontai sta Sq mata 2.1 kai 2.2). Aut 

h poikilomorf�a e�nai èna apì tou lìgou pou kajist� th melèth twn metajèsewn

kai twn sunduastik¸n tou idiot twn exairetik� qr simh kai endiafèrousa. Apì

tou dÔo pr¸tou trìpou pou anafèrame kai to Par�deigma 1.1.5 prokÔptei to

akìloujo basikì apotèlesma.
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Prìtash 2.1.1 To pl jo twn metajèsewn tou sunìlou [n] e�nai �so me n! gia k�je
n ≥ 1.

Apìdeixh. Mia apeikìnish w : [n] → [n] e�nai amfimonos manth e�n kai mìno an h

akolouj�a (w(1), w(2), . . . , w(n)) e�nai anadi�taxh tou [n]. 'Etsi or�zetai mia 1�1

antistoiq�a tou Sn me to sÔnolo twn anadiat�xewn tou [n] kai sunep¸ #Sn = n!.
✷

W gnwstìn, h sÔnjesh dÔo amfimonos mantwn apeikon�sewn kai h ant�strofh

mia amfimonos manth apeikìnish e�nai ep�sh amfimonos mante apeikon�sei. Ja

sumbol�zoume me uv th sÔnjesh dÔo metajèsewn u, v ∈ S(Θ), dhlad  to stoiqe�o tou

S(Θ) gia to opo�o isqÔei uv(x) = u(v(x)) gia x ∈ Θ, kai me w−1
thn ant�strofh

apeikìnish th w ∈ S(Θ). 'Opw gnwr�zoume apì thn �lgebra, to sÔnolo S(Θ)
apotele� om�da me pr�xh th sÔnjesh apeikon�sewn. H om�da Sn twn metajèsewn

tou [n] e�nai h summetrik  om�da bajmoÔ n.

2.2 Apar�jmhsh metajèsewn

Sthn par�grafo aut  exet�zoume k�poia apì ta shmantikìtera probl mata apar�-

jmhsh metajèsewn me dosmène idiìthte.

2.2.1 Antistrofè

'Estw w ∈ Sn.

Orismì 2.2.1 To zeÔgo (i, j) lègetai antistrof  (inversion) th met�jesh w
an 1 ≤ i < j ≤ n kai w(i) > w(j).

Sumbol�zoume me inv(w) to pl jo twn antistrof¸n th w. Gia par�deigma, an

n = 5 kai w = (4, 1, 3, 5, 2) w anadi�taxh (dhlad  w(1) = 4, w(2) = 1, w(3) = 3,
w(4) = 5 kai w(5) = 2), tìte oi antistrofè th w e�nai oi (1, 2), (1, 3), (1, 5), (3, 5)
kai (4, 5) kai sunep¸ inv(w) = 5.

'Ena trìpo na apeikon�sei kane� th w kai ti antistrofè th d�netai sto Sq -

ma 2.1. Se èna tètoio sq ma up�rqoun dÔo sÔnola shme�wn, kat�llhla topojeth-

mènwn sto ep�pedo. K�je sÔnolo perièqei n shme�a, arijmhmèna me tou akera�ou

1, 2, . . . , n. Gia k�je 1 ≤ i ≤ n up�rqei èna tìxo γi pou sundèei to shme�o i tou
pr¸tou sunìlou me to shme�o w(i) tou deÔterou kai gia i < j, ta tìxa γi kai γj

tèmontai an kai mìno an to (i, j) e�nai antistrof  th w (sthn per�ptwsh aut , ta

dÔo tìxa tèmnontai se akrib¸ èna shme�o, sto opo�o diastaur¸nontai). To pl jo

twn shme�wn tom  twn tìxwn e�nai �so me inv(w).
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Sq ma 2.1: Antistrofè th met�jesh (4, 1, 3, 5, 2).

Parat rhsh 2.2.1 'Estw w ∈ Sn.

(a) To pl jo twn antistrof¸n th w e�nai �so me to pl jo twn zeug¸n (s, t)
me 1 ≤ s < t ≤ n gia ta opo�a to t emfan�zetai sta arister� tou s sthn anadi�taxh

(w(1), w(2), . . . , w(n)). Ta zeÔgh aut� sump�ptoun me ti anstistrofè th w−1
kai

sunep¸ isqÔei inv(w) = inv(w−1).

(b) O akèraio (−1)inv(w)
e�nai �so to prìshmo th met�jesh w (blèpe 'Askhsh

4), to opo�o emfan�zetai ston tÔpo pou ekfr�zei thn or�zousa enì n×n p�naka w

poluwnumik  sun�rthsh twn stoiqe�wn tou. ✷

H akìloujh prìtash kajor�zei to pl jo twn stoiqe�wn th Sn me dosmèno

pl jo antistrof¸n. H Prìtash 2.1.1 prokÔptei apì aut n jètonta q = 1.

Prìtash 2.2.1 Gia n ≥ 1 isqÔei

∑

w∈Sn

qinv(w) = (1 + q)(1 + q + q2) · · · (1 + q + · · · + qn−1). (2.2)

Apìdeixh. JewroÔme to kartesianì ginìmeno

Bn = {0} × {0, 1} × · · · × {0, 1, . . . , n − 1}

kai thn apeikìnish ϕ : Sn → Bn pou or�zetai w ex . Gia w ∈ Sn jètoume ϕ(w) =
(a1, a2, . . . , an) ìpou gia 1 ≤ t ≤ n, to at e�nai �so me to pl jo twn akera�wn

1 ≤ s < t pou br�skontai sta dexi� tou t sthn anadi�taxh (w(1), w(2), . . . , w(n)).
Gia par�deigma, an n = 5 kai w = (4, 1, 3, 5, 2), tìte ϕ(w) = (0, 0, 1, 3, 1). Apì

ton orismì th ϕ èqoume inv(w) = a1 + a2 + · · · + an, an ϕ(w) = (a1, a2, . . . , an).
Isqurizìmaste ìti h apeikìnish ϕ : Sn → Bn e�nai amfimonos manth, opìte

∑

w∈Sn

qinv(w) =
∑

(a1,a2,...,an)∈Bn

qa1+a2+···+an
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=

(
∑

a1=0

qa1

)


∑

a2∈{0,1}

qa2


 · · ·




∑

an∈{0,1,...,n−1}

qan




= (1 + q)(1 + q + q2) · · · (1 + q + · · ·+ qn−1).

Gia na de�xoume ton isqurismì, èstw (a1, a2, . . . , an) ∈ Bn kai gia 1 ≤ i ≤ n èstw ui

h anadi�taxh tou [i] pou or�zetai epagwgik� w ex . H ui prokÔptei paremb�llonta

ton akèraio i an�mesa sta stoiqe�a th ui−1 ¸ste na up�rqoun ai stoiqe�a th ui

sta dexi� tou i, ìpou u0 = ∅. Gia par�deigma, an n = 5 kai (a1, a2, . . . , an) =
(0, 0, 1, 3, 1), tìte u1 = (1), u2 = (1, 2), u3 = (1, 3, 2), u4 = (4, 1, 3, 2) kai u5 =
(4, 1, 3, 5, 2). Jètoume ψ(a1, a2, . . . , an) = w ìpou (w(1), w(2), . . . , w(n)) = un kai

af noume ston anagn¸sth na de�xei ìti h ψ : Bn → Sn e�nai h ant�strofh apeikìnish

th ϕ. ✷

2.2.2 KÔkloi

Idia�tera shmantik  e�nai h kuklik  morf  me thn opo�a mpore� na parastaje� mia

met�jesh w ∈ Sn kai thn opo�a upenjum�zoume sunoptik�. Gia x ∈ [n], h akolouj�-

a (x,w(x), w2(x), . . .) èqei asfal¸ peperasmènou pl jou diakekrimèna stoiqe�a.

Sunep¸ up�rqoun de�kte i < j tètoioi ¸ste wi(x) = wj(x), opìte wj−i(x) = x.
An ℓ e�nai o el�qisto jetikì akèraio me thn idiìthta wℓ(x) = x, tìte h akolouj�a
(x,w(x), w2(x), . . . , wℓ−1(x)) èqei diakekrimèna stoiqe�a, lègetai kÔklo (cycle) th
w m kou ℓ kai sumbol�zetai aploÔstera w (x w(x) w2(x) · · ·wℓ−1(x)). Oi kÔkloi
th w an� dÔo den èqoun koinì stoiqe�o (kai sunep¸ an� dÔo metat�jentai) kai h w
e�nai �sh me to ginìmenì tou. Gia par�deigma, an n = 7 kai

w =

(
1 2 3 4 5 6 7
4 2 7 1 3 6 5

)

w 2× n p�naka, tìte èqoume w = (1 4)(2)(3 7 5)(6) se kuklik  morf . Sth morf 

aut  oi kÔkloi mporoÔn na emfanistoÔn se tuqa�a seir� kai kajèna tou mpore� na

anadiataqje� kuklik�, afoÔ gia par�deigma isqÔei (3 7 5) = (5 3 7) = (7 5 3). Ja

sumbol�zoume me c(w) to pl jo twn kÔklwn th w. Sto prohgoÔmeno par�deigma

èqoume c(w) = 4.
H akìloujh prìtash kajor�zei to pl jo twn stoiqe�wn th Sn me dosmèno

pl jo kÔklwn kai exeidikeÔetai sthn Prìtash 2.1.1 gia x = 1.

Prìtash 2.2.2 Gia n ≥ 1 isqÔei

∑

w∈Sn

xc(w) = x(x+ 1)(x+ 2) · · · (x+ n− 1). (2.3)
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Pr¸th apìdeixh. 'Estw

Cn(x) :=
∑

w∈Sn

xc(w) =

n∑

k=1

c(n, k)xk,

ìpou c(n, k) e�nai to pl jo twn metajèsewn w ∈ Sn me k kÔklou. Ja de�xoume ìti

isqÔei

c(n, k) = c(n − 1, k − 1) + (n− 1)c(n − 1, k) (2.4)

gia n ≥ 2. ParathroÔme ìti apì ti c(n, k) metajèsei w ∈ Sn me k kÔklou,

oi c(n − 1, k − 1) perièqoun ton kÔklo (n) m kou èna sthn kuklik  tou morf ,

dhlad  isqÔei w(n) = n. Oi upìloipe prokÔptoun apì kajemi� apì ti c(n − 1, k)
metajèsei tou [n−1] me k kÔklou paremb�llonta to n se k�poion apì autoÔ tou

kÔklou me n−1 dunatoÔ trìpou. Gia par�deigma, apì th met�jesh (1 3)(2 4) tou
[4] prokÔptoun me autìn ton trìpo oi tèsseri metajèsei (1 5 3)(2 4), (1 3 5)(2 4),
(1 3)(2 5 4) kai (1 3)(2 4 5) tou [5]. Sunep¸ up�rqoun (n− 1)c(n− 1, k) metajèsei
tou [n] me k kÔklou pou den perièqoun ton kÔklo (n) kai h sqèsh (2.4) èpetai apì

thn prosjetik  arq . Apì thn (2.4) pa�rnoume

Cn(x) =

n∑

k=1

c(n − 1, k − 1)xk +

n∑

k=1

(n− 1)c(n − 1, k)xk

= x

n∑

k=1

c(n − 1, k − 1)xk−1 + (n− 1)

n∑

k=1

c(n − 1, k)xk

= xCn−1(x) + (n− 1)Cn−1(x) = (x+ n− 1)Cn−1(x).

Me epagwg  sto n prokÔptei ìti Cn(x) = x(x+ 1)(x+ 2) · · · (x+ n− 1) gia k�je

jetiko akèraio n. ✷

DeÔterh apìdeixh. AfoÔ h (2.3) e�nai isìthta metaxÔ dÔo poluwnÔmwn, arke� na thn

apode�xoume gia tuqa�a jetik  akèraia tim  r th metablht  x.
JewroÔme tou trìpou na epilèxoume mia met�jesh w ∈ Sn kai na qrwmat�soume

ta stoiqe�a tou sunìlou [n], to kajèna me èna apì ta qr¸mata 1, 2, . . . , r, ètsi ¸ste
stoiqe�a pou an koun ston �dio kÔklo th w na èqoun to �dio qr¸ma. Profan¸,

gia dosmènh w ∈ Sn up�rqoun rc(w)
tètoioi qrwmatismo� kai sunep¸ to pl jo twn

trìpwn e�nai �so me to aristerì mèlo th isìthta (2.3) gia x = r. Ja de�xoume

ìti to pl jo autì e�nai ep�sh �so me r(r + 1) · · · (r + n − 1). A qrwmat�soume

pr¸ta ta stoiqe�a tou [n] kai a epilèxoume èpeita th w. ParathroÔme ìti up�rqoun( n
a1,a2,...,ar

)
qrwmatismo� tètoioi ¸ste akrib¸ ai stoiqe�a tou [n] na èqoun qr¸ma i
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gia 1 ≤ i ≤ r. Gia k�je tètoio qrwmatismì up�rqoun ai! trìpoi na epilèxei kane�

tou kÔklou qr¸mato i th w (ìsoi kai oi metajèsei enì sunìlou me ai stoiqe�a)

gia k�je i. Tèlo, up�rqoun
(
r+n−1

n

)
dianÔsmata (a1, a2, . . . , ar) ∈ Nr

me �jroisma

stoiqe�wn �so me n (Prìtash 1.2.3 tou Kefala�ou 1). Apì ta prohgoÔmena kai thn

(1.27) sumpera�noume ìti to zhtoÔmeno pl jo e�nai �so me

(
n

a1, a2, . . . , ar

)
a1!a2! · · · ar!

(
r + n− 1

n

)
= n!

(
r + n− 1

n

)
,

dhlad  me r(r + 1) · · · (r + n− 1). ✷

Upolog�zonta tou suntelestè tou xn
kai tou x sto polu¸numo sto dexiì

mèlo th (2.3) pa�rnoume c(n, n) = 1 kai c(n, 1) = (n − 1)!. IsodÔnama, up�rqei

monadik  met�jesh tou [n] me n kÔklou (poia?) kai (n− 1)! metajèsei me èna mìno

kÔklo (anagkastik� m kou n). Af netai ston anagn¸sth na d¸sei euje�a apìdeixh
th teleuta�a parat rhsh, qrhsimopoi¸nta ti basikè arqè apar�jmhsh.

2.2.3 K�jodoi kai polu¸numa Euler

'Estw w ∈ Sn.

Orismì 2.2.2 O akèraio i ∈ [n− 1] lègetai k�jodo (descent) th met�jesh w
an w(i) > w(i + 1) kai �nodo (ascent) diaforetik�.

Sumbol�zoume me des(w) to pl jo twn kajìdwn th w. Gia par�deigma, an n = 6
kai w = (3, 1, 5, 6, 4, 2) w anadi�taxh, tìte h w èqei ti kajìdou 1, 4 kai 5 kai

sunep¸ des(w) = 3. To polu¸numo

∑

w∈Sn

x1+des(w)
(2.5)

lègetai polu¸numo tou Euler t�xh n kai sumbol�zetai me An(x) (ìpou A0(x) = 1
kat� sÔmbash). Oi suntelestè tou An(x) lègontai arijmo� Euler : o suntelest 

tou xk
e�nai �so me to pl jo twn metajèsewn w ∈ Sn oi opo�e èqoun akrib¸

k − 1 kajìdou. 'Etsi èqoume

A1(x) = x

A2(x) = x(1 + x)

A3(x) = x(1 + 4x+ x2)

A4(x) = x(1 + 11x+ 11x2 + x3)

A5(x) = x(1 + 26x+ 66x2 + 26x3 + x4)
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k.o.k. To An(x) e�nai monikì polu¸numo bajmoÔ n (exhg ste giat�) qwr� stajerì

ìro. H epìmenh prìtash exhge� thn palindromikìthta pou emfan�zoun oi suntelestè

tou An(x)/x gia n ≤ 5.

Prìtash 2.2.3 To pl jo twn metajèsewn w ∈ Sn me k kajìdou e�nai �so me to

pl jo eke�nwn me n− k − 1 kajìdou. IsodÔnama, an

An(x)/x = p0 + p1x+ · · · + pn−1x
n−1, (2.6)

tìte pk = pn−k−1 gia 0 ≤ k ≤ n− 1.

Apìdeixh. Gia w ∈ Sn, èstw h met�jesh w̃ tou [n] me w̃(i) = n + 1 − w(i) gia

i ∈ [n]. Gia par�deigma, an n = 5 kai w = (2, 5, 1, 4, 3) w anadi�taxh, tìte

w̃ = (4, 1, 5, 2, 3). Profan¸ to i ∈ [n− 1] e�nai k�jodo th w an kai mìno an to i
e�nai �nodo th w̃. Sunep¸ h apeikìnish ϕ : Sn → Sn me ϕ(w) = w̃, h opo�a e�nai

emfan¸ amfimonos manth, perior�zetai se mia 1�1 antistoiq�a apì to sÔnolo twn

metajèsewn th Sn me k kajìdou sto sÔnolo eke�nwn me k anìdou  , isodÔnama,

eke�nwn me n− k − 1 kajìdou. 'Epetai to zhtoÔmeno. ✷

'Ena basikì tÔpo gia ta polu¸numa tou Euler d�netai apì thn akìloujh prì-

tash, gia thn opo�a d�noume euje�a sunduastik  apìdeixh. O tÔpo autì genikeÔei

ti tautìthte

∑
r≥0 x

r = 1
1−x ,

∑
r≥0 rx

r = x
(1−x)2 ,

∑
r≥0 r

2xr = x(1+x)
(1−x)3 k.o.k.

Prìtash 2.2.4 Gia n ≥ 0 isqÔei

∑

r≥0

rnxr =
An(x)

(1− x)n+1
. (2.7)

Apìdeixh. 'Estw h sullog  Λ(n, r) me stoiqe�a 1, 2, . . . , n kai r − 1 ant�tupa tou

sumbìlou ©. JewroÔme ti anadiat�xei th sullog  Λ(n, r), dhlad  akolouj�e

m kou n + r − 1 sti opo�e k�je i ∈ [n] emfan�zetai akrib¸ m�a for�, en¸ to

sÔmbolo © emfan�zetai akrib¸ r − 1 forè. Gia par�deigma, gia n = 6 kai r = 8
mia tètoia anadi�taxh e�nai h

2 © 4 1 © 5 © © © 3 6 © © . (2.8)

'Ena de�kth k ∈ [n + r − 2] lègetai k�jodo th (σ1, σ2, . . . , σn+r−1) ∈ Λ(n, r)
an ta σk kai σk+1 e�nai akèraioi kai σk > σk+1. Gia par�deigma, to k = 3 e�nai h

monadik  k�jodo th (2.8).

'Estw Γ(n, r) to sÔnolo twn anadiat�xewn tou Λ(n, r) qwr� kajìdou. Ja

apode�xoume th (2.7) aparijm¸nta ta stoiqe�a tou Γ(n, r) me dÔo trìpou. Gia
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σ ∈ Γ(n, r) jewroÔme thn apeikìnish fσ : [n]→ {0, 1, . . . , r− 1}, ìpou fσ(i) e�nai to
pl jo twn sumbìlwn © pou br�skontai sta arister� tou i sth σ. Gia par�deigma,

gia thn anadi�taxh pou prokÔptei apì th (2.8) enall�ssonta ta 1 kai 4 èqoume

fσ(2) = 0, fσ(1) = fσ(4) = 1, fσ(5) = 2 kai fσ(3) = fσ(6) = 5. ParathroÔme

ìti gia k�je apeikìnish f : [n] → {0, 1, . . . , r − 1} up�rqei monadik  anadi�taxh

σ ∈ Γ(n, r) me fσ = f , sugkekrimèna aut  pou kataskeu�zetai parat�ssonta

ta r − 1 sÔmbola © se mia euje�a, paremb�llonta ta stoiqe�a tou [n] sti r
dunatè jèsei an�mesa sta sÔmbola ¸ste to i na paremb�lletai sth jèsh f(i) + 1
apì arister� gia 1 ≤ i ≤ n kai tèlo, anadiat�ssonta se aÔxousa seir� apì

arister� pro ta dexi� ta stoiqe�a tou [n] pou èqoun paremblhje� sthn �dia jèsh.

'Epetai ìti to Γ(n, r) br�sketai se 1�1 antistoiq�a me to sÔnolo twn apeikon�sewn

f : [n]→ {0, 1, . . . , r − 1} kai epomènw ìti

# Γ(n, r) = rn. (2.9)

Gia w ∈ Sn, èstw Γw(n, r) to sÔnolo twn stoiqe�wn tou Γ(n, r) apì ta opo�a

prokÔptei h anadi�taxh (w(1), w(2), . . . , w(n)) tou [n] ìtan apomakrÔnei kane� ta

r − 1 sÔmbola ©. Profan¸ èqoume

# Γ(n, r) =
∑

w∈Sn

# Γw(n, r). (2.10)

Jewr¸nta to pl jo ai twn sumbìlwn © se mia anadi�taxh sto Γw(n, r) pou

paremb�llontai metaxÔ tou w(i) kai tou w(i+1) an 1 ≤ i ≤ n−1, kai to pl jo a0

kai an twn sumbìlwn © pou br�skontai sthn arq  kai sto tèlo th anadi�taxh,

ant�stoiqa, blèpoume ìti to pl jo twn stoiqe�wn tou Γw(n, r) e�nai �so me to pl jo
twn lÔsewn th ex�swsh

a0 + a1 + · · ·+ an = r − 1,

ìpou ta ai e�nai mh arnhtiko� akèraioi kai epiplèon isqÔei ai ≥ 1 an 1 ≤ i ≤ n − 1
kai w(i) > w(i+ 1). IsodÔnama, jètonta

ai =

{
bi + 1, an 1 ≤ i ≤ n− 1 kai w(i) > w(i+ 1)
bi, diaforetik�,

to # Γw(n, r) e�nai �so me to pl jo twn lÔsewn th ex�swsh

b0 + b1 + · · ·+ bn + des(w) = r − 1 (2.11)

stou mh arnhtikoÔ akera�ou. Kat� sunèpeia

∑

r≥1

# Γw(n, r)xr−1 =
∑

bi≥0

xb0+b1+···+bn+des(w) =
xdes(w)

(1− x)n+1
. (2.12)
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Pollaplasi�zonta th (2.12) me to x, ajro�zonta p�nw sta stoiqe�a w th Sn kai

lamb�nonta upìyhn ti (2.9) kai (2.10) prokÔptei to zhtoÔmeno. ✷

Pìrisma 2.2.1 Ston poluwnumikì daktÔlio C[x] isqÔei

xn =

n−1∑

k=0

pk

(
x+ k

n

)
, (2.13)

ìpou p0, p1, . . . , pn−1 e�nai oi arijmo� Euler ìpw sth (2.6).

Apìdeixh. 'Estw r ∈ N. Sthn apìdeixh th Prìtash 2.2.4 de�xame ìti

rn =
∑

w∈Sn

fr(w),

ìpou fr(w) e�nai to pl jo twn lÔsewn th (2.11) stou mh arnhtikoÔ akera�ou.

Apì thn Prìtash 1.2.3 (jètonta ìpou n to n + 1 kai ìpou k to r − des(w) − 1)
èqoume

fr(w) =

(
n+ r − des(w) − 1

n

)

kai sunep¸

rn =
∑

w∈Sn

(
n+ r − des(w) − 1

n

)
.

Apì thn prohgoÔmenh isìthta kai thn Prìtash 2.2.3 sumpera�noume ìti

rn =
n−1∑

k=0

pk

(
n+ r − k − 1

n

)
=

n−1∑

k=0

pk

(
r + k

n

)
,

dhlad  ìti isqÔei h (2.13) gia x = r ∈ N. AfoÔ h (2.13) e�nai isìthta metaxÔ dÔo

poluwnÔmwn kai isqÔei gia �peire timè tou x, èpetai ìti h isìthta aut  isqÔei

tautotik� sto C[x]. ✷

Gia par�deigma, gia n = 3 h (2.13) gr�fetai

x3 =

(
x

3

)
+ 4

(
x+ 1

3

)
+

(
x+ 2

3

)
.

Pìrisma 2.2.2 Gia to pl jo twn metajèsewn w ∈ Sn me k− 1 kajìdou isqÔei o

tÔpo

[xk]An(x) =
k∑

j=0

(−1)j (k − j)n
(
n+ 1

j

)
(2.14)

gia 1 ≤ k ≤ n.
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Apìdeixh. Gr�foume th sqèsh (2.7) sth morf 

An(x) =



∑

r≥0

rnxr


 (1− x)n+1.

To zhtoÔmeno prokÔptei exis¸nonta tou suntelestè tou xk
sta dÔo mèlh aut 

th isìthta. ✷

2.2.4 Uperb�sei

'Estw w ∈ Sn.

Orismì 2.2.3 O akèraio i ∈ [n] lègetai upèrbash th w an w(i) > i.

Sumbol�zoume me exc(w) to pl jo twn uperb�sewn th w. Gia par�deigma, an

n = 5 kai w = (3, 1, 5, 4, 2) w anadi�taxh, tìte h w èqei ti uperb�sei 1 kai 3 kai

sunep¸ exc(w) = 2.

To akìloujo apotèlesma de�qnei ìti h katanom  twn stoiqe�wn th Sn w pro

to pl jo twn uperb�sewn sump�ptei me eke�nh w pro to pl jo twn kajìdwn kai

sunep¸ parèqei mia nèa sunduastik  ermhne�a stou suntelestè tou poluwnÔmou

tou Euler An(x). 'Alle sunduastikè ermhne�e gia to An(x) perigr�fontai sti

Ask sei 19 kai 20.

Prìtash 2.2.5 To pl jo twn stoiqe�wn th Sn me k uperb�sei e�nai �so me to

pl jo twn stoiqe�wn th Sn me k kajìdou gia ìlou tou akera�ou 0 ≤ k ≤ n−1.
IsodÔnama,

An(x)/x =
∑

w∈Sn

xexc(w)
(2.15)

gia k�je jetikì akèraio n.

Apìdeixh. Onom�zoume kanonik  kuklik  morf  mia met�jesh w ∈ Sn thn kuklik 

morf  th w pou prokÔptei gr�fonta k�je kÔklo ètsi ¸ste to el�qisto stoiqe�o

tou na emfan�zetai pr¸to (apì ta arister�) kai anadiat�ssonta tou kÔklou se

fj�nousa di�taxh twn el�qistwn stoiqe�wn tou. Sumbol�zoume me ϕ(w) th met�jesh
h opo�a, w anadi�taxh, prokÔptei parajètonta ta stoiqe�a tou [n] apì arister�

pro ta dexi� me th seir� me thn opo�a emfan�zontai sthn kanonik  kuklik  morf 

th w. Gia par�deigma, an n = 9 kai w = (3 4 1 9)(7 5)(6)(2 8) se kuklik  morf ,

tìte w = (6)(5 7)(2 8)(1 9 3 4) se kanonik  kuklik  morf  kai

ϕ(w) = (6, 5, 7, 2, 8, 1, 9, 3, 4).
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Ja de�xoume ìti h apeikìnish ϕ : Sn → Sn e�nai amfimonos manth. Gia tuqa�a

met�jesh σ = (σ1, σ2, . . . , σn) ∈ Sn, se morf  anadi�taxh, jewroÔme ti metajèsei

w ∈ Sn me ϕ(w) = σ. ParathroÔme ìti, exait�a tou orismoÔ th ϕ, an i e�nai o
monadikì de�kth me σi = 1, tìte o kÔklo (σi σi+1 · · · σn) ja prèpei na e�nai kÔklo
k�je tètoia met�jesh w. Omo�w, an σj e�nai to el�qisto stoiqe�o tou sunìlou

{σ1, . . . , σi−1}, tìte o kÔklo (σj σj+1 · · · σi−1) ja prèpei ep�sh na e�nai kÔklo th
w, k.o.k. To skeptikì autì de�qnei ìti h monadik  met�jesh w ∈ Sn me ϕ(w) = σ
e�nai to ginìmeno twn kÔklwn pou or�zontai me aut  th diadikas�a kai sunep¸ ìti h

apeikìnish ϕ e�nai amfimonos manth.

'Estw t¸ra w ∈ Sn me ϕ(w) = (σ1, σ2, . . . , σn), èstw i ∈ [n] kai èstw k ∈ [n]
o monadikì de�kth me σk = i. Isqurizìmaste ìti w(i) > i an kai mìno an to

k e�nai �nodo th σ. Pr�gmati, autì e�nai fanerì an to i den e�nai to teleuta�o

stoiqe�o tou kÔklou tou sthn kanonik  kuklik  morf  th w, afoÔ tìte σk+1 = w(i).
Diaforetik�, to w(i) e�nai to pr¸to apì arister� stoiqe�o tou kÔklou pou perièqei

to i, �ra w(i) ≤ i, kai to k den e�nai �nodo th σ afoÔ e�te k = n, e�te to σk+1 e�nai

to pr¸to apì arister� stoiqe�o tou epìmenou kÔklou, opìte σk = i ≥ w(i) > σk+1.

Apì ton isqurismì ma sumpera�noume ìti h ϕ perior�zetai se mia 1�1 antistoiq�a

apì to sÔnolo twn metajèsewn th Sn me k uperb�sei sto sÔnolo eke�nwn me k
anìdou  , isodÔnama, eke�nwn me n− k − 1 kajìdou. To zhtoÔmeno èpetai apì to

gegonì autì kai thn Prìtash 2.2.3. ✷

2.2.5 PrwteÔwn de�kth kai to Je¸rhma tou MacMa-

hon

Ja gr�foume Des(w) = {i ∈ [n− 1] : w(i) > w(i+ 1)} gia to sÔnolo twn kajìdwn

th met�jesh w ∈ Sn.

Orismì 2.2.4 O akèraio

maj(w) =
∑

i∈Des(w)

i

lègetai prwteÔwn de�kth (major index) th w ∈ Sn.

Gia par�deigma, an n = 6 kai w = (5, 1, 6, 4, 2, 3), se morf  anadi�taxh, tìte

Des(w) = {1, 3, 4} kai maj(w) = 8.
'Opw kai gia to pl jo twn antistrof¸n inv(w), èqoume 0 ≤ maj(w) ≤

(
n
2

)

gia w ∈ Sn, ìpou h tautotik  met�jesh kai h w = (n, n − 1, . . . , 1) e�nai oi mìne

metajèsei me prwteÔonta de�kth �so me mhdèn kai

(n
2

)
, ant�stoiqa. To akìloujo

je¸rhma, se sunduasmì me thn Prìtash 2.2.1, de�qnei ìti h katanom  twn stoiqe�wn

th Sn w pro ton prwteÔonta de�kth sump�ptei me eke�nh w pro to pl jo twn

antistrof¸n.
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Je¸rhma 2.2.1 (MacMahon [9℄) Gia n ≥ 1 isqÔei

∑

w∈Sn

qmaj(w) = (1 + q)(1 + q + q2) · · · (1 + q + · · ·+ qn−1). (2.16)

Apìdeixh. Ja ergastoÔme ìpw sthn apìdeixh th Prìtash 2.2.4, qrhsimopoi¸nta

ìmw �peirou pl jou ant�tupa tou sumbìlou ©. JewroÔme ti �peire akolouj�e

σ = (σ1, σ2, . . .) me stoiqe�a apì to sÔnolo [n] ∪ {©}, sti opo�e k�je i ∈ [n]
emfan�zetai akrib¸ m�a for�. 'Estw Γ(n) to sÔnolo eke�nwn twn akolouji¸n σ =
(σ1, σ2, . . .) gia ti opo�e den up�rqei de�kth k ¸ste σk, σk+1 ∈ [n] kai σk < σk+1

(dhlad  apagoreÔoume ti anìdou sth σ, ant� gia ti kajìdou). Gia par�deigma

gia n = 6, mia tètoia akolouj�a e�nai h

2 © © 5 4 1 © 6 3 © © © · · · (2.17)

Gia σ ∈ Γ(n) jewroÔme thn apeikìnish fσ : [n]→ N, ìpou fσ(i) e�nai to pl jo twn

sumbìlwn © pou br�skontai sta arister� tou i sth σ, kai or�zoume th genn tria

sun�rthsh

Gn(q) =
∑

σ∈Γ(n)

qa(σ),

ìpou a(σ) e�nai to �jroisma twn tim¸n th fσ. Gia par�deigma, gia thn akolouj�a

(2.17) èqoume fσ(2) = 0, fσ(1) = fσ(4) = fσ(5) = 2, fσ(3) = fσ(6) = 3 kai

sunep¸ a(σ) = 12. Ja upolog�soume th Gn(q) me dÔo diaforetikoÔ trìpou.

ParathroÔme pr¸ta, ìpw sthn apìdeixh th Prìtash 2.2.4, ìti gia dosmènou mh

arnhtikoÔ akera�ou m1,m2, . . . ,mn up�rqei monadik  akolouj�a σ ∈ Γ(n), tètoia
¸ste fσ(i) = mi gia 1 ≤ i ≤ n. Apì autì prokÔptei ìti

Gn(q) =
∑

mi≥0

qm1+m2+···+mn =
1

(1− q)n . (2.18)

Gia w ∈ Sn, èstw Γw(n) to sÔnolo twn stoiqe�wn σ tou Γ(n) me thn ex  idiìth-

ta: ìtan apomakrÔnei kane� ta sÔmbola © apì th σ prokÔptei h anadi�taxh

(w(n), w(n − 1), . . . , w(1)) tou [n]. Profan¸ èqoume

Gn(q) =
∑

w∈Sn

∑

σ∈Γw(n)

qa(σ). (2.19)

Gia σ ∈ Γw(n), èstw ai to pl jo twn sumbìlwn© pou paremb�llontai metaxÔ tou

w(i) kai tou w(i+1) sth σ, an 1 ≤ i ≤ n−1, kai an to pl jo twn sumbìlwn© pou
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br�skontai sta arister� tou w(n). ParathroÔme ìti fσ(w(i)) = ai +ai+1 + · · ·+an

gia 1 ≤ i ≤ n kai sunep¸

a(σ) =

n∑

i=1

fσ(w(i)) = a1 + 2a2 + · · ·+ nan.

ParathroÔme ep�sh ìti ta ai e�nai mh arnhtiko� akèraioi, ìti isqÔei ai ≥ 1 an

1 ≤ i ≤ n− 1 kai w(i) > w(i+ 1) kai ìti, antistrìfw, gia akera�ou a1, a2, . . . , an

me ti idiìthte autè up�rqei monadik  akolouj�a σ ∈ Γw(n) me fσ(w(i)) = ai +
ai+1 + · · ·+ an gia 1 ≤ i ≤ n. Jètonta

ai =

{
bi + 1, an 1 ≤ i ≤ n− 1 kai w(i) > w(i + 1)
bi, diaforetik�

èqoume bi ≥ 0 gia k�je i kai

a(σ) = b1 + 2b2 + · · ·+ nbn +
∑

w(i)>w(i+1)

i

= b1 + 2b2 + · · ·+ nbn + maj(w).

Apì ta parap�nw prokÔptei ìti

∑

σ∈Γw(n)

qa(σ) =
∑

bi≥0

qb1+2b2+···+nbn+maj(w)

=
qmaj(w)

(1− q)(1− q2) · · · (1− qn)
.

Apì th sqèsh aut  kai ti (2.18) kai (2.19) prokÔptei ìti

1

(1− q)n =
∑

w∈Sn

qmaj(w)

(1− q)(1− q2) · · · (1− qn)
,

dhlad  h (2.16). ✷

2.2.6 Stajer� shme�a

'Estw met�jesh w ∈ Sn kai i ∈ [n].

Orismì 2.2.5 O akèraio i lègetai stajerì shme�o th w an w(i) = i.
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Sumbol�zoume me Dn to pl jo twn metajèsewn th Sn qwr� stajer� shme�a.

Gia par�deigma an w = (4, 2, 1, 3, 5), se morf  anadi�taxh, tìte h w èqei dÔo

stajer� shme�a, ta 2 kai 5, en¸ oi (2, 3, 1) kai (3, 1, 2) e�nai oi mìne metajèsei th
S3 qwr� stajer� shme�a. 'Eqoume Dn = 0, 1, 2, 9, 44 gia n = 1, 2, 3, 4, 5, ant�stoiqa.

Prìtash 2.2.6 Gia to pl jo twn metajèsewn th Sn qwr� stajer� shme�a isqÔei

Dn = n!

(
1− 1

1!
+

1

2!
− · · · + (−1)n

n!

)
(2.20)

kai

Dn = nDn−1 + (−1)n, (2.21)

ìpou D0 = 1 kat� sÔmbash.

To pl jo twn metajèsewn th Sn me k stajer� shme�a e�nai �so me

(n
k

)
Dn−k

gia 0 ≤ k ≤ n.

Apìdeixh. Jètoume Ai = {w ∈ Sn : w(i) = i} gia 1 ≤ i ≤ n, opìte Dn e�nai to

pl jo twn stoiqe�wn tou sunìlou Sn − ∪n
i=1Ai. ParathroÔme ìti gia I ⊆ [n],

h tom  AI = ∩i∈I Ai e�nai �sh me to sÔnolo twn metajèsewn th Sn gia ti opo�e

kajèna apì ta stoiqe�a tou I e�nai stajerì shme�o. Sunep¸ isqÔei #AI = (n−r)!,
ìpou r = # I, ìse e�nai oi metajèsei tou sunìlou [n]rI. Apì to Je¸rhma 1.3.1

pa�rnoume

Dn =
∑

I⊆[n]

(−1)#I #AI =
n∑

r=0

(−1)r
(
n

r

)
(n− r)! =

n∑

r=0

(−1)r
n!

r!
,

dhlad  th (2.20). Apì aut  prokÔptei �mesa h (2.21).

Gia ton teleuta�o isqurismì th prìtash, arke� na parathr sei kane� ìti up�r-

qoun

(
n
k

)
trìpoi na epilege� to sÔnolo twn stajer¸n shme�wn mia met�jesh w ∈ Sn

kai Dn−k trìpoi na anadiataqjoÔn ta upìloipa stoiqe�a tou [n], ¸ste h w na èqei

akrib¸ k stajer� shme�a. ✷

2.2.7 Enall�ssouse metajèsei

Upenjum�zoume ìti me Des(w) sumbol�zoume to sÔnolo twn kajìdwn th w ∈ Sn.

Orismì 2.2.6 H met�jesh w ∈ Sn lègetai enall�ssousa (alternating) an isqÔei

Des(w) = {1, 3, 5, . . .} ∩ [n− 1].

IsodÔnama, gr�fonta wi = w(i) gia 1 ≤ i ≤ n, h w lègetai enall�ssousa

an w1 > w2 < w3 > · · · . Sumbol�zoume me En to pl jo twn enallassous¸n

metajèsewn w ∈ Sn. Gia par�deigma, èqoume En = 1, 1, 2, 5, 16 gia n = 1, 2, 3, 4, 5,

68



ant�stoiqa, ìpou oi enall�ssouse metajèsei th S4 e�nai, se morf  anadi�taxh, oi

(2, 1, 4, 3), (3, 1, 4, 2), (3, 2, 4, 1), (4, 1, 3, 2) kai (4, 2, 3, 1). Oi arijmo� En kajor�zo-

ntai apì to akìloujh aprìsmeno apotèlesma tou André [2℄. H genn tria sun�rthsh

pou emfan�zetai eke� e�nai h ekjetik  genn tria sun�rthsh th akolouj�a (En) (oi
ekjetikè genn trie sunart sei ja ma apasqol soun sto Kef�laio 3).

Prìtash 2.2.7 Jètonta E0 = 1, èqoume

∑

n≥0

En
xn

n!
= tan(x) + sec(x), (2.22)

ìpou

tan(x) = x+
x3

3
+

2x5

15
+ · · ·

kai

sec(x) =
1

cos(x)
= 1 +

x2

2
+

5x4

24
+ · · ·

e�nai h sun�rthsh th efaptomènh kai th suntèmnousa, ant�stoiqa.

Ja onom�zoume mia met�jesh w ∈ Sn antistrìfw enall�ssousa an Des(w) =
{2, 4, 6, . . .}∩ [n−1], dhlad  an w1 < w2 > w3 < · · ·, ìpou wi = w(i) gia 1 ≤ i ≤ n.
'Opw de�qnei h amfimonos manth apeikìnish ϕ : Sn → Sn me ϕ(w) = w̃, ìpou
w̃(i) = n + 1 − w(i) gia i ∈ [n] (thn opo�a qrhsimopoi same kai sthn apìdeixh th

Prìtash 2.2.3), to pl jo twn antistrìfw enallassous¸n metajèsewn tou [n]
e�nai ep�sh �so me En.

Apìdeixh th Prìtash 2.2.7. Ja de�xoume pr¸ta ìti isqÔei

2En+1 =

n∑

k=0

(
n

k

)
EkEn−k (2.23)

gia n ≥ 1. Pr�gmati, èstw Bn to sÔnolo twn metajèsewn w ∈ Sn+1 oi opo�e

e�nai e�te enall�ssouse, e�te antistrìfw enall�ssouse. 'Eqoume #Bn = 2En+1

gia n ≥ 1. Gia w ∈ Sn+1, jètoume wi = w(i) gia 1 ≤ i ≤ n + 1 kai jewroÔme

to monadikì de�kth 0 ≤ k ≤ n me wk+1 = n + 1. ParathroÔme ìti isqÔei w ∈
Bn an kai mìno an wk < wk−1 > · · · kai wk+2 < wk+3 > · · ·. Gr�fonta S =
{w1, w2, . . . , wk}, up�rqoun

(n
k

)
trìpoi na epilèxoume ta stoiqe�a tou S kai EkEn−k

trìpoi na anadiat�xoume ta stoiqe�a tou S kai ta stoiqe�a tou [n]rS ¸ste na

isqÔoun oi progoÔmene anisìthte. 'Epetai ìti to dexiì mèlo th (2.23) e�nai ep�sh

�so me #Bn kai sunep¸ isqÔei h (2.23).
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Oi sqèsei (2.23) kai E0 = E1 = 1 kajor�zoun monos manta thn akolouj�a (En)
kai metafr�zontai sti sqèsei 2F ′(x) = F (x)2 + 1 kai F (0) = 1 gia th genn tria

sun�rthsh

F (x) =
∑

n≥0

En
xn

n!

(leptomèreie gia ton pollaplasiasmì ekjetik¸n gennhtri¸n sunart sewn d�non-

tai sthn Par�grafo 3.2.1). Me apeuje�a upologismì br�skoume ìti h sun�rthsh

G(x) = tan(x) + sec(x) ikanopoie� ep�sh ti sunj ke 2G′(x) = G(x)2 + 1 kai

G(0) = 1. Gr�fonta

G(x) =
∑

n≥0

an
xn

n!

kai efarmìzonta to L mma 1.4.1 (a) gia ti 2G′(x) kai G(x)2 +1, sumpera�noume ìti
h akolouj�a (an) ikanopoie� ep�sh ton anagwgikì tÔpo (2.23) kai ti a0 = a1 = 1.
'Epetai ìti an = En gia k�je n ≥ 0, to opo�o e�nai to zhtoÔmeno. ✷

H Prìtash 2.2.7 exhge� to gegonì ìti oi suntelestè twn dunamoseir¸n pou

or�zoun ti sunart sei tan(x) kai sec(x) e�nai mh arnhtiko� (rhto�) arijmo�. To

ep�sh aprìsmeno apotèlesma th epìmenh prìtash sundèei ti enall�ssouse

metajèsei me ta polu¸numa Euler th Paragr�fou 2.2.3.

Prìtash 2.2.8 Gia n ≥ 1 isqÔei

An(−1) =

{
0, an o n e�nai �rtio

(−1)
n+1

2 En, an o n e�nai perittì,

ìpou An(x) =
∑

w∈Sn
x1+des(w)

e�nai to polu¸numo Euler t�xh n.

'Otan o n e�nai �rtio, h Prìtash 2.2.8 prokÔptei amèsw apì thn Prìtash 2.2.3,

afoÔ èqoume An(−1) = −p0 + p1 − · · ·+ pn−1 kai oi ìroi th teleuta�a èkfrash

an� dÔo èqoun �jroisma mhdèn.

Oi epìmenoi orismo� ja fanoÔn qr simoi gia thn per�ptwsh ìpou o n e�nai perit-

tì. 'Estw w = (w1, w2, . . . , wn) ∈ Sn, ¸ste wi = w(i) gia 1 ≤ i ≤ n. Jè-

tonta w0 = wn+1 = n + 1, onom�zoume ton akèraio i ∈ [n] dipl  k�jodo th w
an wi−1 > wi > wi+1 kai dipl  �nodo an wi−1 < wi < wi+1. Gia par�deigma, h

met�jesh w ∈ S9 pou apeikon�zetai sto Sq ma 2.2 èqei ti diplè kajìdou 3 kai

7 kai ti diplè anìdou 5 kai 9. An to i ∈ [n] e�nai dipl  k�jodo (ant�stoiqa,

dipl  �nodo) th w, sumbol�zoume me ϕi(w) th met�jesh pou prokÔptei apì th w
metafèronta ton ìro wi an�nesa stou wj kai wj+1, ìpou j e�nai o mikrìtero

de�kth me i < j ≤ n kai wj < wi < wj+1 (ant�stoiqa, o megalÔtero de�kth me

0 ≤ j < i kai wj > wi > wj+1). 'Opw fa�netai kai sto Sq ma 2.2, gia n = 9 kai

w = (3, 8, 7, 1, 5, 9, 6, 2, 4) èqoume
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Sq ma 2.2: H met�jesh (3, 8, 7, 1, 5, 9, 6, 2, 4).

ϕ3(w) = (3, 8, 1, 5, 7, 9, 6, 2, 4), ϕ7(w) = (3, 8, 7, 1, 5, 9, 2, 4, 6),
ϕ5(w) = (3, 8, 7, 5, 1, 9, 6, 2, 4), ϕ9(w) = (3, 8, 7, 1, 5, 9, 6, 4, 2).

Mia apì ti kr�sime gia ma idiìthte th ϕi(w) e�nai ìti isqÔei des(ϕi(w)) =
des(w)− 1 (ant�stoiqa des(ϕi(w)) = des(w) + 1), an to i ∈ [n] e�nai dipl  k�jodo

(ant�stoiqa, dipl  �nodo) th w. Ep�sh, sthn per�ptwsh aut , to wi metafèretai

se jèsh h opo�a apotele� dipl  �nodo (ant�stoiqa, dipl  k�jodo) th ϕi(w).

Apìdeixh th Prìtash 2.2.8. 'Opw èqoume  dh epishm�nei, to zhtoÔmeno prokÔptei

apì thn Prìtash 2.2.3 an o n e�nai �rtio. Upojètoume ìti o n e�nai perittì kai

parathroÔme ìti mia met�jesh w ∈ Sn e�nai antistrìfw enall�ssousa an kai mìno

an h w den èqei diplè kajìdou   anìdou. Ja qrhsimopoi soume thn arq  th

autoant�strofh apeikìnish (Par�grafo 1.3.2). Gia w ∈ Sn jètoume

w(w) = (−1)1+des(w),

opìte An(−1) =
∑

w∈Sn
w(w). Or�zoume ep�sh thn apeikìnish τ : Sn → Sn

jètonta τ(w) = w, an h w e�nai antistrìfw enall�ssousa, kai τ(w) = ϕi(w),
an wi e�nai to megalÔtero stoiqe�o tou [n] gia to opo�o to i apotele� e�te dipl 

k�jodo, e�te dipl  �nodo th w. Gia par�deigma, gia th met�jesh tou Sq mato 2.2

èqoume wi = 7, i = 3 kai τ(w) = ϕ3(w). Af noume ston anagn¸sth na bebaiwje�

ìti isqÔei τ2(w) = w gia k�je w ∈ Sn kai w(τ(w)) = −w(w) gia k�je w ∈ Sn me

τ(w) 6= w (dhlad  gia k�je mh antistrìfw enall�ssousa w). Apì thn Prìtash
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1.3.1 prokÔptei ìti

An(−1) =
∑

w∈Sn

w(w) =
∑

w

w(w) =
∑

w

(−1)1+des(w),

ìpou sta dÔo teleuta�a ajro�smata to w diatrèqei to sÔnolo twn antistrìfw e-

nallassous¸n metajèsewn th Sn. AfoÔ gia k�je tètoia met�jesh isqÔei des(w) =
n−1

2 , èqoume to zhtoÔmeno. ✷

2.3 Metajèsei sullog¸n

'Estw jetiko� akèraioi n1, n2, . . . , nr kai èstw n to �jroisma aut¸n. Sumbol�-

zoume me A(n1, n2, . . . , nr) to sÔnolo twn akolouji¸n (σ1, σ2, . . . , σn) m kou n
sti opo�e k�je akèraio i me 1 ≤ i ≤ r emfan�zetai akrib¸ ni forè. 'Etsi,

to A(n1, n2, . . . , nr) taut�zetai me to sÔnolo twn anadiat�xewn tou [n] sthn eidik 

per�ptwsh n1 = · · · = nr = 1 kai isqÔei

#A(n1, n2, . . . , nr) =

(
n

n1, n2, . . . , nr

)

(exhg ste giat�), ìpou o poluwnumikì suntelest  sto dexiì mèlo th prohgoÔ-

menh isìthta or�sthke sthn Par�grafo 1.2.1. Ta stoiqe�a tou A(n1, n2, . . . , nr)
mporoÔn na jewrhjoÔn w oi anadiat�xei th sullog  pou apotele�tai apì ni

ant�tupa tou i, gia 1 ≤ i ≤ r.
Onom�zoume antistrof  th σ = (σ1, σ2, . . . , σn) ∈ A(n1, n2, . . . , nr) èna zeÔgo

(i, j) an 1 ≤ i < j ≤ n kai σi > σj kai sumbol�zoume me inv(σ) to pl jo twn

antistrof¸n th σ. Fusik�, sthn eidik  per�ptwsh r = n kai n1 = · · · = nr = 1
up�rqei monadik  met�jesh w ∈ Sn me w(i) = σi gia 1 ≤ i ≤ n kai h ènnoia th

antistrof  gia th σ sump�ptei me eke�nh pou or�same gia th w sthn Par�grafo

2.2.1. Ja ma apasqol sei to prìblhma th apar�jmhsh twn anadiat�xewn mia

sullog  me dosmèno pl jo antistrof¸n, to opo�o genikeÔei autì pou exet�same

sthn Par�grafo 2.2.1. Gia mh arnhtikoÔ akera�ou n1, n2, . . . , nr me �jroisma n
jètoume [

n
n1, n2, . . . , nr

]

q

=
[n]!q

[n1]!q [n2]!q · · · [nr]!q
, (2.24)

ìpou [n]!q = [1]q [2]q · · · [n]q kai [m]q = 1 + q + · · ·+ qm−1 = (1− qm)/(1 − q). Gia
thn per�ptwsh r = 2 jètoume ep�sh

[
n
k

]

q

:=

[
n

k, n − k

]

q

=
(1− q)(1 − q2) · · · (1− qn)
∏k

i=1 (1− qi)
∏n−k

i=1 (1− qi)
(2.25)

72



gia 0 ≤ k ≤ n. H par�stash (2.24) onom�zetai q-poluwnumikì suntelest . H

(2.25) onom�zetai q-diwnumikì suntelest  (h orolog�a aut  aitiologe�tai apì thn

'Askhsh 30)   polu¸numo tou Gauss. Gia par�deigma,

[
4
2

]

q

=
(1− q)(1 − q2)(1− q3)(1 − q4)

(1− q)2(1− q2)2 = 1 + q + 2q2 + q3 + q4.

IsqÔoun ep�sh

[
n

1, 1, . . . , 1

]

q

= [n]!q = (1 + q)(1 + q + q2) · · · (1 + q + · · ·+ qn−1) (2.26)

kai [
n

n1, n2, . . . , nr

]

q=1

=

(
n

n1, n2, . . . , nr

)
, (2.27)

afoÔ gia q = 1 èqoume [m]q = m kai [n]!q = n!.

Prìtash 2.3.1 Gia jetikoÔ akera�ou n1, n2, . . . , nr me �jroisma n isqÔei

∑

σ∈A(n1,n2,...,nr)

qinv(σ) =

[
n

n1, n2, . . . , nr

]

q

.

Apìdeixh. Gia m ∈ N sumbol�zoume me Am to sÔnolo twn anadiat�xewn tou [m] kai
jètoume B = A(n1, n2, . . . , nr). Sthn eidik  per�ptwsh r = n kai n1 = · · · = nr = 1
èqoume B = An kai to zhtoÔmeno prokÔptei apì thn Prìtash 2.2.1 kai th sqèsh

(2.26). Gia th genik  per�ptwsh, or�zoume thn apeikìnish

ϕ : An → B ×An1
×An2

× · · · ×Anr

w ex : 'Estw m0 = 0 kaimi = n1+n2+· · ·+ni gia 1 ≤ i ≤ r. Gia τ ∈ An jètoume

ϕ(τ) = (σ, τ1, τ2, . . . , τr), ìpou (i) h σ ∈ B prokÔptei apì thn τ antikajist¸nta

k�je ìro j th τ me to i an mi−1 < j ≤ mi kai (ii) gia 1 ≤ i ≤ r, h τi prokÔptei apì
thn τ mei¸nonta kat� mi−1 k�je ìro j th τ me mi−1 < j ≤ mi kai diagr�fonta

tou upìloipou ìrou th τ . Gia par�deigma an n = 7, n1 = 3, n2 = n3 = 2
kai τ = (4, 1, 7, 3, 6, 5, 2), tìte σ = (2, 1, 3, 1, 3, 2, 1) kai τ1 = (1, 3, 2), τ2 = (1, 2),
τ3 = (2, 1). Af netai ston anagn¸sth na apode�xei ìti h ϕ e�nai amfimonos manth

apeikìnish kai ìti gia τ ∈ An me ϕ(τ) = (σ, τ1, τ2, . . . , τr) isqÔei

inv(τ) = inv(σ) + inv(τ1) + · · ·+ inv(τr).
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'Epetai ìti

[n]!q =
∑

τ∈An

qinv(τ) =
∑

σ∈B, τi∈Ani

qinv(σ)+inv(τ1)+···+inv(τ1)

=

(
∑

σ∈B

qinv(σ)

)

∑

τ1∈An1

qinv(τ1)


 · · ·



∑

τr∈Anr

qinv(τr)




=

(
∑

σ∈B

qinv(σ)

)
[n1]!q · · · [nr]!q

kai sunep¸ to zhtoÔmeno. ✷

To akìloujo pìrisma, to opo�o den e�nai profanè apì ton orismì (2.24), e�nai

�mesh sunèpeia th Prìtash 2.3.1.

Pìrisma 2.3.1 Jewr¸nta ta n1, n2, . . . , nr stajer�, o suntelest 

[
n

n1, n2, . . . , nr

]

q

e�nai poluwnumik  sun�rthsh tou q me mh arnhtikoÔ akèraiou suntelestè. ✷

Mia diaforetik  ermhne�a twn q-diwnumik¸n suntelest¸n (h per�ptwsh r = 2)
sqet�zetai me diamer�sei akera�wn. Gia k,m ∈ N sumbol�zoume me Λ(k,m) to sÔnolo
twn diamer�sewn akera�wn oi opo�e èqoun to polÔ k mèrh kai kajèna apì aut� e�nai

mikrìtero   �so tou m (sto sÔnolo autì perilamb�netai kai h monadik  diamèrish

∅ tou 0, h opo�a den èqei mèrh). IsodÔnama, èqoume λ ∈ Λ(k,m) an to di�gramma

Young th λ perièqetai se orjog¸nio diast�sewn k ×m.

1

1

1

1

2

2

2 2

2

Sq ma 2.3: To monop�ti gia th diamèrish (5, 3, 2).

74



Prìtash 2.3.2 Gia akera�ou 0 ≤ k ≤ n isqÔei

[
n
k

]

q

=

k(n−k)∑

i=0

piq
i,

ìpou pi e�nai to pl jo twn diamer�sewn tou akera�ou i pou an koun sto sÔnolo

Λ(k, n − k).

Apìdeixh. Gia σ = (σ1, σ2, . . . , σn) ∈ A(k, n − k) jewroÔme to monop�ti f(σ) =
(v0, e1, v1, . . . , en, vn) m kou n sto Z2

, ìpou oi korufè v0, v1, . . . , vn or�zontai

diadoqik� apì ti sqèsei v0 = (0, 0) kai

vj − vj−1 =

{
(1, 0), an σj = 2
(0, 1), an σj = 1

gia 1 ≤ j ≤ n kai h akm  ej e�nai to eujÔgrammo tm ma me �kra vj−1 kai vj. AfoÔ

up�rqoun k de�kte 1 ≤ j ≤ n me σj = 1 kai n − k de�kte me σj = 2, to f(σ)
èqei telik  koruf  vn = (n − k, k). To mèro tou orjogwn�ou [0, n − k] × [0, k]
sto R2

pou br�sketai bìreia tou f(σ) apotele� to di�gramma Young mia diamèrish

λ ∈ Λ(k, n − k), gia thn opo�a jètoume ϕ(σ) = λ. Gia par�deigma an n = 9, k = 4
kai σ = (1, 2, 2, 1, 2, 1, 2, 2, 1), tìte to f(σ) apeikon�zetai sto Sq ma 2.3 kai ϕ(σ) =
(5, 3, 2). Af noume ston anagn¸sth na de�xei ìti h apeikìnish ϕ : A(k, n − k) →
Λ(k, n − k) e�nai amfimonos manth kai ìti gia k�je σ ∈ A(k, n − k), to �jroisma

twn mer¸n th ϕ(σ) e�nai �so me inv(σ) (gia to deÔtero isqurismì, upolog�ste pìsa

tetr�gwna tou diagr�mmato Young th ϕ(σ) br�skontai sthn �dia st lh kai bìreia

apì mia dosmènh orizìntia akm  tou f(σ)). Sumpera�noume ìti gia to pl jo pi twn

diamer�sewn λ ∈ Λ(k, n− k) tou akera�ou i isqÔei

pi = # {σ ∈ A(k, n − k) : inv(σ) = i}.

To zhtoÔmeno èpetai apì thn per�ptwsh r = 2 th Prìtash 2.3.1. ✷

Mia akìmh endiafèrousa ermhne�a twn q-poluwnumik¸n suntelest¸n d�netai sthn
'Askhsh 33.
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2.4 Ask sei

1. D�nontai akèraioi 1 ≤ k ≤ n. Upolog�ste to pl jo twn metajèsewn w ∈ Sn

me thn ex  idiìthta:

(a) to zeÔgo (i, j) e�nai antistrof  th w gia 1 ≤ i < j ≤ k,
(b) to zeÔgo (i, k) e�nai antistrof  th w gia 1 ≤ i < k.

2. 'Ena kÔklo th Sn th morf  (i i+ 1) lègetai geitonik  antimet�jesh.

(a) De�xte ìti k�je met�jesh w ∈ Sn mpore� na grafe� w ginìmeno inv(w)
se pl jo geitonik¸n antimetajèsewn th Sn.

(b) De�xte ìti to pl jo inv(w) twn antistrof¸n th w ∈ Sn e�nai �so me

ton el�qisto akèraio k ∈ N gia ton opo�o h w mpore� na grafe� w

ginìmeno k geitonik¸n antimetajèsewn.

3. 'Estw jetikì akèraio n kai m =
(
n
2

)
. Gia 0 ≤ i ≤ m, èstw ai to pl jo

twn metajèsewn w ∈ Sn me inv(w) = i.

(a) De�xte ìti ai = am−i gia 0 ≤ i ≤ m.

(b) De�xte ìti a0 ≤ a1 ≤ · · · ≤ a⌊m/2⌋.

4. 'Estw ǫ(w) = (−1)inv(w)
gia w ∈ Sn. De�xte ìti:

(a) H apeikìnish ǫ : Sn → {−1, 1} e�nai omomorfismì om�dwn, dhlad  ìti

gia u, v ∈ Sn isqÔei ǫ(uv) = ǫ(u)ǫ(v).

(b) ǫ(w) = −1 gia k�je antimet�jesh (kÔklo m kou 2) w.

(g) ǫ(w) = (−1)ℓ−1
gia k�je kÔklo w m kou ℓ.

5. Upolog�ste to pl jo twn metajèsewn w ∈ Sn oi opo�e èqoun

(a) �rtio pl jo antistrof¸n,

(b) pl jo antistrof¸n pou e�nai akèraio pollapl�sio tou 3.

GenikeÔste gia to pl jo twn metajèsewn w ∈ Sn oi opo�e èqoun pl jo

antistrof¸n isìtimo tou i (mod k).

6. Gr�yte ènan aplì tÔpo gia to pl jo c(n, 2) twn metajèsewn w ∈ Sn me dÔo

akrib¸ kÔklou kai de�xte ìti

lim
n→∞

c(n, 2)

(n− 1)!
= ∞.
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7. 'Estw w = (w1, w2, . . . , wn) ∈ Sn. O akèraio wi lègetai apì arister� pro

ta dexi� el�qisto (ant�stoiqa, mègisto) th w an to wi e�nai to el�qisto (ant�-

stoiqa, mègisto) stoiqe�o tou sunìlou {w1, w2, . . . , wi}. An�loga or�zontai

ta apì dexi� pro ta arister� el�qista kai mègista th w. Gia 1 ≤ k ≤ n
de�xte ìti ta akìlouja e�nai �sa:

(a) to pl jo twn w ∈ Sn me k apì arister� pro ta dexi� el�qista,

(b) to pl jo twn w ∈ Sn me k apì arister� pro ta dexi� mègista,

(g) to pl jo twn w ∈ Sn me k apì dexi� pro ta arister� el�qista,

(d) to pl jo twn w ∈ Sn me k apì dexi� pro ta arister� mègista,

(e) to pl jo twn w ∈ Sn me k kÔklou.

8. Sumbol�zoume me a(w) (ant�stoiqa, me b(w)) to pl jo twn apì dexi� pro ta

arister� elaq�stwn (ant�stoiqa, apì arister� pro ta dexi� meg�stwn) mia

met�jesh w ∈ Sn, ìpw aut� or�sthkan sthn 'Askhsh 7. De�xte ìti

∑

w∈Sn

xa(w)qinv(w) =
∑

w∈Sn

xb(w)qinv(w)

= x(x+ q)(x+ q + q2) · · · (x+ q + q2 + · · · + qn−1),

ìpou inv(w) e�nai to pl jo twn antistrof¸n th w.

9. D�nontai akèraioi 1 ≤ k ≤ n. Pìse e�nai oi metajèsei w ∈ Sn sti opo�e o

kÔklo pou perièqei to 1 èqei akrib¸ k stoiqe�a?

10. Sumbol�zoume me ℓT (w) ton el�qisto akèraio k ∈ N gia ton opo�o h met�jesh

w ∈ Sn mpore� na grafe� w ginìmeno k antimetajèsewn (kÔklwn m kou 2)

th Sn.

(a) De�xte ìti ℓT (w) = n−c(w) gia k�je w ∈ Sn, ìpou c(w) e�nai to pl jo

twn kÔklwn th w.

(b) Sun�gete ìti

∑

w∈Sn

xℓT (w) = (1 + x)(1 + 2x) · · · (1 + (n− 1)x)

gia n ≥ 1.

11. Gia 1 ≤ k ≤ n, sumbol�zoume me ck(w) to pl jo twn kÔklwn m kou k mia

met�jesh w ∈ Sn kai me c(w) to pl jo twn kÔklwn (tuqa�ou m kou) th

w ∈ Sn.
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(a) De�xte ìti

1

n!

∑

w∈Sn

c(w) = 1 +
1

2
+ · · ·+ 1

n
,

dhlad  ìti o mèso ìro tou pl jou twn kÔklwn gia ti metajèsei

sthn Sn e�nai �so me 1 + 1/2 + · · ·+ 1/n.

(b) De�xte ìti ∑

w∈Sn

(−1)c(w) c(w) = (n− 2)!

gia n ≥ 2.

(g) De�xte ìti

∑

w∈Sn

ck(w) =
n!

k
,

dhlad  ìti o mèso ìro tou pl jou twn kÔklwn m kou k gia ti meta-

jèsei sthn Sn e�nai �so me 1/k.

12. 'Estw akèraioi 1 ≤ k ≤ n. De�xte ìti up�rqoun akrib¸

n!
k metajèsei w ∈ Sn

gia ti opo�e oi akèraioi 1, 2, . . . , k perièqontai ston �dio kÔklo th w.

13. 'Estw S(n, k) to pl jo twn diamer�sewn tou [n] me k mèrh.

(a) De�xte ìti

xn =

n∑

k=1

S(n, k)x(x − 1) · · · (x− k + 1).

(b) De�xte ìti

n∑

k=r

(−1)n−kc(n, k)S(k, r) =

{
1, an n = r
0, alli¸,

ìpou c(n, k) e�nai to pl jo twn metajèsewn w ∈ Sn me k kÔklou.

(g) Apode�xte thn tautìthta tou (b) sunduastik�, qrhsimopoi¸nta thn ar-

q  th autoant�strofh apeikìnish.

(d) De�xte ìti

n∑

k=r

c(n, k)S(k, r) =
n!

r!

(
n− 1

r − 1

)
.

14. Lème ìti mia met�jesh tou [n] èqei tÔpo (m1,m2, . . . ,mn) an perièqei akrib¸
mi kÔklou m kou i, gia 1 ≤ i ≤ n.
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(a) De�xte ìti dÔo metajèsei u, v ∈ Sn an koun sthn �dia kl�sh suzug�a

th Sn (dhlad  up�rqei w ∈ Sn tètoio ¸ste v = wuw−1
) an kai mìno

an oi u kai v èqoun ton �dio tÔpo.

(b) De�xte ìti to pl jo twn stoiqe�wn th Sn tÔpou λ = (m1,m2, . . . ,mn)
e�nai �so me n!/zλ, ìpou zλ = 1m1m1! 2

m2m2! · · · nmnmn!.

(g) Sun�gete apì to (b) ìti an an e�nai to pl jo twn metajèsewn w ∈ Sn

me w−1 = w, tìte

∑

n≥0

an
xn

n!
= exp

(
x+

x2

2

)
,

ìpou a0 = 1.

15. Gr�yte ènan aplì tÔpo gia to pl jo twn metajèsewn w ∈ Sn pou èqoun

akrib¸ m�a k�jodo. Poia e�nai h aploÔsterh apìdeixh autoÔ tou tÔpou pou

gnwr�zete?

16. De�xte ìti gia m,n ∈ N isqÔei

m∑

k=0

(
n+ k

n

)
=

(
n+m+ 1

n+ 1

)
. (2.28)

Qrhsimopoi¸nta aut n thn tautìthta, upolog�ste to �jroisma

∑m
i=1 i

4
w

sun�rthsh tou m.

17. 'Estw A(n, k) to pl jo twn metajèsewn w ∈ Sn me k − 1 kajìdou.

(a) De�xte ìti

A(n, k) = k A(n− 1, k) + (n− k + 1)A(n − 1, k − 1) (2.29)

gia 1 ≤ k ≤ n.
(b) Apode�xte tÔpo tou Euler

∑

n≥0

An(x)
tn

n!
=

1− x
1− xe(1−x)t

, (2.30)

ìpou An(x) =
∑n

k=1A(n, k)xk
e�nai to polu¸numo tou Euler t�xh n,

me A0(x) = 1.

18. Sumbol�zoume me A(n, k) to pl jo twn metajèsewn w ∈ Sn me k−1 kajìdou
kai me S(n, k) to pl jo twn diamer�sewn tou sunìlou [n] me k mèrh.
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(a) De�xte ìti

r!S(n, r) =

r∑

k=1

A(n, k)

(
n− k
r − k

)
(2.31)

gia 1 ≤ r ≤ n.
(b) Sun�gete ìti

An(x)/x =

n∑

r=1

r!S(n, r)(x− 1)n−r, (2.32)

ìpou An(x) e�nai to polu¸numo tou Euler t�xh n.

19. 'Estw Tn to sÔnolo twn dèndrwn me r�za sto sÔnolo koruf¸n [n] ta opo�a

e�nai aÔxonta (dhlad  an h koruf  i e�nai prìgono th j, tìte i < j) kai

ep�peda, duadik� (dhlad  k�je koruf  èqei dÔo upodèndra, èna aristerì kai

èna dexiì, pijan¸ ken�). Ta stoiqe�a tou Tn apeikon�zontai sto Sq ma 2.4

gia n = 3.

1

2 3

1

2

3

1

2

3

2

3

1

2

3

1 1

3 2

Sq ma 2.4: Ta aÔxonta, ep�peda duadik� dèndra me r�za se trei korufè.

De�xte ìti:

(a) To pl jo twn stoiqe�wn tou Tn e�nai �so me n!.

(b) To pl jo twn stoiqe�wn tou Tn sta opo�a akrib¸ k korufè èqoun mh

kenì aristerì upodèndro e�nai �so me to pl jo twn metajèsewn w ∈ Sn

me k kajìdou.

20. 'Estw Tn to sÔnolo twn dèndrwn me r�za sto sÔnolo koruf¸n {0, 1, . . . , n} ta
opo�a èqoun r�za to 0 kai e�nai aÔxonta (dhlad  an h koruf  i e�nai prìgono
th j, tìte i < j). Ta dèndra aut� apeikon�zontai sto Sq ma 2.5 gia n = 3.

De�xte ìti:

(a) To pl jo twn stoiqe�wn tou Tn e�nai �so me n!.
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Sq ma 2.5: Ta aÔxonta dèndra me r�za se tèsseri korufè.

(b) To pl jo twn stoiqe�wn tou Tn sta opo�a h r�za èqei k apogìnou e�nai

�so me to pl jo twn metajèsewn w ∈ Sn me k kÔklou.

(g) To pl jo twn stoiqe�wn tou Tn pou èqoun k korufè qwr� apogìnou

(fÔlla) e�nai �so me to pl jo twn metajèsewn w ∈ Sn me k − 1 ka-

jìdou.

21. Sumbol�zoume me Bn to sÔnolo twn akolouji¸n w = (w1, w2, . . . , wn) sti

opo�e emfan�zetai akrib¸ èna stoiqe�o tou sunìlou {i,−i} gia 1 ≤ i ≤ n.
'Ena de�kth i ∈ {0, 1, . . . , n − 1} lègetai B-k�jodo th w an wi > wi+1,

ìpou w0 = 0 kat� sÔmbash. Sumbol�zoume me desB(w) to pl jo twn B-
kajìdwn th w kai jètoume

Bn(x) =
∑

w∈Bn

xdesB(w)
(2.33)

gia n ≥ 1.

(a) Pìsa stoiqe�a èqei to sÔnolo Bn?

(b) Upolog�ste to Bn(x) gia n ∈ {1, 2, 3}.
(g) De�xte ìti Bn(x) = xnBn(1/x) gia k�je n ≥ 1.

(d) De�xte ìti

∑

r≥0

(2r + 1)nxr =
Bn(x)

(1− x)n+1
. (2.34)

(e) De�xte ìti

Bn(x) = ((2n − 1)x+ 1)Bn−1(x) + 2(x− x2)B′
n−1(x) (2.35)

gia n ≥ 2.

(st) Bre�te ènan aplì tÔpo gia to pl jo twn w ∈ Bn pou èqoun akrib¸

m�a B-k�jodo kai m�a ìso to dunatìn aploÔsterh sunduastik  apìdeixh

tou tÔpou autoÔ.
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22. 'Estw jetiko� akèraioi n, r. Gia w = (w1, w2, . . . , wn) ∈ {0, 1, . . . , r − 1}n
sumbol�zoume me des(w) to pl jo twn deikt¸n i ∈ [n] me wi > wi+1, ìpou

wn+1 = 0 kat� sÔmbash, kai jètoume

Ir
n(x) =

∑

w∈{0,1,...,r−1}n

xdes(w).

De�xte ìti

∑

m≥0

(
n+ rm

n

)
xm =

Ir
n(x)

(1− x)n+1
. (2.36)

23. O akèraio i ∈ [n] lègetai asjen  upèrbash (weak excedance) th w ∈ Sn

an w(i) ≥ i. Gia 0 ≤ k ≤ n de�xte ìti ta akìlouja e�nai �sa:

(a) To pl jo twn metajèsewn th Sn me k asjene� uperb�sei.

(b) To pl jo twn metajèsewn th Sn gia ti opo�e up�rqoun akrib¸ k
de�kte i ∈ [n] me w(i) ≤ i.

(g) To pl jo twn metajèsewn th Sn me k − 1 uperb�sei.

24. Gia n ∈ N, sumbol�zoume me E(n) to pl jo twn metajèsewn w ∈ Sn gia ti

opo�e to el�qisto stoiqe�o tou sunìlou Asc(w) ∪ {n} e�nai �rtio arijmì,

ìpou Asc(w) e�nai to sÔnolo twn anìdwn th w kai E(0) = 1.

(a) De�xte ìti E(n) = nE(n− 1) + (−1)n gia k�je jetikì akèraio n.

(b) Sun�gete ìti to E(n) e�nai �so me to pl jo twn metajèsewn th Sn

qwr� stajer� shme�a.

(g) Apode�xte to sumpèrasma tou (b) me qr sh kat�llhlh 1�1 antistoiq�a.

25. 'Estw jetikì akeraio n. Gia 0 ≤ i ≤ n sumbol�zoume me fi−1 to pl jo twn

1�1 apeikon�sewn σ : [i]→ [n] (opìte f−1 = 1). De�xte ìti

n∑

i=0

fi−1(x− 1)n−i =

n∑

i=0

hix
i, (2.37)

ìpou hi e�nai to pl jo twn metajèsewn w ∈ Sn me akrib¸ i stajer� shme�a,

gia 0 ≤ i ≤ n.

26. Sthn akìloujh trigwnik  di�taxh akera�wn
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0 1

1 1 0

0 1 2 2

5 5 4 2 0

0 5 10 14 16 16

· · ·

h afethr�a th gramm  i apì ta arister� (an o i e�nai �rtio)   apì ta

dexi� (an o i e�nai perittì megalÔtero tou 1) e�nai to 0 kai k�je �llo

stoiqe�o th gramm  i e�nai �so me to �jroisma tou prohgoumènou stoiqe�ou

th �dia gramm  kai tou p�nw arister�   p�nw dexi� stoiqe�ou, ant�stoiqa,

th gramm  i − 1. De�xte ìti sti pleurè tou trig¸nou emfan�zontai oi

akèraioi En th Paragr�fou 2.2.7.

27. De�xte ìti gia k�je n ≥ 1 up�rqoun mh arnhtiko� akèraioi γ0, γ1, . . . , γ⌊(n−1)/2⌋

tètoioi ¸ste

An(x)/x =

⌊(n−1)/2⌋∑

i=0

γi x
i(1 + x)n−1−2i, (2.38)

ìpou An(x) e�nai to polu¸numo Euler t�xh n. Sun�gete ìti an An(x)/x =
p0 + p1x+ · · · pn−1x

n−1
, tìte p0 ≤ p1 ≤ · · · ≤ p⌊(n−1)/2⌋.

28. 'Estw

dn(x) =
∑

w∈Dn

xexc(w), (2.39)

ìpou exc(w) e�nai to pl jo twn uperb�sewn th w ∈ Sn kai Dn e�nai to

sÔnolo twn metajèsewn tou [n] qwr� stajer� shme�a.

(a) De�xte ìti dn,k = dn,n−k, ìpou dn(x) =
∑n

i=0 dn,kx
k
.

(b) 'Estw Ãn(x) =
∑

w∈Sn
xdes(w) = An(x)/x, ìpou Ã0(x) = 1 kat� sÔm-

bash. De�xte ìti

dn(x) =

n∑

k=0

(−1)k
(
n

k

)
Ãk(x). (2.40)

Sun�gete ìti to dexiì mèlo th (2.40) èqei mh arnhtikoÔ (akèraiou)

suntelestè.
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(g) De�xte ìti up�rqoun mh arnhtiko� akèraioi ξ0, ξ1, . . . , ξ⌊n/2⌋ tètoioi ¸ste

dn(x) =

⌊n/2⌋∑

i=0

ξi x
i(1 + x)n−2i. (2.41)

Sun�gete ìti gia tou suntelestè tou dn(x) isqÔoun oi anisìthte

dn,0 ≤ dn,1 ≤ · · · ≤ dn,⌊n/2⌋.

29. 'Estw akèraioi 1 ≤ k ≤ n kai èstw

[
n
k

]

q

=
m∑

i=0

piq
i,

ìpou m = k(n − k). De�xte ìti pi = pm−i gia 0 ≤ i ≤ m. GenikeÔste gia

tou q-poluwnumikoÔ suntelestè.

30. 'Estw metablhtè x, y, q gia ti opo�e isqÔoun qx = xq, qy = yq kai yx =
qxy. De�xte ìti gia mh arnhtikoÔ akera�ou n isqÔei

(x+ y)n =

n∑

k=0

[
n
k

]

q

xkyn−k.

31. De�xte ìti gia akera�ou 1 ≤ k ≤ n isqÔei o tÔpo

[
n
k

]

q

=

n−k∑

i=0

qn−k−i

[
n− i− 1
k − 1

]

q

(a) upologistik�,

(b) qrhsimopoi¸nta mia apì ti sunduastikè ermhne�e twn q-diwnumik¸n
suntelest¸n.

32. Gia jetikoÔ akera�ou n jètoume

Cn(q) =
1

[n+ 1]q

[
2n
n

]

q

.

(a) De�xte ìti

Cn(q) =

[
2n
n

]

q

− q

[
2n
n− 1

]

q

.

(b) Sun�gete ìti to Cn(q) e�nai monikì polu¸numo bajmoÔ n(n − 1) sto q
me akèraiou suntelestè.
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(g) 'Estw m = n(n − 1) kai Cn(q) =
∑m

i=0 piq
i
. De�xte ìti pi = pm−i gia

0 ≤ i ≤ m.

(d) De�xte ìti to Cn(q) èqei mh arnhtikoÔ suntelestè.

33. 'Estw V èna grammikì q¸ro di�stash n p�nw se èna (peperasmèno) s¸ma

Fq me q stoiqe�a, ìpou q e�nai dÔnamh pr¸tou arijmoÔ. De�xte ìti:

(a) To pl jo twn grammik¸n upìqwrwn di�stash k tou V e�nai �so me

[
n
k

]

q

.

(b) Gia jetikoÔ akera�ou n1, n2, . . . , nr me �jroisma n, o q-poluwnumikì
suntelest  [

n
n1, n2, . . . , nr

]

q

e�nai �so me to pl jo twn alus�dwn

{0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vr−1 ⊂ V

grammik¸n upìqwrwn tou V , tètoiwn ¸ste dim(Vi) = n1 + · · · + ni gia

1 ≤ i ≤ r − 1.

(g) To pl jo twn alus�dwn {0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn−1 ⊂ V grammik¸n

upìqwrwn tou V , tètoiwn ¸ste dim(Vi) = i gia 1 ≤ i ≤ n− 1, e�nai �so
me [n]!q.
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Upode�xei - LÔsei

1. JewroÔme thn apeikìnish ϕ : Sn → Bn pou or�sthke sthn apìdeixh th Prìtash

2.2.1 kai thn apeikìnish ψ : Sn → Sn me ψ(w) = w−1
gia w ∈ Sn. Me th sÔnjesh

(1�1 antistoiq�a) ϕ ◦ ψ : Sn → Bn, to sÔnolo twn metajèsewn ti opo�e jèloume

na aparijm soume sti dÔo peript¸sei apeikon�zetai sto sÔnolo twn dianusm�twn

(a1, a2, . . . , an) ∈ Bn gia ta opo�a isqÔoun: (a) ai = i− 1 gia 1 ≤ i ≤ k sthn pr¸th

per�ptwsh kai (b) ak = k − 1 sth deÔterh per�ptwsh. Sunep¸ h ap�nthsh e�nai

n!/k! gia to (a) kai n!/k gia to (b).

2. Gr�fonta si = (i i+ 1) gia 1 ≤ i ≤ n− 1, parathr ste ìti wsi e�nai h anadi�taxh

pou prokÔptei apì th w = (w1, w2, . . . , wn) ∈ Sn enall�ssonta ta wi kai wi+1.

Sumper�nete ìti h w mpore� na grafe� w ginìmeno k geitonik¸n antimetajèsewn an

kai mìno an h anadi�taxh (w1, w2, . . . , wn) mpore� na prokÔyei apì thn tautotik 

anadi�taxh (1, 2, . . . , n) me k geitonikè enallagè autoÔ tou e�dou kai de�xte ìti h

el�qisth dunat  tim  tou k e�nai �sh me inv(w).

3. Gia to (a) akolouj ste to skeptikì sthn apìdeixh th Prìtash 2.2.3,   jèste

ìpou q to 1/q sth genn tria sun�rthsh (2.2). Gia to (b) ja qrhsimopoi soume

to ex  genikotero apotèlesma. 'Ena polu¸numo f(x) =
∑m

i=1 aix
i
bajmoÔ m me

mh arnhtikoÔ pragmatikoÔ suntelestè lègetai palindromikì kai monìtropo an

ai = am−i gia 0 ≤ i ≤ m kai a0 ≤ a1 ≤ · · · ≤ a⌊m/2⌋. To mèro (a) tou akìloujou

l mmato e�nai eÔkolo, en¸ to (b) prokÔptei apì to (a) (oi leptomèreie af nontai

ston anagn¸sth).

L mma 2.4.1 Gia m ∈ N, jewroÔme ta polu¸numa ϕk(x) =
∑m−i

k=i x
i
gia 0 ≤ k ≤

⌊m/2⌋.

(a) 'Ena polu¸numo f(x) bajmoÔ m me mh arnhtikoÔ pragmatikoÔ suntelestè

e�nai palindromikì kai monìtropo an kai mìno an to f(x) gr�fetai w grammikì
sunduasmì twn poluwnÔmwn ϕ0(x), ϕ1(x), . . . , ϕ⌊m/2⌋(x) me mh arnhtikoÔ

suntelestè.

(b) 'Estw polu¸numa f(x), g(x) me mh arnhtikoÔ pragmatikoÔ suntelestè. An

ta f(x) kai g(x) e�nai palindromik� kai monìtropa, tìte to �dio isqÔei gia to

ginìmeno f(x)g(x).

Efarmìzonta to mèro (b) sto dexiì mèlo th (2.2) prokÔptei to zhtoÔmeno.

4. Gia to (a) parathr ste ìti ǫ(w) =
∏

1≤i<j≤n
w(i)−w(j)

i−j kai sunep¸ ìti

ǫ(uv) =
∏

1≤i<j≤n

u(v(i))− u(v(j))
i− j =

∏

1≤i<j≤n

u(v(i))− u(v(j))
v(i)− v(j) · ǫ(v)

=
∏

1≤a<b≤n

u(a)− u(b)
a− b · ǫ(v) = ǫ(u)ǫ(v).

Gia to (b) parathr ste ìti inv(w) = 2(b− a)− 1 an w = (a b) me a < b. Gia to (g)

qrhsimopoi ste ta (a) kai (b).
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5. Jètonta q = −1 sthn (2.2), de�xte ìti h ap�nthsh sto (a) e�nai 1 an n = 1 kai

n!/2 an n ≥ 2. Jètonta q = ω sthn (2.2), ìpou ω 6= 1 e�nai m�a tr�th r�za th

mon�do, prokÔptei ìti a0 + a1ω + a2ω
2 = 0 gia n ≥ 3, ìpou ai e�nai to pl jo twn

w ∈ Sn me inv(w) ≡ i (mod 3). Apì th sqèsh aut  kai thn ω2 = −1− ω prokÔptei

ìti (a0 − a2) + (a1 − a2)ω = 0 kai sunep¸ ìti a0 = a1 = a2 (afoÔ ta 1, ω e�nai

grammik¸ anex�rthta ep� tou Q). 'Ara, h ap�nthsh sto (b) e�nai 1 an n ≤ 2 kai

n!/3 an n ≥ 3. Ergazìmenoi parìmoia me to daktÔlio Q[x]/〈1+x+ · · ·+xk−1〉, ston
opo�o ta mon¸numa 1, x, . . . , xk−2

e�nai grammik¸ anex�rthta ep� tou Q, br�skoume

ìti gia n ≥ k, to pl jo twn metajèsewn w ∈ Sn me inv(w) ≡ i (mod k) e�nai �so

me n!/k gia k�je i.

6.

7. Jewr ste pr¸ta thn amfimonos manth apeikìnish ϕ : Sn → Sn pou or�sthke sthn

apìdeixh th Prìtash 2.2.5. De�xte ìti gia k�je w = (w1, w2, . . . , wn) ∈ Sn to wi

e�nai apì arister� pro ta dexi� el�qisto th ϕ(w) an kai mìno an to to wi e�nai

e�nai to el�qisto stoiqe�o tou kÔklou pou to perièqei sthn kuklik  morf  th w kai

sun�gete ìti to (a) e�nai �so me to (e). Gia thn isìthta twn (a), (b), (g) kai (d)

qrhsimopoi ste 1�1 antistoiq�e ìpw eke�nh sthn Prìtash 2.2.3.

8.

9. Up�rqoun

(
n−1
k−1

)
(k − 1)! trìpoi na epilege� o kÔklo th w pou perièqei to 1 kai

(n − k)! trìpoi na sqhmatisjoÔn oi upìloipoi kÔkloi th w. Kat� sunèpeia, to

zhtoumeno pl jo e�nai �so me (n− 1)! kai sunep¸ anex�rthto tou k.

10. Gia to (a) parathr ste pr¸ta ìti k�je kÔklo m kou r sthn Sn mpore� na grafe�

w ginìmeno r − 1 antimetajèsewn kai sun�gete ìti ℓT (w) ≤ n − c(w) gia k�je

w ∈ Sn. Parathr ste èpeita ìti c(wt) − c(w) ∈ {−1, 1} gia k�je w ∈ Sn kai

k�je antimet�jesh t ∈ Sn. Sumper�nete ìti isqÔei c(t1t2 · · · tk) ≥ n− k gia tuqa�e

antimetajèsei t1, t2, . . . , tk sthn Sn kai sun�gete ìti ℓT (w) ≥ n − c(w) gia k�je

w ∈ Sn. To (b) e�nai �mesh sunèpeia tou (a) kai th Prìtash 2.2.2.

11. To (a) prokÔptei �mesa apì to (g), afoÔ c(w) = c1(w) + c2(w) + · · · + cn(w),
  paragwg�zonta thn (2.3) kai jètonta x = 1. Gia to (g), parathr ste ìti to

�jroisma sto aristerì mèlo th proteinìmenh isìthta aparijme� to sÔnolo S
twn zeug¸n (w, γ) metajèsewn w ∈ Sn kai kÔklwn γ m kou k gia ta opo�a o γ
emfan�zetai sthn kuklik  morf  th w. De�xte ìti up�rqoun

(
n
k

)
(k − 1)! kÔkloi

γ m kou k sthn Sn kai ìti gia dosmèno γ up�rqoun akrib¸ (n − k)! metajèsei
w ∈ Sn me (w, γ) ∈ S gia na sumper�nete ìti to pl jo twn stoiqe�wn tou S e�nai

�so me n!/k. Gia to (b) qrhsimopoi ste parìmoio skeptikì,   paragwg�ste thn (2.3)

kai jèste x = −1.

12. Jewr ste thn amfimonos manth apeikìnish ϕ : Sn → Sn pou or�sthke sthn apìdeixh

th Prìtash 2.2.5. Parathr ste ìti ta stoiqe�a tou {2, . . . , n} pou perièqontai

ston kÔklo th w pou perièqei to 1 e�nai akrib¸ aut� pou emfan�zontai sta dexi�

tou 1 sthn anadi�taxh ϕ(w) kai sumper�nete to zhtoÔmeno.

13. (a) Upojèste ìti x ∈ N kai aparijm ste to sÔnolo twn apeikon�sewn f : [n] → [x]
me dÔo diaforetikoÔ trìpou.
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(b) Qrhsimopoi ste th sqèsh

x(x − 1) · · · (x − n+ 1) =

n∑

k=1

(−1)n−kc(n, k)xk,

h opo�a prokÔptei apì th (2.3) jètonta ìpou x to −x, thn tautìthta tou mèrou (a)
kai to gegonì ìti ta polu¸numa x(x− 1) · · · (x− n+ 1) gia n ∈ N e�nai grammik¸

anex�rthta.

(g) 'Estw A(n, r) to sÔnolo twn zeug¸n (w, π), ìpou w ∈ Sn kai π e�nai diamèrish

tou sunìlou twn kÔklwn th w me r mèrh. Gia α = (w, π) ∈ A(n, r) jètoume

w(α) = (−1)n−k
, ìpou k e�nai to pl jo twn kÔklwn th w. H per�ptwsh r = n

den parousi�zei duskol�e. Upojètonta loipìn ìti r < n, zhtoÔme na de�xoume ìti

to �jroisma twn tim¸n th w p�nw sto sÔnolo A(n, r) e�nai �so me mhdèn. Sunep¸

arke� na broÔme mia autoant�strofh apeikìnish τ : A(n, r)→ A(n, r) qwr� stajer�
shme�a, tètoia ¸ste w(τ(α)) = −w(α) gia α ∈ A(n, r). Gia α = (w, π) ∈ A(n, r)
sumbol�zoume me π0 th diamèrish tou [n] gia thn opo�a dÔo stoiqe�a tou [n] an koun
sto �dio mèro th π0 an kai mìno an oi kÔkloi th w pou perièqoun ta stoiqe�a aut�

an koun sto �dio mèro th π. 'Estw i ∈ [n] o mikrìtero akèraio pou den e�nai

mìno sto mèro B th π0 pou ton perièqei kai èstw j ∈ [n] o megalÔtero akèraio

pou an kei sto B. Jètoume τ(α) = (w̃, π̃), ìpou w̃ e�nai to ginìmeno w (i j) th w me

thn antimet�jesh (i j) kai h π̃ or�zetai apì th sqèsh (π̃)0 = π0. ParathroÔme ìti h

w̃ prokÔptei apì th w diasp¸nta kat�llhla ton kÔklo pou perièqei ta i, j se dÔo
kÔklou,   sunen¸nonta kat�llhla tou dÔo kÔklou th w pou perièqoun ta i, j
se ènan kai af noume ston anagn¸sth na bebaiwje� ìti h τ : A(n, r)→ A(n, r) èqei
ti epijumhtè idiìthte.

(d) 'Opw sth lÔsh tou (g) diapist¸noume ìti to aristerì mèlo th proteinìmenh

isìthta e�nai �so me #A(n, r). ParathroÔme ìti to teleuta�o e�nai ep�sh �so me to

pl jo twn trìpwn me tou opo�ou mpore� na epilege� mia diamèrish π tou sunìlou

[n] me r mèrh kai na oriste� mia met�jesh (se kuklik  morf ) gia k�je mèro th

π. Kat� sunèpeia, to ginìmeno tou #A(n, r) me r! aparijme� to pl jo twn trìpwn

me tou opo�ou mpore� na epilege� mia diatetagmènh diamèrish (B1, B2, . . . , Br) tou

sunìlou [n] me r mèrh kai na oriste� mia anadi�taxh gia k�je mèro Bi. To teleuta�o

e�nai ep�sh �so me to pl jo twn trìpwn me tou opo�ou mporoÔn na epilegoÔn

mia anadi�taxh (σ1, σ2, . . . , σn) tou sunìlou [n] kai mia diamèris  tou se r mèrh th

morf  {σi, σi+1, . . . , σj}, kai sunep¸ �so me n!
(
n−1
r−1

)
.

14. 'Estw Sλ to sÔnolo twn metajèsewn σ ∈ Sn tÔpou λ kai (λ1, λ2, . . . , λr) h diamèrish
tou n pou èqei mi mèrh �sa me i, gia 1 ≤ i ≤ n. Gia to (b) jewr ste thn apeikìnish

ϕ : Sn → Sλ me

ϕ(w) = (w1 · · · wµ1
) (wµ1+1 · · · wµ2

) · · · (wµr−1+1 · · · wµr
)

se kuklik  morf , an w = (w1, w2, . . . , wn) ∈ Sn w anadi�taxh, ìpou èqoume jèsei

µi = λ1 + · · ·+ λi gia 1 ≤ i ≤ r. De�xte ìti gia k�je σ ∈ Sλ up�rqoun akrib¸ zλ

metajèsei w ∈ Sn me ϕ(w) = σ kai efarmìste thn Prìtash 1.1.2 (b). Gia to (g)
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parathr ste ìti mia met�jesh w ∈ Sn èqei thn idiìthta w = w−1
an kai mìno an h

w èqei mìno kÔklou m kou 1 kai 2. Sumper�nete apì to (b) ìti

an =
∑

m1,m2

n!

m1! 2m2m2!
,

ìpou to �jroisma tou dexioÔ mèlou diatrèqei ta zeÔgh (m1,m2) mh arnhtik¸n ake-

ra�wn me m1 + 2m2 = n, kai sun�gete to zhtoÔmeno.

15. Jètonta k = 2 sto Pìrisma 2.2.2 prokÔptei ìti to zhtoÔmeno pl jo twn metajè-

sewn e�nai �so me 2n − n− 1. D¸ste mia pio �mesh apìdeixh w ex : Parathr ste

ìti h w = (w1, w2, . . . , wn) ∈ Sn èqei akrib¸ m�a k�jodo an kai mìno an gia k�poio

(monadikì) de�kth i ∈ [n − 1] isqÔei w1 < · · · < wi > wi+1 < · · · < wn. De�xte

ìti h apeikìnish ϕ apì to sÔnolo twn metajèsewn w ∈ Sn me m�a akrib¸ k�jodo

sto sÔnolo 2[n]r{[k] : 0 ≤ k ≤ n} pou or�zetai jètonta ϕ(w) = {w1, . . . , wi} e�nai
amfimonos manth kai sun�gete to zhtoÔmeno.

16. Gia to pr¸to zhtoÔmeno qrhsimopoi ste th sqèsh (1.25),   aparijm ste ta (n+ 1)-
uposÔnola tou [n+m+1]w pro to mègisto stoiqe�o tou. Gia to deÔtero zhtoÔmeno
jewroÔme thn tautìthta

x4 =

(
x

4

)
+ 11

(
x+ 1

4

)
+ 11

(
x+ 2

4

)
+

(
x+ 3

4

)
,

h opo�a prokÔptei apì to Pìrisma 2.2.1. Jètonta x = i, ajro�zonta kai qrhsi-

mopoi¸nta thn (2.28) br�skoume ìti

m∑

i=1

i4 =

(
m+ 1

5

)
+ 11

(
m+ 2

5

)
+ 11

(
m+ 3

5

)
+

(
m+ 4

5

)

=
m(m+ 1)(2m+ 1)(3m2 + 3m− 1)

30
.

17. (a) Paragwg�ste th sqèsh pou prokÔptei apì thn (2.7), jètonta ìpou n to n− 1.
Diaforetik�, parathr ste ìti an h w ∈ Sn èqei k kajìdou, tìte h ϕ(w) ∈ Sn−1

pou prokÔptei w anadi�taxh diagr�fonta to n apì thn anadi�taxh w èqei k − 1  

k kajìdou kai gia σ ∈ Sn−1, upolog�ste to pl jo twn w ∈ Sn me k kajìdou kai

ϕ(w) = σ.

(b) Qrhsimopoi¸nta th sqèsh (2.7), upolog�zoume ìti

∑

n≥0

An(x)
tn

n!
=

∑

n≥0

(1− x)n+1




∑

r≥0

rnxr



 tn

n!

= (1− x)
∑

r≥0

xr



∑

n≥0

(1− x)n rn t
n

n!
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= (1− x)
∑

r≥0

xre(1−x)tr

=
1− x

1− xe(1−x)t
.

Diaforetik�, pollaplasi�ste me xktn−1/(n − 1)! thn anagwgik  sqèsh (2.29) tou

mèrou (a) kai ajro�ste p�nw stou akera�ou k ≥ 0 kai n ≥ 1. Sun�gete ìti to

aristerì mèlo, èstw F (x, t), th (2.30) ikanopoie� ti exis¸sei

∂F

∂t
(x, t) = x

∂F

∂x
(x, t) + x

∂F

∂x
(
1

x
, xt) + x,

F (x, 0) = 1.

De�xte ìti to dexiì mèlo th (2.30) ikanopoie� ep�sh ti parap�nw exis¸sei kai

sun�gete to zhtoÔmeno.

18. Parathr ste ìti o akèraio r!S(n, r) e�nai �so me to pl jo twn diatetagmènwn

diamer�sewn (B1, . . . , Br) tou sunìlou [n] me r mèrh. Apì mia tètoia diatetagmènh di-

amèrish π or�zetai mia met�jesh ϕ(π) ∈ Sn parajètonta ta stoiqe�a k�je mèrou th

π se aÔxousa di�taxh. Gia par�deigma an n = 8 kai π = ({1, 5}, {3, 6, 8}, {2}, {4, 7}),
tìte ϕ(π) = (1, 5, 3, 6, 8, 2, 4, 7). De�xte ìti an w ∈ Sn e�nai tuqa�a met�jesh me k−1
kajìdou, tìte up�rqoun akrib¸

(
n−k
r−k

)
diatetagmène diamer�sei π tètoie ¸ste

ϕ(π) = w kai sumper�nete ìti isqÔei to (a). To (b) mpore� na prokÔyei apì to

(a) antikatajist¸nta to r!S(n, r) sto dexiì mèlo th (2.32) me to dexiì mèlo th

(2.31) kai all�zonta th seir� th �jroish.

19. 'Estw h apeikìnish ϕ : Tn → Sn h opo�a or�zetai w ex : Gia dèndro T ∈ Tn me r�za

r (ìpou r = 1) kai me aristerì kai dexiì upodèndro th r�za T1 kai T2, ant�stoiqa,

jètoume ϕ(T ) = (ϕ(T1), r, ϕ(T2)), ìpou ta ϕ(T1) kai ϕ(T2) or�zontai epagwgik�

me parìmoio trìpo. Gia par�deigma gia n = 3, sta èxi dèndra tou Sq mato 2.4

antistoiqoÔn oi metajèsei

(3, 2, 1), (2, 3, 1), (1, 3, 2), (1, 2, 3), (2, 1, 3), (3, 1, 2),

se morf  anadi�taxh. De�xte ìti h ϕ e�nai 1�1 antistoiq�a kai ìti to pl jo twn

kajìdwn th ϕ(T ) e�nai �so me to pl jo twn koruf¸n tou T me mh kenì aristerì

upodèndro.

20. 'Estw h apeikìnish ϕ : Sn → Tn h opo�a or�zetai w ex : An w = (w1, w2, . . . , wn) ∈
Sn, tìte ϕ(w) e�nai to dèndro sto sÔnolo koruf¸n {0, 1, . . . , n} me r�za 0, sto opo�o

gia j ∈ [n], o gonèa th koruf  wj e�nai h koruf  wi ìpou i ∈ {0, 1, . . . , n} e�nai
o megalÔtero akèraio me i < j kai wi < wj kai ìpou èqoume jèsei w0 = 0. Gia

par�deigma gia n = 3, sta èxi dèndra tou Sq mato 2.5 apeikon�zontai oi metajèsei

(1, 2, 3), (1, 3, 2), (2, 3, 1), (2, 1, 3), (3, 1, 2), (3, 2, 1),

ant�stoiqa. De�xte ìti h ϕ e�nai 1�1 antistoiq�a, ìti to i ∈ [n− 1] e�nai k�jodo th
w an kai mìno an h koruf  wi e�nai fÔllo tou dèndrou ϕ(w) kai ìti h wi èqei gonèa
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to 0 sto ϕ(w) an kai mìno an to wi e�nai apì arister� pro ta dexi� el�qisto th

w (blèpe 'Askhsh 7).

21.

22.

23. Gia thn isìthta twn (a) kai (b) qrhsimopoi ste thn amfimonos manth apeikìnish

ψ : Sn → Sn me ψ(w) = w−1
kai parathr ste ìti to i e�nai asjen  upèrbash th

w an kai mìno an w−1(i) ≤ i. Gia thn isìthta twn (b) kai (g) qrhsimopoi ste thn

palindromikìthta twn poluwnÔmwn tou Euler kai thn Prìtash 2.2.5.

24. (ab) 'Estw En to sÔnolo twn metajèsewn w ∈ Sn me th dosmènh idiìthta kai èstw

un ∈ Sn h monadik  met�jesh tou [n] qwr� �nodo. Sumbol�zoume me f(w) ∈ Sn−1 th

met�jesh pou prokÔptei apì th w ∈ Sn agno¸nta to w(n) kai antikajist¸nta to
w(i) me to w(i)−1 gia k�je de�kth i me w(i) > w(n). ParathroÔme ìti f(w) ∈ En−1

gia k�je w ∈ En, ektì tou w = un ìtan to n e�nai �rtio arijmì. ParathroÔme

ep�sh ìti #f−1(w) = n gia k�je w ∈ En−1, ektì tou w = un−1 ìtan to n e�nai

perittì arijmì, opìte #f−1(w) = n− 1. O zhtoÔmeno anagwgikì tÔpo tou (a)

prokÔptei apì ti parathr sei autè. To (b) e�nai �mesh sunèpeia tou (a) kai tou

tÔpou (2.21).

(g) Sumbol�zoume me Dn to sÔnolo twn metajèsewn w ∈ Sn qwr� stajer� shme�a.

Gr�foume mia met�jesh w ∈ Dn se kuklik  morf , ètsi ¸ste to el�qisto stoiqe�o

k�je kÔklou na emfan�zetai deÔtero apì arister� kai ètsi ¸ste oi kÔkloi th w na

e�nai diatagmènoi se fj�nousa seir� twn el�qistwn stoiqe�wn tou. 'Estw ϕ(w) h

met�jesh tou [n] h opo�a prokÔptei, w anadi�taxh, parajètonta ta stoiqe�a tou

[n] apì arister� pro ta dexi� me th seir� me thn opo�a emfan�zontai sthn parap�nw

kuklik  morf  th w. Gia par�deigma, an n = 9 kai w = (3 4 1 9)(7 6 5)(2 8) se

kuklik  morf , tìte w = (6 5 7)(8 2)(4 1 9 3) ep�sh se kuklik  morf  kai ϕ(w) =
(6, 5, 7, 8, 2, 4, 1, 9, 3). Af noume ston anagn¸sth na de�xei ìti ϕ(w) ∈ En gia k�je

w ∈ Dn kai ìti h apeikìnish ϕ : Dn → En pou prokÔptei e�nai 1�1 antistoiq�a. H

�skhsh aut  kai h parap�nw lÔsh ofe�lontai ston J. Désarménien [Sém. Lothar.
Combin. 8 (1984), 11–16].

25. Parathr ste pr¸ta ìti fi−1 = i!
(
n
i

)
gia 0 ≤ i ≤ n kai ìti

hk = [xk]

n∑

i=0

fi−1(x− 1)n−i =

n−k∑

i=0

(−1)n−i−k fi−1

(
n− i
k

)

=

n−k∑

i=0

(−1)n−i−k i!

(
n

i

)(
n− i
k

)

=

(
n

k

) n−k∑

i=0

(−1)n−i−k (n− k)!
(n− k − i)!

kai qrhsimopoi ste thn Prìtash 2.2.6.
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26. De�xte ìti ta stoiqe�a th gramm  n aparijmoÔn to pl jo twn enallassous¸n

metajèsewn w = (w1, w2, . . . , wn) ∈ Sn me w1 ≤ k, gia k = 0, 1, . . . , n.

27. Dosmènh met�jesh w ∈ Sn, jètoume wi = w(i) gia 1 ≤ i ≤ n kai w0 = wn+1 =
n+1, ìpw pr�xame met� thn ekf¸nhsh th Prìtash 2.2.8. Onom�zoume èna de�kth
j ∈ [n] koruf  (ant�stoiqa, koil�da) th w an wj−1 < wj > wj+1 (ant�stoiqa,

wj−1 > wj < wj+1). Sumbol�zonta me peak(w) to pl jo twn koruf¸n th w, ja
de�xoume ìti h (2.38) isqÔei an

γi =
1

2n−1−2i
# {w ∈ Sn : peak(w) = i}

gia 0 ≤ i ≤ ⌊(n − 1)/2⌋. Ja basistoÔme sthn apìdeixh th Prìtash 2.2.8. Gia

metajèsei u, v ∈ Sn gr�foume u ∼ v an v = (ϕi1◦ϕi2◦· · ·◦ϕir
)(u) gia k�poie diplè

anìdou   kajìdou i1, i2, . . . , ir th u. Af netai ston anagn¸sth na de�xei ìti h

∼ e�nai sqèsh isodunam�a sthn Sn, opìte diamer�zei thn Sn se kl�sei isodunam�a.

Gia par�deigma, h kl�sh th met�jesh tou Sq mato 2.2 èqei akrib¸ 16 stoiqe�a.

Genikìtera, an peak(w) = i, tìte k�je met�jesh sthn kl�sh Ow th w èqei i
korufè kai i+ 1 koil�de, �ra sunolik� n− 1− 2i diplè anìdou   kajìdou, kai

isqÔoun #Ow = 2n−1−2i
kai

∑

v∈Ow

xdes(v) = xi(1 + x)n−1−2i.

Ajro�zonta p�nw se ìle ti kl�sei isodÔnam�a th ∼ prokÔptei h (2.38). To

apotèlesma autì pijan¸ apode�qjhke pr¸ta apì tou D. Foata kai M.-P. Schützen-
berger [Théorie Géometrique des Polynômes Eulériens, Lecture Notes in Mathemat-
ics 138, Springer-Verlag, 1970]. To zhtoÔmeno sumpèrasma gia tou suntelestè

tou An(x)/x èpetai �mesa apì ti ant�stoiqe idiìthte twn diwnÔmwn (1+x)n−1−2i
.

28. Gia to (a) qrhsimopoi ste thn amfimonos manth apeikìnish ψ : Dn → Dn me ψ(w) =
w−1

kai parathr ste ìti to i e�nai upèrbash th w ∈ Dn an kai mìno an to i den
e�nai upèrbash th w−1

. Gia to (b), sÔmfwna me thn Prìtash 2.2.5 èqoume

Ãn(x) =
∑

w∈Sn

xexc(w).

Jewr¸nta to sÔnolo twn stajer¸n shme�wn th w ∈ Sn sto prohgoÔmeno �jroisma,

sumper�nete ìti

Ãn(x) =

n∑

k=0

(
n

k

)
dk(x)

gia k�je n ∈ N. Apì autì kai to L mma 1.3.1 sun�gete ìti isqÔei h (2.40) gia k�je

n ∈ N. To apotèlesma autì perièqetai sthn Prìtash 2.4 tou �rjrou [R.P. Stanley,
Subdivisions and local h-vectors, J. Amer. Math. Soc. 5 (1992), 805–851℄, ìpou
to dn(x) ermhneÔetai w to topikì h-polu¸numo th barukentrik  upodia�resh tou
monìplokou di�stash n − 1. To (g) mpore� na apodeiqje� qrhsimopoi¸nta th

mèjodo sth lÔsh th 'Askhsh 27. Gia ti leptomèreie, parapèmpoume sto �rjro
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twn C.A. Athanasiadis kai C. Savvidou, [The local h-vector of the cluster subdivision

of a simplex, Sém. Lothar. Combin. 66 (2012), Article B66c, 21pp (electronic)].
To polu¸numo dn(x) melet jhke pr¸ta apì ton F. Brenti, [Unimodal polynomials

arising from symmetric functions, Proc. Amer. Math. Soc. 108 (1990), 1133–
1141].

29. De�xte ìti qmf(1/q) = f(q), ìpou f(q) e�nai to dexiì mèlo th (2.24),   qrhsi-

mopoi ste th sunduastik  ermhne�a gia tou suntelestè pi pou prokÔptei apì thn

Prìtash 2.3.1 (  apì thn Prìtash 2.3.2).

30. Parathr ste ìti to (x+ y)n
e�nai �so me to �jroisma twn 2n

monwnÔmwn th morf 

u = u1u2 · · ·un, me ui ∈ {x, y} gia k�je i kai ìti isqÔei u = qinv(σ)xkyn−k
, ìpou

σ = (σ1, σ2, . . . , σn) ∈ A(k, n− k) e�nai h anadi�taxh me σi = 1 an ui = x kai σi = 2
an ui = y. Sun�gete to zhtoÔmeno apì thn Prìtash 2.3.1.

31. Gia to (a), qrhsimopoi¸nta ton tÔpo (2.25), de�xte ìti

[
n
k

]

q

=

[
n− 1
k

]

q

+ qn−k

[
n− 1
k − 1

]

q

kai suneq�ste me epagwg  sto n− k. Gia to (b) qrhsimopoi ste p.q. thn Prìtash

2.3.2 kai parathr ste ìti o suntelest  tou qj
sto polu¸numo

qn−k−i

[
n− i− 1
k − 1

]

q

e�nai �so me to pl jo twn diamer�sewn tou j me k   ligìtera mèrh kai mègisto mèro

�so me n− k − i.
32.

33. (a) W gnwstìn, o q¸ro V èqei akrib¸ qn
stoiqe�a. 'Estw f(n, k) to pl jo twn

grammik¸n upìqwrwn di�stash k tou V kai èstw g(n, k) to pl jo twn akolouji¸n
(v1, v2, . . . , vk) m kou k grammik¸ anex�rthtwn dianusm�twn tou V . ParathroÔme
ìti

g(n, k) = (qn − 1)(qn − q) · · · (qn − qk−1)

diìti up�rqoun qn − 1 trìpoi na epilèxoume to v1 ¸ste v1 ∈ V − {0}, qn − q trìpoi
na epilèxoume to v2 ∈ V ¸ste na e�nai grammik¸ anex�rthto tou v1, q

n− q2 trìpoi

na epilèxoume to v3 ∈ V ¸ste na e�nai grammik¸ anex�rthto twn v1, v2 kai oÔtw

kajex . Ep�sh èqoume

g(n, k) = f(n, k) (qk − 1)(qk − q) · · · (qk − qk−1)

diìti up�rqoun f(n, k) trìpoi na epilèxoume to grammikì upìqwro W tou V di�-

stash k pou par�goun ta v1, v2, . . . , vk kai èpeita qk−1 trìpoi na epilèxoume to v1
¸ste v1 ∈W −{0}, qk− q trìpoi na epilèxoume to v2 ∈W ¸ste na e�nai grammik¸

anex�rthto tou v1 kai oÔtw kajex . ProkÔptei ìti

(qk − 1)(qk − q) · · · (qk − qk−1) f(n, k) = (qn − 1)(qn − q) · · · (qn − qk−1),
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dhlad  ìti f(n, k) =

[
n
k

]

q

.

(b) SÔmfwna me to (a), up�rqoun [
n
n1

]

q

trìpoi na epilèxoume ton upìqwro V1 tou V ¸ste dim(V1) = n1. Qrhsimopoi¸nta

epagwg  sto r blèpoume ìti, me dedomènh thn epilog  tou V1, up�rqoun

[
n− n1

n2, . . . , nr

]

q

epilogè gia thn (V2, . . . , Vr−1), diìti oi akolouj�e autè antistoiqoÔn sti alus�de
{0} ⊂ W2 ⊂ · · · ⊂ Wr−1 ⊂ V/V1 grammik¸n upìqwrwn tou q¸rou phl�kou V/V1,

tètoiwn ¸ste dim(Wi) = n2 + · · · + ni gia 2 ≤ i ≤ r − 1. To zhtoÔmeno prokÔptei

apì thn tautìthta

[
n
n1

]

q

[
n− n1

n2, . . . , nr

]

q

=

[
n

n1, n2, . . . , nr

]

q

.

To (g) e�nai h eidik  per�ptwsh n1 = · · · = nr = 1 tou (b).
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Kef�laio 3

Ekjetikè genn trie

sunart sei

H ènnoia th ekjetik  genn tria sun�rthsh d�nei ènan trìpo gia na parastaje�

mia akolouj�a w tupik  dunamoseir�, diaforetikì apì eke�non th sun jou gen-

n tria sun�rthsh. H qrhsimìthta th ènnoia aut  ofe�letai kur�w sth sundu-

astik  ermhne�a pou epidèqontai oi suntelestè mia tupik  dunamoseir� h opo�a

prokÔptei prosjètonta, pollaplasi�zonta   sunjètonta ekjetikè genn trie

sunart sei. Sto kef�laio autì ja melet soume tou basikoÔ sunduastikoÔ nì-

mou pou dièpoun ti pr�xei metaxÔ ekjetik¸n gennhtri¸n sunart sewn, kaj¸ kai

to nìmo antistrof  tou Lagrange. Ep�sh, ja perigr�youme di�fore efarmogè

se probl mata apar�jmhsh, sqetizìmena kur�w me thn apar�jmhsh dèndrwn kai

metajèsewn.

3.1 Orismo� kai parade�gmata

'Estw (an) mia akolouj�a migadik¸n arijm¸n, ìpou n ∈ N. H tupik  dunamoseir�

∑

n≥0

an
xn

n!
= a0 + a1x+ a2

x2

2!
+ a3

x3

3!
+ · · · (3.1)

lègetai ekjetik  genn tria sun�rthsh th (an). Ja sumbol�zoume thn tupik 

dunamoseir� (3.1) me Ef (x) an f : N → C e�nai h sun�rthsh me f(n) = an gia

n ∈ N, ¸ste

Ef (x) =
∑

n≥0

f(n)
xn

n!
. (3.2)
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Gia par�deigma, an f(n) = 1 gia k�je n ∈ N, tìte

Ef (x) =
∑

n≥0

xn

n!
= ex

(parapèmpoume sthn 'Askhsh 12 tou Kefala�ou 1 gia ti basikè idiìthte aut 

th tupik  dunamoseir�, ti opo�e ja qrhsimopoioÔme sto ex ). Ep�sh, an g(n)
e�nai to pl jo twn uposunìlwn tou [n], tìte g(n) = 2n

gia n ∈ N kai

Eg(x) =
∑

n≥0

2nx
n

n!
= e2x,

an h(n) e�nai to pl jo twn anadiat�xewn tou [n], tìte h(n) = n! gia n ∈ N kai

Eh(x) =
∑

n≥0

xn =
1

1− x

kai an t(n) e�nai to pl jo twn kuklik¸n anadiat�xewn tou [n] (dhlad  twn kÔklwn
w ∈ Sn m kou n), tìte (ìpw diapist¸same sthn Par�grafo 2.2.2) t(n) = (n−1)!
gia n ≥ 1 kai sunep¸

Et(x) =
∑

n≥1

xn

n
= log

1

1− x.

Par�deigma 3.1.1 'Estw f(n) to pl jo twn diamer�sewn tou sunìlou [n], k�je
mèro twn opo�wn èqei akrib¸ dÔo stoiqe�a. Qrhsimopoi¸nta thn Prìtash 1.2.2  

�llo trìpo (blèpe ep�sh 'Askhsh 25 (a) tou Kefala�ou 1), br�skoume ìti

f(n) =





(2k)!

2kk!
, an n = 2k

0, an n = 2k + 1

kai sunep¸

Ef (x) =
∑

k≥0

f(2k)
x2k

(2k)!
=
∑

k≥0

(x2/2)k

k!
= ex

2/2.
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3.2 Pr�xei

3.2.1 Prìsjesh kai pollaplasiasmì

Gia thn prìsjesh ekjetik¸n gennhtri¸n sunart sewn, apì thn (1.12) br�skoume ìti

gia f, g : N→ C isqÔei

Ef (x) + Eg(x) = Ef+g(x),

ìpou h f + g : N → C or�zetai jètonta (f + g)(n) = f(n) + g(n) gia n ∈ N.

Gia ton pollaplasiasmì ekjetik¸n gennhtri¸n sunart sewn èqoume thn akìloujh

prìtash.

Prìtash 3.2.1 Dosmènwn twn f, g : N→ C, or�zoume thn h : N→ C jètonta

h(#X) =
∑

(S,T )

f(#S) g(#T ) (3.3)

gia tuqa�o peperasmèno sÔnolo X, ìpou sto �jroisma tou dexioÔ mèlou to (S, T )
diatrèqei ti asjene� diatetagmène diamer�sei tou X me dÔo mèrh, dhlad  ta zeÔgh

(S, T ) uposunìlwn tou X me S ∩ T = ∅ kai S ∪ T = X. Tìte isqÔei

Eh(x) = Ef (x)Eg(x).

Apìdeixh. 'Estw ìti #X = n. Up�rqoun

(n
k

)
asjene� diatetagmène diamer�sei

(S, T ) tou X me #S = k, opìte #T = n− k. Epomènw, apì thn (3.3) èqoume

h(n) =

n∑

k=0

(
n

k

)
f(k)g(n − k).

Ep�sh, jètonta an = f(n)/n! kai bn = g(n)/n! sthn (1.13) gia n ∈ N, br�skoume

ìti Ef (x)Eg(x) =
∑

n≥0 cnx
n
, ìpou

cn =

n∑

k=0

f(k)

k!

g(n − k)
(n− k)! =

1

n!

n∑

k=0

(
n

k

)
f(k)g(n − k) =

1

n!
h(n).

Apì ta prohgoÔmena èpetai ìti Ef (x)Eg(x) =
∑

n≥0 h(n)xn

n! = Eh(x). ✷

Parat rhsh 3.2.1 Oi efarmogè th Prìtash 3.2.1 se probl mata apar�jmhsh

prokÔptoun apì thn ex  ermhne�a. 'Estw ìti f(#S) e�nai to pl jo k�poiwn sun-

duastik¸n dom¸n (ìpw uposÔnola, anadiat�xei, diamer�sei k.o.k.) pou up�rqoun
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se èna peperasmèno sÔnolo S, ti opo�e onom�zoume domè tÔpou α. 'Estw ep�sh

ìti g(#T ) e�nai to pl jo twn dom¸n tÔpou β pou up�rqoun se èna peperasmèno

sÔnolo T . 'Opw uponoe� o sumbolismì ma, upojètoume ìti to pl jo twn dom¸n

tÔpou α sto sÔnolo S exart�tai mìno apì to #S kai ìti to �dio isqÔei gia ti domè

tÔpou β. SÔmfwna me thn Prìtash 3.2.1, an h(#X) e�nai to pl jo twn trìpwn

na diamer�soume asjen¸ èna peperasmèno sÔnolo X se èna zeÔgo uposunìlwn S
kai T kai na epilèxoume m�a dom  tÔpou α sto S kai m�a dom  tÔpou β sto T , tìte
oi ekjetikè genn trie sunart sei twn f, g, h : N → C sundèontai me th sqèsh

Eh(x) = Ef (x)Eg(x). ✷

Gia par�deigma, an h(#X) e�nai to pl jo twn trìpwn na diameriste� asjen¸

èna peperasmèno sÔnolo X se èna zeÔgo uposunìlwn S kai T kai na epilege� èna

uposÔnolo tou S kai m�a kuklik  anadi�taxh tou T , tìte

Eh(x) =



∑

n≥0

2nx
n

n!





∑

n≥0

(n− 1)!
xn

n!


 = e2x · log

1

1− x.

Par�deigma 3.2.1 'Estw h(n) to pl jo twn trìpwn na diameriste� asjen¸ èna

sÔnolo X me n stoiqe�a se èna zeÔgo uposunìlwn S kai T kai na epilege� èna

stoiqe�o tou T . Tìte isqÔei h (3.3), ìpou f(#S) = 1 gia k�je peperasmèno sÔnolo S
kai g(#T ) = #T gia k�je peperasmèno sÔnolo T . 'Eqoume Ef (x) =

∑
n≥0

xn

n! = ex

kai

Eg(x) =
∑

n≥0

n · x
n

n!
= x

∑

n≥1

xn−1

(n− 1)!
= xex.

Apì thn Prìtash 3.2.1 prokÔptei ìti

Eh(x) = Ef (x)Eg(x) = xe2x =
∑

n≥0

2nxn+1

n!
=
∑

n≥1

n2n−1x
n

n!

kai sunep¸ h(n) = n2n−1
gia n ≥ 1. Fusik�, h sqèsh aut  mpore� na prokÔyei

eujèw apì ti arqè th Paragr�fou 1.1.2, afoÔ up�rqoun n trìpoi na epilege�

èna stoiqe�o x tou X kai 2n−1
trìpoi na epilege� èna uposÔnolo T tou X ètsi ¸ste

x ∈ T , opìte S = XrT .

Par�deigma 3.2.2 Ja sumbol�zoume me Fix(ϕ) to sÔnolo {x ∈ A : ϕ(x) = x}
twn stajer¸n shme�wn mia apeikìnish ϕ : A → A. ParathroÔme ìti gia tuqa�a

met�jesh w : X → X enì peperasmènou sunìlou X, ta sÔnola S = Fix(w)
kai T = XrS or�zoun mia asjen  diamèrish (S, T ) tou X kai ìti oi periorismo�
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u : S → S kai v : T → T th w sta S kai T , ant�stoiqa, e�nai metajèsei me

Fix(u) = S kai Fix(v) = ∅. Epiplèon, gia tuqa�a asjen  diamèrish (S, T ) tou X
kai metajèsei u : S → S kai v : T → T me Fix(u) = S kai Fix(v) = ∅, up�rqei

monadik  met�jesh w : X → X pou perior�zetai sti u kai v. Apì ta parap�nw

sumpera�noume ìti isqÔei h (3.3), ìpou

◦ h(#X) e�nai to pl jo twn metajèsewn w : X → X,

◦ f(#S) e�nai to pl jo twn metajèsewn u : S → S me Fix(u) = S kai

◦ g(#T ) e�nai to pl jo twn metajèsewn v : T → T me Fix(v) = ∅.

Profan¸ èqoume h(n) = n!, f(n) = 1 kai g(n) = Dn gia n ∈ N, ìpou Dn e�nai

to pl jo twn metajèsewn w ∈ Sn qwr� stajer� shme�a, ìpw sthn Par�grafo

2.2.6. Apì thn Prìtash 3.2.1 prokÔptei ìti

1

1− x = Eh(x) = Ef (x)Eg(x) = ex
∑

n≥0

Dn
xn

n!

kai sunep¸

∑

n≥0

Dn
xn

n!
=

e−x

1− x. (3.4)

Fusik�, h (3.4) e�nai isodÔnamh me ton tÔpo (2.20) gia to Dn.

Par�deigma 3.2.3 'Estw an to pl jo twn metajèsewn w ∈ Sn me w2(i) = i gia
k�je 1 ≤ i ≤ n (isodÔnama, me w−1 = w). Gia par�deigma, èqoume a0 = a1 = 1,
a2 = 2 kai a3 = 4.

ParathroÔme ìti gia th met�jesh w ∈ Sn isqÔei w2(i) = i gia 1 ≤ i ≤ n an kai

mìno an k�je kÔklo sthn kuklik  morf  th w èqei m ko 1   2. Epomènw, to an

aparijme� tou trìpou na diamer�soume asjen¸ to sÔnolo [n] se dÔo mèrh S kai T
kai na diamer�soume to S se monosÔnola (kÔklou m kou 1) kai to T se mèrh me dÔo

stoiqe�a to kajèna (kÔklou m kou 2). IsodÔnama isqÔei h (3.3), ìpou h(n) = an,

f(#S) e�nai to pl jo twn diamer�sewn tou S se monosÔnola kai g(#T ) e�nai to

pl jo twn diamer�sewn tou T se mèrh me dÔo stoiqe�a. Profan¸ f(n) = 1 gia k�je
n ∈ N, �ra Ef (x) = ex, en¸ sto Par�deigma 3.1.1 upolog�same ìti Eg(x) = ex

2/2
.

Apì ta parap�nw kai thn Prìtash 3.2.1 prokÔptei ìti Eh(x) = ex · ex2/2
, dhlad 

∑

n≥0

an
xn

n!
= ex+ x2

2
(3.5)

(blèpe ep�sh 'Askhsh 14 tou Kefala�ou 2). Apì thn (3.5) mporoÔme na ex�goume

di�fore plhrofor�e gia thn akolouj�a (an) w ex . Paragwg�zonta w pro x
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br�skoume

∑

n≥0

an+1
xn

n!
= (1 + x) ex+ x2

2 = (1 + x)
∑

n≥0

an
xn

n!
.

Exis¸nonta tou suntelestè tou xn
sta akra�a mèlh th prohgoÔmenh sqèsh

prokÔptei o anagwgikì tÔpo

an+1 = an + nan−1 (3.6)

gia n ≥ 1. Ep�sh, anaptÔssonta thn tupik  dunamoseir� ex+ x2

2
w

ex+ x2

2 = ex · ex2/2 =



∑

n≥0

xn

n!





∑

n≥0

x2n

2nn!




prokÔptei o tÔpo

an =

⌊n/2⌋∑

k=0

(
n

2k

)
(2k)!

2kk!
(3.7)

apì thn (3.5), gia n ∈ N.

Pìrisma 3.2.1 Dosmènwn twn f1, f2, . . . , fk : N → C, or�zoume thn h : N → C

jètonta

h(#X) =
∑

(S1,...,Sk)

f1(#S1) · · · fk(#Sk) (3.8)

gia peperasmèno sÔnolo X, ìpou sto �jroisma tou dexioÔ mèlou to (S1, . . . , Sk) dia-
trèqei ti asjene� diatetagmène diamer�sei tou X me k mèrh, dhlad  ti akolouj�e

(S1, . . . , Sk) uposunìlwn tou X me Si ∩ Sj = ∅ gia i 6= j kai S1 ∪ · · · ∪ Sk = X.

Tìte isqÔei

Eh(x) = Ef1
(x)Ef2

(x) · · ·Efk
(x).

Apìdeixh. To zhtoÔmeno prokÔptei me epagwg  sto k, ìpou h per�ptwsh k = 1 e�nai

tetrimmènh kai h per�ptwsh k = 2 isoduname� me thn Prìtash 3.2.1. ✷

Par�deigma 3.2.4 An fi(n) = 1 gia k�je n ∈ N kai 1 ≤ i ≤ k, tìte to dexiì

mèlo th (3.8) e�nai �so me to pl jo twn asjen¸n diatetagmènwn diamer�sewn tou

sunìlou [n] me k mèrh. ParathroÔme ìti up�rqoun akrib¸ kn
tètoie asjene�
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diamer�sei (exhg ste giat�) kai ìti Efi
(x) =

∑
n≥0

xn

n! gia 1 ≤ i ≤ k. Apì to

Pìrisma 3.2.1 prokÔptei ìti isqÔei



∑

n≥0

xn

n!




k

=
∑

n≥0

knxn

n!

(dhlad  h gnwst  tautìthta (ex)k = ekx
) sto C[x].

Par�deigma 3.2.5 An fi(0) = 0 kai fi(n) = 1 gia 1 ≤ i ≤ k kai n ≥ 1, tìte to

dexiì mèlo th (3.8) aparijme� ti diatetagmène diamer�sei tou sunìlou [n] me k
(mh ken�) mèrh. Epomènw, apì to Pìrisma 3.2.1 pa�rnoume

Ef1
(x)Ef2

(x) · · ·Efk
(x) =

∑

n≥0

k!S(n, k)
xn

n!
,

ìpou me S(n, k) sumbol�zoume to pl jo twn diamer�sewn tou sunìlou [n] me k mèrh.

Oi arijmo� S(n, k) onom�zontai arijmo� Stirling tou deÔterou e�dou (blèpe ep�sh

'Askhsh 13 tou Kefala�ou 2). AfoÔ Efi
(x) =

∑
n≥1

xn

n! = ex − 1 gia 1 ≤ i ≤ k,
sumpera�noume ìti

∑

n≥0

S(n, k)
xn

n!
=

1

k!
(ex − 1)k. (3.9)

AnaptÔssonta

(ex − 1)k =
k∑

i=0

(
k

i

)
(−1)k−ieix =

k∑

i=0

(
k

i

)
(−1)k−i

∑

n≥0

inxn

n!

kai exis¸nonta tou suntelestè tou

xn

n! sta dÔo mèlh th (3.9) prokÔptei o tÔpo

S(n, k) =
1

k!

k∑

i=0

(
k

i

)
(−1)k−i in (3.10)

gia to S(n, k).

Par�deigma 3.2.6 'Estw bn to pl jo twn metajèsewn w ∈ Sn gia ti opo�e

oi w kai w2
den èqoun stajer� shme�a (dhlad  gia ti opo�e isqÔei w(i) 6= i kai

w2(i) 6= i gia 1 ≤ i ≤ n). IsodÔnama, bn e�nai to pl jo twn metajèsewn w ∈ Sn, h

kuklik  morf  twn opo�wn den perièqei kÔklou m kou 1   2. Ja de�xoume ìti

∑

n≥0

bn
xn

n!
= e−x−x2

2 · (1− x)−1. (3.11)
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Akolouj¸nta to skeptikì twn Paradeigm�twn 3.2.3 kai 3.2.2, parathroÔme ìti mia

met�jesh w : X → X enì peperasmènou sunìlou X kajor�zetai apì mia asjen 

diamèrish (S1, S2, S3) tou X, mia diamèrish tou S1 se monosÔnola (kÔkloi m kou

1), mia diamèrish tou S2 se mèrh me dÔo stoiqe�a to kajèna (kÔkloi m kou 2) kai

mia met�jesh u : S3 → S3, h kuklik  morf  th opo�a den perièqei kÔklou m kou

1   2. Kat� sunèpeia isqÔei h (3.8), ìpou h(#X) e�nai to pl jo twn metajèsewn

w : X → X, f1(#S) e�nai to pl jo twn diamer�sewn tou S se monosÔnola, f2(#T )
e�nai to pl jo twn diamer�sewn tou T se mèrh me dÔo stoiqe�a kai f3(n) = bn gia

n ∈ N. 'Opw e�dame sta Parade�gmata 3.2.3 kai 3.2.2 isqÔoun Eh(x) = 1/(1 − x),
Ef1

(x) = ex kai Ef2
(x) = ex

2/2
. Apì ta parap�nw kai to Pìrisma 3.2.1 prokÔptei

ìti

1

1− x = Eh(x) = Ef1
(x)Ef2

(x)Ef3
(x) = ex · ex2/2 ·

∑

n≥0

bn
xn

n!

kai sunep¸ h (3.11).

3.2.2 SÔnjesh

Upenjum�zoume (blèpe Prìtash 1.1.5 (b)) ìti h sÔnjesh Eg(Ef (x)) dÔo ekjetik¸n

gennhtri¸n sunart sewn Eg(x) kai Ef (x) or�zetai sto C[[x]] an f(0) = 0.

Je¸rhma 3.2.1 (TÔpo Sunjèsew) Dosmènwn twn f, g : N→ C me f(0) = 0 kai

g(0) = 1, or�zoume thn h : N→ C jètonta h(0) = 1 kai

h(#X) =
∑

π∈Π(X)

f(#B1) · · · f(#Bk) g(k) (3.12)

gia mh kenì peperasmèno sÔnolo X, ìpou sto �jroisma tou dexioÔ mèlou, Π(X)
e�nai to sÔnolo twn diamer�sewn π = {B1, . . . , Bk} tou X. Tìte isqÔei

Eh(x) = Eg(Ef (x)).

Apìdeixh. 'Estw ìti #X = n kai èstw hk(n) to dexiì mèlo th (3.12) gia stajerì

k. Apì to Pìrisma 3.2.1 èqoume

(Ef (x))k =
∑

n≥1




∑

(B1,...,Bk)

f(#B1) · · · f(#Bk)


 xn

n!
,

ìpou to eswterikì �jroisma diatrèqei ti asjene� diatetagmène diamer�sei tou X
me k mèrh. AfoÔ f(0) = 0, sto �jroisma autì suneisfèroun mìno oi diamer�sei me
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mh ken� mèrh. Epiplèon, ta mèrh k�je tètoia diamèrish e�nai diaforetik� an� dÔo

kai mporoÔn na anadiataqjoÔn me k! trìpou. Apì ta parap�nw prokÔptei ìti

g(k) (Ef (x))k = k!Ehk
(x)

kai sunep¸

Eh(x) = 1 +
∑

k≥1

Ehk
(x) =

∑

k≥0

g(k)

k!
(Ef (x))k = Eg(Ef (x)).

✷

Qrhsimopoi¸nta thn orolog�a th Parat rhsh 3.2.1, mporoÔme na ermhneÔ-

soume to Je¸rhma 3.2.1 w ex . 'Estw ìti f(#S) kai g(#T ) e�nai to pl jo twn

dom¸n tÔpou α kai tÔpou β, ant�stoiqa, sta peperasmèna sÔnola S kai T . An

h(#X) e�nai to pl jo twn trìpwn na epilèxoume m�a diamèrish π tou peperasmènou

sunìlou X, m�a dom  tÔpou α se k�je mèro th π kai m�a dom  tÔpou β sto sÔnolo

twn mer¸n th π, tìte oi ekjetikè genn trie sunart sei twn f, g, h : N → C

sundèontai me th sqèsh Eh(x) = Eg(Ef (x)).

Par�deigma 3.2.7 'Estw h(n) to pl jo twn trìpwn na qwr�soume èna sÔnolo n
stratiwt¸n se seirè (mh ken�, olik� diatetagmèna uposÔnola) kai na anadiat�xoume

ti seirè metaxÔ tou. Gia par�deigma, mia tètoia di�taxh me n = 10 e�nai h

4 9 6 2
8 1 10

7 3
5

ìpou oi seirè emfan�zontai apì arister� pro ta dexi� kai èqoun stoiqhje� w

pro ton pr¸to strati¸th th kajemi�. ParathroÔme ìti isqÔei h (3.12), ìpou

f(m) = m! e�nai to pl jo twn anadiat�xewn enì sunìlou m stratiwt¸n kai

g(k) = k! e�nai to pl jo twn anadiat�xewn twn k seir¸n. Apì to Je¸rhma 3.2.1

èqoume Eh(x) = Eg(Ef (x)), ìpou

Ef (x) =
∑

m≥1

f(m)
xm

m!
= x/(1− x)

kai

Eg(x) =
∑

k≥0

g(k)
xk

k!
= 1/(1 − x),
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dhlad 

Eh(x) =
1

1− x/(1− x) = 1 +
x

1− 2x
= 1 +

∑

n≥1

2n−1n!
xn

n!
.

Sumpera�noume ìti isqÔei h(n) = 2n−1n! gia k�je jetikì akèraio n kai af noume

ston anagn¸sth na apode�xei autìn ton tÔpo qrhsimopoi¸nta mìno ti arqè th

Paragr�fou 1.1.2.

3.2.3 O ekjetikì tÔpo

To epìmeno je¸rhma prokÔptei apì to Je¸rhma 3.2.1 jètonta g(k) = 1 gia k�je

k ∈ N, opìte Eg(x) = ex.

Je¸rhma 3.2.2 (Ekjetikì TÔpo) Dosmènh th f : N → C me f(0) = 0, or�-
zoume thn h : N→ C jètonta h(0) = 1 kai

h(#X) =
∑

π∈Π(X)

f(#B1) · · · f(#Bk) (3.13)

gia mh kenì peperasmèno sÔnolo X, ìpou sto �jroisma tou dexioÔ mèlou, Π(X)
e�nai to sÔnolo twn diamer�sewn π = {B1, . . . , Bk} tou X. Tìte isqÔei

Eh(x) = exp (Ef (x)),

ìpou exp(x) := ex.

W eidik  per�ptwsh th ermhne�a pou d¸same gia to Je¸rhma 3.2.1 blèpoume

ìti an f(#B) e�nai to pl jo twn dom¸n tÔpou α se èna peperasmèno sÔnolo B kai

h(#X) e�nai to pl jo twn trìpwn na epilèxoume m�a diamèrish π tou peperasmènou

sunìlou X kai m�a dom  tÔpou α se k�je mèro th π, tìte oi ekjetikè genn trie
sunart sei twn f, h : N→ C sundèontai me th sqèsh Eh(x) = exp(Ef (x)).

Par�deigma 3.2.8 (a) Jètonta f(n) = 1 gia n ≥ 1, to dexiì mèlo th (3.13)

e�nai �so me to pl jo, èstw Bn, twn diamer�sewn enì sunìlou me n stoiqe�a. AfoÔ

Ef (x) =
∑

n≥1
xn

n! = ex − 1, apì to Je¸rhma 3.2.2 prokÔptei ìti

∑

n≥0

Bn
xn

n!
= exp (ex − 1). (3.14)

Oi akèraioi Bn lègontai arijmo� tou Bell. Gia par�deigma èqoume B0 = B1 = 1,
B2 = 2, B3 = 5 kai B4 = 15, ìpou oi pènte diamer�sei tou sunìlou {1, 2, 3} e�nai
oi {{1}, {2}, {3}}, {{1, 2}, {3}}, {{1, 3}, {2}}, {{2, 3}, {1}} kai {{1, 2, 3}}.
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(b) 'Opw upenjum�same sthn Par�grafo 3.1, up�rqoun (n − 1)! kuklikè ana-
diat�xei enì sunìlou me n stoiqe�a. Epomènw, jètonta f(1) = 0 kai f(n) =
(n− 1)! gia n ≥ 2, to dexiì mèlo th (3.13) e�nai �so me to pl jo twn metajèsewn

w ∈ Sn h kuklik  dom  twn opo�wn perièqei mìnon kÔklou m kou megalÔterou tou

1, dhlad  me to pl jo Dn twn metajèsewn w ∈ Sn qwr� stajer� shme�a. Apì to

Je¸rhma 3.2.2 prokÔptei ìti

∑

n≥0

Dn
xn

n!
= exp (Ef (x)) = exp



∑

n≥2

xn

n


 = e−x · exp



∑

n≥1

xn

n




= e−x · exp (log
1

1− x) =
e−x

1− x,

se sumfwn�a me thn (3.4).

(g) 'Estw jetikì akèraio k. Jètonta f(n) = (n − 1)! gia 1 ≤ n ≤ k sthn

(3.13) kai f(n) = 0 gia ti upìloipe timè tou n kai ergazìmenoi ìpw sto (b),

br�skoume ìti

∑

n≥0

h(n)
xn

n!
= exp

(
x+

x2

2
+ · · ·+ xk

k

)
, (3.15)

ìpou h(n) e�nai to pl jo twn metajèsewn w ∈ Sn h kuklik  dom  twn opo�wn

den perièqei kÔklou m kou megalÔterou tou k. Gia k = 2 prokÔptei h ekjetik 

genn tria sun�rthsh tou Parade�gmato 3.2.3.

3.3 O tÔpo antistrof  tou Lagrange

'Estw F (x) ∈ C[[x]] me F (0) = 0.

Orismì 3.3.1 H F (x) lègetai antistrèyimh w pro th sÔnjesh sto C[[x]] an
up�rqei G(x) ∈ C[[x]] ¸ste na isqÔei

F (G(x)) = G(F (x)) = x (3.16)

sto C[[x]]. Mia tupik  dunamoseir� G(x) me autè ti idiìthte lègetai ant�strofh
(w pro th sÔnjesh) th F (x).

Gia par�deigma, èstw h tupik  dunamoseir� F (x) =
∑

n≥1 x
n = x

1−x . LÔnonta

thn ex�swsh F (y) = x w pro y, br�skoume y = x/(1 + x). ParathroÔme ìti

h G(x) = x
1+x =

∑
n≥1(−1)n−1xn

or�zetai w stoiqe�o tou C[[x]] kai ìti isqÔei
h (3.16). Sunep¸ h F (x) e�nai antistrèyimh w pro th sÔnjesh sto C[[x]] me
ant�strofh th G(x).
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E�nai fanerì ìti an F (0) = 0 kai isqÔei h (3.16), tìte G(0) = 0. Sumbol�zoume
me xC[[x]] to sÔnolo (ide¸de tou C[[x]]) twn tupik¸n dunamoseir¸n F (x) ∈ C[[x]]
me F (0) = 0. H akìloujh prìtash d�nei mia ikan  kai anagka�a sunj kh gia na e�nai

mia tupik  dunamoseir� F (x) ∈ xC[[x]] antistrèyimh w pro th sÔnjesh.

Prìtash 3.3.1 Gia thn tupik  dunamoseir� F (x) =
∑

n≥1 anx
n ∈ C[[x]], ta

akìlouja e�nai isodÔnama:

(i) H F (x) e�nai antistrèyimh w pro th sÔnjesh.

(ii) Up�rqei G(x) ∈ xC[[x]] ¸ste na isqÔei F (G(x)) = x sto C[[x]].

(iii) Up�rqei G(x) ∈ xC[[x]] ¸ste na isqÔei G(F (x)) = x sto C[[x]].

(iv) a1 6= 0.

Apìdeixh. Jètonta G(x) =
∑

n≥1 bnx
n ∈ xC[[x]], èqoume

F (G(x)) =
∑

n≥1

an(G(x))n =
∑

n≥1

an(b1x+ b2x
2 + · · ·)n

= a1 (b1x+ b2x
2 + · · ·) + a2 (b1x+ b2x

2 + · · ·)2 + · · ·

= a1b1x + (a1b2 + a2b
2
1)x

2 + · · ·

kai sunep¸ h isìthta F (G(x)) = x e�nai isodÔnamh me to sÔsthma twn exis¸sewn

a1b1 = 1

a1b2 + a2b
2
1 = 0

a1b3 + 2a2b1b2 + a3b
3
1 = 0

· · ·
a1bn + · · ·+ anb

n
1 = 0

· · ·

ParathroÔme ìti dosmènwn twn a1, a2, . . . to sÔsthma autì èqei lÔsh (b1, b2, . . .)
an kai mìno an a1 6= 0. Epiplèon, sthn per�ptwsh aut  h lÔsh e�nai monadik .

Omo�w, dosmènwn twn b1, b2, . . . to sÔsthma èqei (monadik ) lÔsh (a1, a2, . . .) an

kai mìno an b1 6= 0. Autì apodeiknÔei ti isodunam�e (ii) ⇔ (iv) kai (iii) ⇔ (iv).
Profan¸ isqÔoun oi (i) ⇒ (ii) kai (i) ⇒ (iii). Antistrìfw, an isqÔoun oi (ii)
kai (iii), dhlad  an F (G(x)) = H(F (x)) = x gia k�poie tupikè dunamoseirè

G(x),H(x) ∈ xC[[x]], tìte G(x) = H(F (G(x))) = H(x) kai sunep¸ h F (x) e�nai
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antistrèyimh me ant�strofh th G(x), dhlad  isqÔei h (i). Autì oloklhr¸nei thn

apìdeixh th prìtash. ✷

'Opw e�dame sthn apìdeixh th Prìtash 3.3.1, an h ant�strofh G(x) th F (x)
w pro th sÔnjesh up�rqei, tìte aut  e�nai monadik . Ja sumbol�zoume thn tupik 

dunamoseir� G(x) me F 〈−1〉(x).

Par�deigma 3.3.1 Sth lÔsh th 'Askhsh 7 d�netai mia sunduastik  apìdeixh th

tautìthta F (G(x)) = x sto C[[x]], ìpou F (x) =
∑

n≥1
xn

n! = ex − 1 kai G(x) =∑
n≥1(−1)n−1 xn

n = log(1 + x). Apì thn Prìtash 3.3.1 prokÔptei ìti isqÔei ep�sh

G(F (x)) :=
∑

n≥1

(−1)n−1 (F (x))n

n
= x

sto C[[x]] kai èqoume G(x) = F 〈−1〉(x).

To Je¸rhma antistrof  tou Lagrange parèqei ènan tÔpo gia tou suntelestè

opoiasd pote dÔnamh th F 〈−1〉(x).

Je¸rhma 3.3.1 (TÔpo Antistrof  tou Lagrange) 'Estw tupik  dunamoseir�

F (x) =
∑

n≥1 anx
n ∈ C[[x]] me a1 6= 0. Gia mh arnhtikoÔ akera�ou k, n isqÔei

n[xn] (F 〈−1〉(x))k = k[xn−k]

(
x

F (x)

)n

. (3.17)

Apìdeixh. Sthn apìdeixh aut  ja ergastoÔme se èna daktÔlio tupik¸n dunamoseir¸n

megalÔtero tou C[[x]]. Sugkekrimèna, jewroÔme to daktÔlio twn tupik¸n dunamo-

seir¸n th morf 

∑
n≥n0

cnx
n
me n0 ∈ Z kai suntelestè cn ∈ C (sti opo�e

epitrèpontai peperasmènou pl jou mon¸numa me arnhtikoÔ ekjète). 'Estw ìti

(F 〈−1〉(x))k =
∑

i≥k

pix
i. (3.18)

Jètonta ìpou x to F (x) kai paragwg�zonta w pro x, pa�rnoume diadoqik�

xk =
∑

i≥k

pi(F (x))i

kai

kxk−1 =
∑

i≥k

ipi (F (x))i−1 · F ′(x).

107



H teleuta�a isìthta gr�fetai

kxk−1

(F (x))n
=
∑

i≥k

ipi (F (x))i−n−1 · F ′(x), (3.19)

ìpou, gia par�deigma, sto daktÔlio pou ergazìmaste isqÔei

xk−1

(F (x))n
=

xk−1

(a1x+ a2x2 + · · ·)n = xk−n−1 (a1 + a2x+ · · ·)−n

kai h (a1 + a2x + · · ·)−n
or�zetai sto C[[x]], afoÔ a1 6= 0. Exis¸noume t¸ra tou

suntelestè tou x−1
sta dÔo mèlh th (3.19). Gia to aristerì mèlo, o suntelest 

tou x−1
e�nai �so me

k[x−k] (F (x))−n = k[xn−k]

(
x

F (x)

)n

.

Gia to dexiì mèlo, parathroÔme ìti mìno o ìro i = n tou ajro�smato suneisfèrei

sto suntelest  tou x−1
. Pr�gmati, gia i 6= n èqoume

(F (x))i−n−1 · F ′(x) = 1/(i − n) · d

dx
(F (x))i−n

kai o suntelest  tou x−1
sthn par�gwgo opoiasd pote tupik  dunamoseir�∑

n≥n0
cnx

n
e�nai �so me mhdèn. Kat� sunèpeia, o suntelest  tou x−1

sto dexiì

mèlo th (3.19) e�nai �so me

npn [x−1] (F (x))−1 · F ′(x) = npn [x−1]
a1 + 2a2x+ · · ·
a1x+ a2x2 + · · · =

npn [x0]
a1 + 2a2x+ · · ·
a1 + a2x+ · · · = npn = n[xn] (F 〈−1〉(x))k

kai epomènw isqÔei h (3.17). ✷

Sth sunèqeia ja perigr�youme mia efarmog  tou Jewr mato 3.3.1, sqetizìmenh

me thn apar�jmhsh dèndrwn. Gia to skopì autì, or�zoume sthn par�grafo aut  w

(aplì, mh kateujunìmeno) gr�fhma èna zeÔgo sunìlwn G = (N,E) me E ⊆
(N

2

)

(gia èna genikìtero orismì kai perissìtere plhrofor�e gia graf mata, dèndra kai

d�sh parapèmpoume sto Kef�laio 5). Ta stoiqe�a twn N kai E lègontai korufè kai

akmè tou G, ant�stoiqa. Upojètonta ìti to sÔnolo koruf¸nN e�nai peperasmèno,

to G lègetai d�so an den up�rqoun diakekrimène korufè u1, u2, . . . , ur ∈ N
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Sq ma 3.1: 'Ena d�so me trei sunist¸se sto sÔnolo koruf¸n [10].

me r ≥ 3, tètoie ¸ste {u1, u2}, . . . , {ur−1, ur}, {ur , u1} ∈ E. Sto Sq ma 3.1

apeikon�zetai èna d�so sto sÔnolo koruf¸n [10].

K�je d�so me n korufè èqei to polÔ n− 1 akmè. 'Ena d�so lègetai dèndro

an èqei akrib¸ n − 1 akmè (isodÔnama, an e�nai sunektikì gr�fhma). Sto Sq ma

3.2 apeikon�zetai èna dèndro sto sÔnolo koruf¸n [9]. An èna d�so G = (N,E)
èqei n korufè kai n − k akmè (opìte k ≥ 1), tìte up�rqei monadik  diamèrish

{B1, B2, . . . , Bk} tou sunìlou N tètoia ¸ste gia k�je 1 ≤ i ≤ k, to E ∩
(Bi

2

)
na

e�nai to sÔnolo twn akm¸n enì dèndrou me sÔnolo koruf¸n Bi. Ta dèndra aut� lè-

gontai (sunektikè) sunist¸se tou G. Gia par�deigma, to d�so tou Sq mato 3.1

èqei trei sunist¸se, me ant�stoiqh diamèrish {{1, 4, 6, 8, 10}, {2, 5, 7, 9}, {3}}. 'Ena
d�so me r�ze e�nai èna d�so G sto opo�o èqoume epilèxei mia diakekrimènh koruf 

(r�za) gia k�je sunist¸sa tou G. An to G èqei m�a sunist¸sa, tìte lègetai dèndro

me r�za.

7

9

6 2

1

8

4
5

3

Sq ma 3.2: 'Ena dèndro sto sÔnolo koruf¸n [9].

Prìtash 3.3.2 To pl jo twn das¸n me r�ze sto sÔnolo koruf¸n [n] ta opo�a

èqoun k sunist¸se (isodÔnama, r�ze) e�nai �so me

(n−1
k−1

)
nn−k

. Edikìtera, to pl jo

109



twn dèndrwn me r�za (ant�stoiqa, dèndrwn) sto sÔnolo koruf¸n [n] e�nai �so me nn−1

(ant�stoiqa, nn−2
).

Apìdeixh. 'Estw r(n) to pl jo twn dèndrwn me r�za sto sÔnolo koruf¸n [n] kai
èstw R(x) =

∑
n≥1 r(n)xn

n! . 'Estw ep�sh t(n) to pl jo twn dèndrwn sto sÔnolo

koruf¸n [n]. Apì ton ekjetikì tÔpo (Je¸rhma 3.2.2) prokÔptei ìti

exp (R(x)) =
∑

n≥0

p(n)
xn

n!
, (3.20)

ìpou p(n) e�nai to pl jo twn das¸n me r�ze sto sÔnolo koruf¸n [n], me p(0) = 1.
Ja de�xoume ìti r(n) = nt(n) kai t(n) = p(n − 1) gia n ≥ 1. Pr�gmati, h pr¸th

sqèsh isqÔei afoÔ gia k�je dèndro T sto sÔnolo koruf¸n [n] up�rqoun akrib¸ n
epilogè mia r�za. Gia th deÔterh sqèsh parathroÔme ìti afair¸nta thn koruf  n
apì èna dèndro T sto sÔnolo koruf¸n [n] kai ti akmè pou thn perièqoun, prokÔptei
èna d�so ϕ(T ) me r�ze sto sÔnolo koruf¸n [n− 1], oi r�ze tou opo�ou or�zontai

w oi akèraioi j ∈ [n − 1] gia tou opo�ou to {j, n} e�nai akm  tou T . Epiplèon,

h ϕ e�nai amfimonos manth apeikìnish (exhg ste giat�) apì to sÔnolo twn dèndrwn

me sÔnolo koruf¸n [n] sto sÔnolo twn das¸n me r�ze me sÔnolo koruf¸n [n− 1].
Apì ti r(n) = nt(n) kai t(n) = p(n− 1) èpetai ìti r(n) = np(n− 1) kai sunep¸

x exp (R(x)) =
∑

n≥0

p(n)
xn+1

n!
=
∑

n≥1

p(n− 1)
xn

(n − 1)!

=
∑

n≥1

np(n− 1)
xn

n!
=
∑

n≥1

r(n)
xn

n!
= R(x).

De�xame ìti

R(x) = x exp (R(x)), (3.21)

dhlad  ìti F (R(x)) = x, ìpou F (y) = ye−y
. Epomènw, gia thn tupik  dunamoseir�

R(x) isqÔei R(x) = F 〈−1〉(x). Apì to Pìrisma 3.2.1 br�skoume ìti

(R(x))k =
∑

n≥0

k! pk(n)
xn

n!
, (3.22)

ìpou pk(n) e�nai to pl jo twn das¸n me r�ze sto sÔnolo koruf¸n [n] ta opo�a

èqoun akrib¸ k sunist¸se. Apì to Je¸rhma 3.3.1 prokÔptei ìti

pk(n) =
n!

k!
[xn] (R(x))k =

n!

k!
[xn] (F 〈−1〉(x))k

110



=
k · n!

n · k! [xn−k]

(
x

F (x)

)n

=
(n − 1)!

(k − 1)!
[xn−k] enx

=
(n− 1)!

(k − 1)!

nn−k

(n− k)! =

(
n− 1

k − 1

)
nn−k.

Gia k = 1 èqoume r(n) = p1(n) = nn−1
. Tèlo, apì th sqèsh aut  kai thn

r(n) = nt(n) èpetai ìti t(n) = nn−2
gia k�je n. ✷

Shmei¸noume ìti h isìthta t(n) = nn−2
e�nai gnwst  w tÔpo tou Cayley gia to

pl jo twn dèndrwn se èna sÔnolo koruf¸n me n stoiqe�a. Oloklhr¸noume autì

to kef�laio me mia akìmh efarmog  tou Jewr mato 3.3.1.

Par�deigma 3.3.2 'Estw an,k to pl jo twn mh diastauroÔmenwn diamer�sewn

(blèpe Par�grafo 1.2.4) tou sunìlou [kn], k�je mèro twn opo�wn èqei k stoiqe�a.

Gia n = 4 kai k = 3, mia tètoia diamèrish apeikon�zetai sto Sq ma 3.3. Ja de�xoume

ìti isqÔei

an,k =
1

(k − 1)n + 1

(
kn

n

)
. (3.23)

1 2 3 4 5 6 7 8 9 10 11 12

Sq ma 3.3: H diamèrish {{1, 2, 9}, {3, 7, 8}, {4, 5, 6}, {10, 11, 12}} tou [12].

'Estw NCk(n) to sÔnolo twn mh diastauroÔmenwn diamer�sewn tou [kn], k�je
mèro twn opo�wn èqei k stoiqe�a kai èstw π ∈ NCk(n). 'Estw B = {b1, b2, . . . , bk}
to mèro th π pou perièqei to 1, ìpou 1 = b1 < b2 < · · · < bk. Gia 1 ≤ i ≤ k, èstw
Ni to sÔnolo twn akera�wn j me bi < j < bi+1, ìpou bk+1 = kn + 1. ParathroÔme
ìti k�je mèro th π ektì tou B perièqetai se k�poio apì ta sÔnola Ni. Kat�

sunèpeia, ta mèrh aut� or�zoun diamer�sei σ1, σ2, . . . , σk twn N1, N2, . . . , Nk, ant�-

stoiqa. Gia to par�deigma tou Sq mato 3.3 èqoume N1 = ∅, N2 = {3, 4, 5, 6, 7, 8},
N3 = {10, 11, 12} kai σ1 = ∅, σ2 = {{3, 7, 8}, {4, 5, 6}}, σ3 = {{10, 11, 12}}.
Profan¸, gia 1 ≤ i ≤ k to pl jo twn stoiqe�wn tou Ni e�nai �so me rik gia k�poio

ri ∈ N kai isqÔei r1 + · · ·+ rk = n− 1. Ep�sh, afair¸nta to bi apì k�je stoiqe�o
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mèrou th σi prokÔptei diamèrish πi ∈ NCk(ri). Gia to par�deigma tou Sq mato

3.3 èqoume π1 = ∅, π2 = {{1, 5, 6}, {2, 3, 4}}, π3 = {{1, 2, 3}}. ParathroÔme tèlo
ìti bi = (r1 + · · ·+ ri−1)k + i gia k�je i kai sunep¸ to B, �ra kai h diamèrish π,
or�zontai monos manta apì ti π1, π2, . . . , πk. Apì ta parap�nw sumpera�noume ìti

an,k =
∑

r1+···+rk=n−1

ar1,k ar2,k · · · ark,k, (3.24)

ìpou am,0 = 1 kat� sÔmbash kai to �jroisma sto dexiì mèlo diatrèqei ti lÔsei

th ex�swsh r1+ · · ·+rk = n−1 sto sÔnolo twn mh arnhtik¸n akera�wn. Jètonta

G(x) =
∑

n≥1

an,kx
n

kai anagnwr�zonta to dexiì mèlo th (3.24) w to suntelest  tou xn−1
sthn tupik 

dunamoseir� (
∑

n≥0 an,kx
n)k = (1 +G(x))k prokÔptei ìti

G(x) = x (1 +G(x))k . (3.25)

Sunep¸ èqoume G(x) = F 〈−1〉(x), ìpou F (x) = x/(1+x)k. Apì to Je¸rhma 3.3.1

prokÔptei ìti

an,k =
1

n
[xn−1]

(
x

F (x)

)n

=
1

n
[xn−1] (1 + x)kn =

1

n

(
kn

n− 1

)

=
1

(k − 1)n+ 1

(
kn

n

)
,

dhlad  h (3.23).

3.4 Ask sei

1. 'Estw daktÔlio R (me mon�da) qarakthristik  mhdèn kai a, b ∈ R me ab = ba.
De�xte sunduastik� ìti isqÔei



∑

n≥0

anxn

n!





∑

n≥0

bnxn

n!


 =

∑

n≥0

(a+ b)n
xn

n!

(dhlad  h gnwst  tautìthta eax · ebx = e(a+b)x
) sto daktÔlio R[[x]] twn

tupik¸n dunamoseir¸n me suntelestè apì to R, ìpou oi pr�xei sto daktÔlio

autì or�zontai ìpw sthn Par�grafo 1.1.3.
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2. Sumbol�zoume me en (ant�stoiqa, me on) to pl jo twn �rtiwn (ant�stoiqa,

peritt¸n) metajèsewn tou [n] qwr� stajer� shme�a. De�xte ìti en − on =
(−1)n−1(n− 1)! gia k�je n ≥ 1.

3. 'Estw en(x) =
∑n

k=0 S(n, k)xk
, ìpou S(n, k) e�nai oi arijmo� Stirling tou

deÔterou e�dou kai e0(x) = 1.

(a) De�xte ìti

∑

n≥0

en(x)
yn

n!
= exp (x(ey − 1)).

(b) De�xte ìti

en(x) = e−x
∑

m≥0

mnx
m

m!
.

(g) De�xte ìti en(x) = e−x (x · d/dx)n ex.

4. De�xte ìti

∑

n≥0

Bn(x)
tn

n!
=

(1− x)et(1−x)

1− xe2t(1−x)
, (3.26)

ìpou Bn(x) =
∑

w∈Bn
xdesB(w)

e�nai to polu¸numo th 'Askhsh 21 tou Ke-

fala�ou 2 kai B0(x) = 1.

5. De�xte ìti

∑

n≥0

dn(x)
tn

n!
=

(1− x)e−xt

1− xe(1−x)t
, (3.27)

ìpou dn(x) =
∑

w∈Dn
xexc(w)

e�nai to polu¸numo th 'Askhsh 28 tou Ke-

fala�ou 2.

6. Gia akera�ou n ≥ 1 kai k ≥ 0, èstw an,k to pl jo twn eujei¸n sto q¸ro

Rn
pou mporoÔn na grafoÔn w tomè k�poiwn apì ta affinik� uperep�peda

Hi,j,r = {(x1, x2, . . . , xn) ∈ Rn : xi = xj + r}

tou Rn
, ìpou oi i, j, k e�nai akèraioi me 1 ≤ i, j ≤ n kai |r| ≤ k. Qrhsi-

mopoi¸nta ton tÔpo th sunjèsew gia ekjetikè genn trie sunart sei,

de�xte ìti

∑

n≥1

an,k
xn

n!
=

ex − 1

(1 + k)− kex .
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7. 'Estw F (x) =
∑

n≥1
xn

n kai G(x) =
∑

n≥1(−1)n−1 xn

n . De�xte sunduastik�,

me qr sh tou ekjetikoÔ tÔpou, ìti sto C[[x]] isqÔoun

∑

n≥0

(F (x))n

n!
= 1 + x+ x2 + · · · (3.28)

kai ∑

n≥0

(G(x))n

n!
= 1 + x, (3.29)

dhlad  oi gnwstè tautìthte exp(log( 1
1−x)) = 1

1−x kai exp(log(1 + x)) =
1 + x, ant�stoiqa.

8. 'Estw f(n) to pl jo twn metajèsewn w ∈ Sn oi opo�e den èqoun stajer�

shme�a kai ikanopoioÔn th sqèsh w3 = 1.

(a) Bre�te ènan aplì kleistì tÔpo gia thn Ef (x).

(b) Sun�gete ènan aplì kleistì tÔpo gia to f(n). D¸ste mia euje�a sundu-

astik  apìdeixh autoÔ tou tÔpou.

(g) 'Estw pr¸to arijmì p. GenikeÔste gia ti metajèsei w ∈ Sn oi opo�e

den èqoun stajer� shme�a kai ikanopoioÔn th sqèsh wp = 1.

9. 'Estw Ωn = {1,−1, 2,−2, . . . , n,−n}. Sumbol�zoume me bn to pl jo twn

amfimonos mantwn apeikon�sewn w : Ωn → Ωn gia ti opo�e isqÔei w = w−1

kai w(−i) = −w(i) gia 1 ≤ i ≤ n.

(a) Upolog�ste thn ekjetik  genn tria sun�rthsh

∑
n≥0 bn

xn

n! .

(b) De�xte ìti bn+1 = 2 (bn + nbn−1) gia n ∈ N.

(g) De�xte ìti

bn =

⌊n/2⌋∑

k=0

(2k)!

k!

(
n

2k

)
2n−2k

(3.30)

gia n ∈ N.

10. 'Estw h sun�rthsh tou uperbolikoÔ hmitìnou

F (x) =
ex − e−x

2
=
∑

n≥0

x2n+1

(2n+ 1)!
,

jewroÔmenh w tupik  dunamoseir�. De�xte ìti

F 〈−1〉(x) =
∑

n≥0

(−1)n ((2n − 1)!!)2
x2n+1

(2n + 1)!
,
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ìpou

(2n− 1)!! =

{
1, an n = 0
1 · 3 · 5 · · · (2n − 1), an n ≥ 1.

11. JewroÔme ta dèndra me r�za 0 kai fÔlla 1, 2, . . . , 2n+1 ta opo�a e�nai triadik�

(dhlad , k�je koruf  pou den e�nai fÔllo èqei akrib¸ tr�a upodèndra). 'Estw

tn to pl jo twn dèndrwn aut¸n me thn ex  idiìthta: an T0, T1, T2 e�nai ta

upodèndra mia opoiad pote koruf  pou den e�nai fÔllo, se aÔxousa di�taxh

w pro to mègisto fÔllo tou, tìte to T0 èqei m�a monadik  koruf . 'Ena

par�deigma me n = 4 apeikon�zetai sto Sq ma 3.4. 'Estw ep�sh

G(x) =
∑

n≥0

(−1)n tn
x2n+1

(2n+ 1)!
,

ìpou t0 = 1.

(a) De�xte ìti

G′(x) = 1 +

(
xG(x)−

∫
G(x)dx

)
G′(x), (3.31)

ìpou

∫
G(x)dx e�nai h tupik  dunamoseir� me stajerì ìro mhdèn kai

par�gwgo G(x).

(b) Sun�gete ìti tn = (1 · 3 · 5 · · · (2n − 1))2 gia n ≥ 1.

(g) D¸ste mia euje�a sunduastik  apìdeixh tou tÔpou sto (b).

(d) GenikeÔste gia k-adik� dèndra.

12. 'Ena dèndro T sto sÔnolo koruf¸n [n] lègetai enallassìmeno an k�je koruf 
tou T e�nai e�te megalÔterh (sth fusik  di�taxh twn akera�wn) apì ìle ti

geitonikè korufè th, e�te mikrìterh apì ìle ti geitonikè korufè th.

'Estw fn to pl jo twn enallassìmenwn dèndrwn sto sÔnolo koruf¸n [n]
kai èstw

F (x) =
∑

n≥0

fn+1
xn

n!
.

(a) De�xte ìti F (x) = exp
(

x
2 (F (x) + 1)

)
.

(b) Sun�gete apì ton tÔpo antistrof  tou Lagrange ìti

fn =
1

n · 2n−1

n∑

k=1

(
n

k

)
kn−1.
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Sq ma 3.4: 'Ena triadikì dèndro me 9 fÔlla.

1

2 10

6

3

5

74

9
8

Sq ma 3.5: 'Ena enallassìmeno dèndro me 10 korufè.

116



(g) D¸ste mia euje�a sunduastik  apìdeixh tou tÔpou sto (b).

13. 'Estw kurtì polÔgwno P me mn + 2 korufè. Mia m-epitrept  polugwnik 

upodia�resh tou P e�nai mia upodia�res  tou se polÔgwna, to kajèna me pl jo

koruf¸n isìtimo tou 2 (modm), h opo�a or�zetai apì diagwn�ou tou P pou

an� dÔo den tèmnontai sto eswterikì tou P .

(a) De�xte ìti to pl jo twn m-epitrept¸n upodiairèsewn tou P se polÔ-

gwna me m+ 2 korufè to kajèna (isodÔnama, qrhsimopoioÔntai n − 1
diag¸nioi) e�nai �so me

1

mn+ 1

(
mn+ n

n

)
.

(b) De�xte ìti to pl jo twn m-epitrept¸n upodiairèsewn sto er¸thma (a)

e�nai �so me to pl jo twn mh diastauroÔmenwn diamer�sewn tou sunìlou

[mn], k�je mèro twn opo�wn èqei plhj�rijmo pou diaire�tai me to m.

(g) De�xte ìti genikìtera, gia 1 ≤ i ≤ n, to pl jo twn m-epitrept¸n upo-

diairèsewn tou P se i polÔgwna (opìte qrhsimopoioÔntai i−1 diag¸nioi)
e�nai �so me

1

mn+ 1

(
n− 1

i− 1

)(
mn+ i

i

)
.
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Upode�xei - LÔsei

1. De�xte sunduastik� ìti (a + b)n =
∑n

k=0

(
n
k

)
akbn−k

(diwnumikì je¸rhma gia to

daktÔlio R), p.q. akolouj¸nta thn apìdeixh th Prìtash 1.2.1. Parathr ste ìti
h tautìthta aut  e�nai isodÔnamh me to zhtoÔmeno.

2. Ergazìmaste ìpw sto Par�deigma 3.2.2, me ti ex  diaforopoi sei. Or�zoume thn

f ìpw sto par�deigma autì kai ti g kai h jètonta

h(#X) =
∑

w∈S(X)

ǫ(w)

kai

g(#T ) =
∑

v∈S(T ): Fix(v)=∅

ǫ(v).

ParathroÔme ìti h(0) = h(1) = 1, h(n) = 0 gia n ≥ 2 kai ìti g(n) = en − on gia

n ≥ 1 (ìpou g(0) = 1). Epomènw, h sqèsh Eh(x) = Ef (x)Eg(x) d�nei

1 + x = ex
∑

n≥0

(en − on)
xn

n!
,

apì ìpou prokÔptei o proteinìmeno tÔpo gia to en − on.

3. Gia to (a), qrhsimopoi¸nta thn (3.9) upolog�zoume ìti

∑

n≥0

en(x)
yn

n!
=

∑

n≥0

(
n∑

k=0

S(n, k)xk

)
yn

n!
=
∑

k≥0



∑

n≥k

S(n, k)
yn

n!


 xk

=
∑

k≥0

(ey − 1)k

k!
xk = exp (x(ey − 1)).

Gia to (b), jewroÔme mia nèa metablht  y kai upolog�zoume ìti

∑

n≥0




∑

m≥0

mnx
m

m!



 yn

n!
=

∑

m≥0




∑

n≥0

mn y
n

n!



 xm

m!
=
∑

m≥0

emy x
m

m!

=
∑

m≥0

(xey)m

m!
= exp (xey).

To zhtoÔmeno prokÔptei sugkr�nonta to apotèlesma me eke�no tou (a). Gia mia di-

aforetik  lÔsh, upolog�ste to suntelest  tou xk
sto dexiì mèlo th proteinìmenh

isìthta kai sun�gete ìti aut  e�nai isodÔnamh me thn (3.10). Mia tr�th lÔsh e�nai

h ex : h zhtoÔmenh isìthta gr�fetai



∑

m≥0

xm

m!



(

n∑

k=0

S(n, k)xk

)
=
∑

m≥0

mnx
m

m!
.
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To aristerì mèlo aut  th isìthta e�nai �so me Ef (x)Eg(x), ìpou f(m) = 1 kai

g(m) = m!S(n,m) gia m ∈ N. ParathroÔme ìti to g(m) e�nai �so me to pl jo twn

ep� apeikon�sewn σ : [n] → [m]. Apì autì kai thn Prìtash 3.2.1 sumpera�noume ìti

Ef (x)Eg(x) = Eh(x), ìpou gia m ∈ N, to h(m) e�nai �so me to pl jo twn tri�dwn

(S, T, σ) gia ti opo�e (S, T ) e�nai asjen  diatetagmènh diamèrish tou sunìlou [m]
kai σ : [n] → T e�nai ep� apeikìnish. Profan¸ to h(m) e�nai �so me to pl jo

ìlwn twn apeikon�sewn σ : [n] → [m], opìte h(m) = mn
gia k�je m ∈ N. To (g)

prokÔptei apì to (b) afoÔ

(x · d/dx)n ex = (x · d/dx)n



∑

m≥0

xm

m!


 =

∑

m≥0

mnx
m

m!

  me epagwg  sto n, apodeiknÔonta pr¸ta ìti S(n+ 1, k) = S(n, k− 1) + kS(n, k)
gia n, k ∈ N.

4.

5. Apì th (2.40) kai thn Prìtash 3.2.1 prokÔptei ìti

∑

n≥0

dn(x)
tn

n!
=




∑

n≥0

(−1)n t
n

n!








∑

n≥0

Ãn(x)
tn

n!



 = e−t ·




∑

n≥0

Ãn(x)
tn

n!



 .

Apì th (2.30) sun�gete ìti

∑

n≥0

Ãn(x)
tn

n!
=

(1 − x)e(1−x)t

1− xe(1−x)t

kai sumper�nete to zhtoÔmeno.

6. 'Estw L = Ln,k to sÔnolo twn eujei¸n pou jèloume na aparijm soume. Gia L ∈ L,
èstw π = πL h diamèrish tou sunìlou [n] gia thn opo�a dÔo tuqa�a stoiqe�a i, j
tou [n] an koun sto �dio mèro th π an kai mìno an isqÔei xi = xj gia k�je

shme�o (x1, x2, . . . , xn) th L. Ep�sh, èstw ωL h grammik  di�taxh (B1, B2, . . . , Bm)
twn mer¸n th π kai ρL h akolouj�a (r1, r2, . . . , rm−1) stoiqe�wn tou [k] gia ti

opo�e isqÔei xi = xj + rt gia k�je shme�o (x1, x2, . . . , xn) th L an i ∈ Bt kai

j ∈ Bt+1. Af noume ston anagn¸sth na de�xei ìti h apeikìnish ϕ : L → Mn,k me

ϕ(L) = (πL, ωL, ρL) e�nai 1�1 antistoiq�a apì to L sto sÔnoloMn,k twn tri�dwn

(π, ω, ρ), ìpou π e�nai diamèrish tou sunìlou [n], ω e�nai grammik  di�taxh twn mer¸n

th π kai ρ e�nai akolouj�a stoiqe�wn tou [k] m kou m − 1. Gia par�deigma, an

n = 8, m = k = 3, B1 = {2, 6, 7}, B2 = {1, 8}, B3 = {3, 4, 5}, r1 = 2 kai r2 = 3,
tìte h L e�nai h euje�a ston R8

pou or�zetai apì ti exis¸sei x2 = x6 = x7, x1 = x8,

x3 = x4 = x5, x2 = x1 + 2 kai x1 = x3 + 3. Apì ta prohgoÔmena kai ton tÔpo th

sÔnjesh prokÔptei ìti

∑

n≥1

an,k
xn

n!
= Eg(Ef (x)),
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ìpou f, g : N → C e�nai oi sunart sei gia ti opo�e f(0) = g(0) = 0 en¸ gia

m ≥ 1, f(m) = 1 kai g(m) e�nai to pl jo twn trìpwn na diataqjoÔn grammik� m
antike�mena (ta mèrh th π) kai na epilegoÔn ta r1, r2, . . . , rm−1 ∈ [k]. 'Epetai ìti

Ef (x) = ex − 1 kai ìti g(m) = m! km−1
gia m ≥ 1, opìte

Eg(x) =
∑

m≥1

km−1xm =
x

1− kx

kai ∑

n≥1

an,k
xn

n!
=

Ef (x)

1− kEf (x)
=

ex − 1

(1 + k)− kex
.

To apotèlesma autì emfan�sthke sto �rjro [R. Gill, The number of elements in a

generalized partition semilattice, Discrete Math. 186 (1998), 125–134].

7. H sqèsh (3.28) gr�fetai exp(Ef (x)) = Eh(x), ìpou f, h : N → C e�nai oi sunart -

sei me f(0) = 0 kai f(n) = (n− 1)! gia n ≥ 1 kai h(n) = n! gia n ∈ N, ant�stoiqa.

Apì ton ekjetikì tÔpo prokÔptei ìti o suntelest  tou xn/n! sthn tupik  dunamo-

seir� exp(Ef (x)) e�nai �so me to pl jo twn trìpwn na diamerisje� to sÔnolo

[n] kai na orisje� mia kuklik  met�jesh k�je mèrou th diamèrish. Apì thn ku-

klik  morf  mia met�jesh sumpera�noume ìti autì mpore� na g�nei me n! = h(n)
trìpou kai sunep¸ ìti exp(Ef (x)) = Eh(x). Omo�w, to aristerì mèlo th

(3.29) e�nai �so me exp(Eg(x)), ìpou g : N → C e�nai h sun�rthsh me g(0) = 0
kai g(n) = (−1)n−1(n − 1)! gia n ≥ 1. Apì ton ekjetikì tÔpo prokÔptei ìti

exp(Eg(x)) = Et(x), ìpou t(0) = 1,

t(n) =
∑

{B1,...,Bk}∈Πn

g(#B1) · · · g(#Bk) (3.32)

gia n ≥ 1 kai Πn e�nai to sÔnolo twn diamer�sewn tou [n]. Upenjum�zoume ìti gia

to prìshmo mia met�jesh w ∈ Sn isqÔei ǫ(w) =
∏

k(−1)k−1
, ìpou to k diatrèqei

ta m kh twn kÔklwn th w. Qrhsimopoi¸nta epomènw thn kuklik  morf  gia

metajèsei, h (3.32) gr�fetai

t(n) =
∑

w∈Sn

ǫ(w).

Apì th sqèsh aut  prokÔptei eÔkola ìti t(1) = 1 kai t(n) = 0 gia n ≥ 2, opìte
Et(x) = 1 + x, kai sunep¸ isqÔei h (3.29).

8. Gia to (a), ergazìmenoi ìpw sto Par�deigma 3.2.8 (g), de�xte ìti Ef (x) = exp(x3

3 )
kai sun�gete ìti

f(n) =






(3k)!

3kk!
, an n = 3k

0, diaforetik�.

9.
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10. Jètonta to −x2/4 sth jèsh tou x sthn (1.22), pa�rnoume

(1 + x2)−1/2 =
∑

n≥0

(−1)n

(
2n

n

)(x
2

)2n

.

Oloklhr¸nonta w pro x prokÔptei ìti

F 〈−1〉(x) =

∫
dx√

1 + x2
=
∑

n≥0

(−1)n 1

22n

(
2n

n

)
x2n+1

2n+ 1
.

Parathr¸nta tèlo ìti

((2n− 1)!!)
2

=

(
(2n)!

2nn!

)2

=
(2n)!

22n

(
2n

n

)

prokÔptei to zhtoÔmeno.

11. Sumbol�zoume me T to sÔnolo twn dèndrwn me ti epijumhtè idiìthte, ìpou ìmw

to sÔnolo twn fÔllwn epitrèpetai na e�nai tuqa�o uposÔnolo tou Z>0 me perittì

pl jo stoiqe�wn. 'Eqoume

G′(x) = 1 +
∑

n≥1

(−1)n tn
x2n

(2n)!
.

'Estw n ≥ 1 kai dèndro T ∈ T me fÔlla 1, 2, . . . , 2n + 1. 'Estw T0, T1, T2 ta

upodèndra th r�za. ParathroÔme ìti to 2n + 1 e�nai fÔllo tou T2 kai ìti to

T0 èqei mìno mia koruf  (fÔllo), h opo�a an kei sto [2n] kai e�nai mikrìterh apì

to mègisto fÔllo tou T1. Epomènw, to T or�zetai epilègonta (i) mia asjen 

diatetagmènh diamèrish (B,C) tou sunìlou [2n] se uposÔnola B kai C, to kajèna

me �rtio pl jo stoiqe�wn kai me B 6= ∅, (ii) èna dèndro T2 ∈ T me sÔnolo fÔllwn

C ∪ {2n + 1}, (iii) èna stoiqe�o r tou B ektì apì to mègisto kai (iv) èna dèndro

T1 ∈ T me sÔnolo fÔllwn Br{r}. Apì ta prohgoÔmena kai thn Prìtash 3.2.1

prokÔptei ìti

∑

n≥1

(−1)n tn
x2n

(2n)!
=




∑

n≥1

(2n− 1) (−1)n−1 tn−1
x2n

(2n)!



 G′(x).

Gr�fonta (2n− 1)x2n/(2n)! = x · x2n−1/(2n− 1)!− x2n/(2n)!, prokÔptei h (3.31).

O tÔpo gia to tn sto (b) ofe�letai stou H. Trappmann kai G. Ziegler [J. Combin.
Theory Series A 82 (1998), 168–178]. Mia apìdeix  tou, basismènh sto er¸thma

(a), e�nai h ex : Jètoume

H(x) =

∫
dx√

1 + x2
:=

∑

n≥0

(−1/2

n

)
x2n+1

2n+ 1
,
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opìte, ìpw prokÔptei apì th lÔsh th 'Askhsh 10, arke� na de�xoume ìti G(x) =
H(x). Qrhsimopoi¸nta olokl rwsh kat� par�gonte, br�skoume ìti

∫
H(x) dx = xH(x) −

∫
x√

1 + x2
dx = xH(x) −

√
1 + x2 + 1.

Sumpera�noume ìti

H ′(x) =
1√

1 + x2
= 1 +

(
xH(x) −

∫
H(x)dx

)
H ′(x),

apì ìpou h zhtoÔmenh isìthta G(x) = H(x) prokÔptei eÔkola me th bo jeia tou

(a). Gia to (g), èstw Tn to sÔnolo twn dèndrwn me fÔlla 1, 2, . . . , 2n+1, ìpw sthn
ekf¸nhsh th �skhsh. 'Estw ep�sh An to sÔnolo twn zeug¸n (w, π) th 'Askhsh
25 (b) tou Kefala�ou 1. Me dedomèno to apotèlesma th �skhsh aut , arke� na

or�soume mia 1�1 antistoiq�a ϕ : Tn → An. 'Estw T ∈ Tn kai èstw T0, T1, T2 ta

upodèndra th r�za. AgnooÔme to fÔllo 2n+ 1 kai sumbol�zoume me s to monadikì

fÔllo tou T0 kai me t kai 2m− 1 to mègisto fÔllo kai to pl jo twn fÔllwn tou

T1, ant�stoiqa. Jètoume w = (w1, w2, . . . , w2n) kai π = {{s, t}} ∪ π1 ∪ π2, ìpou

w1 = s, w2m = t, (w2, . . . , w2m−1) = u1, (w2m+1, . . . , w2n) = u2 kai (u1, π1) kai

(u2, π2) e�nai ta zeÔgh pou or�zontai (epagwgik�) apì ta dèndra T1 kai T2. Gia

par�deigma, gia to dèndro tou Sq mato 3.4 èqoume w = (3, 4, 6, 1, 7, 8, 2, 5) kai π =
{{3, 8}, {4, 6}, {1, 7}, {2, 5}} (blèpe ep�sh Sq ma 1.8). Af netai ston anagn¸sth na
bebaiwje� ìti h ϕ e�nai pr�gmati kal� orismènh kai amfimonos manth apeikìnish. Gia

to (d), de�te th shme�wsh sto tèlo tou proanaferjènto �rjrou twn H. Trappmann
kai G. Ziegler.

12. Ja lème ìti èna d�so F me r�ze sto sÔnolo koruf¸n [n] e�nai enallassìmeno

an k�je koruf  tou F e�nai e�te megalÔterh (sth fusik  di�taxh twn akera�wn)

apì ìle ti geitonikè korufè th, e�te mikrìterh apì ìle ti geitonikè korufè

th. Diagr�fonta thn koruf  n+ 1 apì èna enallassìmeno dèndro T sto sÔnolo

koruf¸n [n + 1] kai ti akmè pou thn perièqoun, prokÔptei èna enallassìmeno

d�so ϕ(T ) me r�ze (oi geitonikè korufè tou n + 1 sto T ) sto sÔnolo koruf¸n

[n], k�je r�za tou opo�ou e�nai mikrìterh apì ti geitonikè th korufè. Epiplèon,

h ϕ(T ) e�nai 1�1 antistoiq�a apì to sÔnolo twn enallassìmenwn dèndrwn me sÔnolo

koruf¸n [n+1] sto sÔnolo twn enallassìmenwn das¸n me r�ze me aut  thn idiìthta.
Epomènw isqÔei

fn+1 =
∑

{B1,...,Bk}∈Πn

g(#B1) · · · g(#Bk)

gia n ≥ 1, ìpou Πn e�nai to sÔnolo twn diamer�sewn tou [n] kai g(m) e�nai to pl jo

twn enallassìmenwn dèndrwn me r�za sto sÔnolo koruf¸n [m], h r�za twn opo�wn

e�nai mikrìterh apì ti geitonikè th korufè. Apì thn prohgoÔmenh isìthta kai ton

ekjetikì tÔpo (kai afoÔ f1 = 1) prokÔptei ìti F (x) = exp (Eg(x)). Parathr¸nta
(exhg ste p¸) ìti g(1) = 1 kai g(m) = m

2 fm gia m ≥ 2, br�skoume ìti

Eg(x) =
∑

m≥1

g(m)
xm

m!
= x +

1

2

∑

m≥2

mfm
xm

m!
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= x +
x

2

∑

m≥2

fm
xm−1

(m− 1)!
= x +

x

2
(F (x) − 1)

=
x

2
(F (x) + 1)

kai sunep¸ isqÔei to (a). Jètonta H(x) = x (F (x) + 1) = x +
∑

n≥0 fn+1
xn+1

n! ,

èqoume apì to (a)

H(x) = x
(
e

x
2

(F (x)+ 1) + 1
)

= x
(
e

1
2

H(x) + 1
)

kai sunep¸

H(x) =

(
x

ex/2 + 1

)〈−1〉

.

Apì ton tÔpo antistrof  tou Lagrange sumpera�noume ìti

fn

(n− 1)!
= [xn]H(x) =

1

n
[xn−1]

(
ex/2 + 1

)n

=
1

n
[xn−1]

n∑

k=0

(
n

k

)
ekx/2

=
1

n

n∑

k=0

(
n

k

)
kn−1

2n−1(n− 1)!
,

dhlad  ìti isqÔei to (b). To apotèlesma autì emfan�sthke sto �rjro [A. Postnikov,
Intransitive trees, J. Combin. Theory Series A 79 (1997), 360–366]. Gia to (g),

de�te to �rjro [C. Chauve and S. Dulucq, Enumerating alternating trees, J. Combin.
Theory Series A 94 (2001), 142–151].

13. Gia to (a), akolouj¸nta to skeptikì th apìdeixh th Prìtash 1.2.7, de�xte

ìti to zhtoÔmeno pl jo ikanopoie� thn anadromik  sqèsh pou prokÔptei apì thn

(3.24) antikajist¸nta to k me to m + 1. Gia ta (b) kai (g) genikeÔste ti 1�1

antistoiq�e pou perigr�fhkan sti lÔsei twn Ask sewn 26 (d) kai 23, ant�stoiqa,

tou Kefala�ou 1. Sth deÔterh per�ptwsh, h isìthta (1.50) prèpei na antikatastaje�

me thn

i · an,i =

(
n− 1

i− 1

)(
mn+ i

i− 1

)
. (3.33)

To apotèlesma tou erwt mato (a) ofe�letai ston N. Fuss (1791), en¸ eke�no tou (g)

stou J. Przytycki kai A. Sikora [J. Combin. Theory Series A 92 (2000), 78–86].
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Kef�laio 4

Young tampl¸

'Ena apì tou pio per�plokou trìpou me tou opo�ou mpore� na parastaje� mia

met�jesh e�nai w èna zeÔgo Young tampl¸. H par�stash aut  epitugq�netai me

thn antistoiq�a Robinson-Schensted, h spoudaiìthta th opo�a sta jewrhtik� ma-

jhmatik� e�nai dÔskolo na upertimhje�. H antistoiq�a Robinson-Schensted or�zetai

algorijmik� kai mpore� na exhg sei pollè mh tetrimmène sunduastikè idiìthte

twn metajèsewn, k�poie apì ti opo�e istorik� proèkuyan mèsw th jewr�a twn

anaparast�sewn th summetrik  om�da. Sto parìn kef�laio, afoÔ perigr�youme

thn antistoiq�a aut , melet�me basikè th idiìthte kai d�noume efarmogè sth sun-

duastik  twn metajèsewn kai twn tampl¸. Katal goume me tÔpou gia to pl jo

twn Young tampl¸ dosmènou sq mato.

4.1 Tampl¸

'Estw diamèrish λ tou n me di�gramma Young Yλ.

1 2

3

4 6

7

8

9

11

12

13

14

Sq ma 4.1: 'Ena tampl¸ sq mato (4, 4, 3, 1).
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Orismì 4.1.1 Tampl¸ sq mato λ lègetai mia 1�1 antistoiq�a T tou sunìlou twn

tetrag¸nwn tou Yλ me èna uposÔnolo Θ tou sunìlou twn jetik¸n akera�wn, tètoia

¸ste:

(i) oi akèraioi pou antistoiqoÔn sta tetr�gwna opoiasd pote gramm  tou Yλ na

aux�noun pro ta dexi� kai

(ii) oi akèraioi pou antistoiqoÔn sta tetr�gwna opoiasd pote st lh tou Yλ na

aux�noun pro ta k�tw.

To T lègetai Young tampl¸ an Θ = [n].

Gr�foume sh(T ) gia to sq ma λ tou tampl¸ T . To sÔnolo Θ lègetai perieqìmeno

tou T kai ta stoiqe�a tou lègontai stoiqe�a tou T . Sunep¸ Young tampl¸ e�nai

èna tampl¸ me perieqìmeno [n] gia k�poio akèraio n. 'Ena tampl¸ T apeikon�zetai

anagr�fonta ton akèraio T (x) entì tou ant�stoiqou tetrag¸nou x, gia k�je

tetr�gwno x tou Yλ. Sto Sq ma 4.1 apeikon�zetai èna tampl¸ sq mato (4, 4, 3, 1).
H ar�jmhsh gramm¸n kai sthl¸n tou T g�netai apì p�nw pro ta k�tw kai apì

arister� pro ta dexi�, ant�stoiqa. Gia par�deigma, to stoiqe�o sthn pr¸th gramm 

kai deÔterh st lh tou tampl¸ tou Sq mato 4.1 e�nai to 2.

Ja sumbol�zoume me fλ
to pl jo twn Young tampl¸ sq mato λ. 'Eqoume, gia

par�deigma, f (n) = f (1,1,...,1) = 1. Ep�sh f (n−1,1) = n − 1 gia n ≥ 2 kai, ìpw

exhg same sto Pìrisma 1.3.1, f (m,m) = 1
m+1

(2m
m

)
. Sto Sq ma 4.2 apeikon�zontai ta

pènte Young tampl¸ sq mato (3, 3). Oi prohgoÔmenoi tÔpoi prokÔptoun w eidikè
peript¸sei enì genikìterou tÔpou gia to fλ

(blèpe Je¸rhma 4.6.1), ton opo�o ja

exet�soume sthn Par�grafo 4.6.

1 2 3

4 5 6

1 2 4

3 5 6

1 2 5

3 4 6

1 3 4

2 5 6

1 3 5

2 4 6

Sq ma 4.2: Ta Young tampl¸ sq mato (3, 3).

Parat rhsh 4.1.1 Ektì apì to sunduastikì endiafèron pou parousi�zoun, oi

akèraioi fλ
èqoun exèqousa shmas�a kai sth jewr�a anaparast�sewn. Sugkekrimè-

na, e�nai gnwstì (blèpe [6, Kef�laio 7℄ kai [10, Kef�laio 2℄) ìti oi kl�sei isomor-

fismoÔ twn (peperasmènh di�stash, migadik¸n) an�gwgwn anaparast�sewn th

summetrik  om�da Sn br�skontai se 1�1 antistoiq�a me ti diamer�sei tou akera�ou

n kai ìti h di�stash mia an�gwgh anapar�stash sthn kl�sh pou antistoiqe� sth

diamèrish λ e�nai �sh me fλ
. Gia par�deigma, up�rqoun pènte (anisìmorfe) an�-

gwge anaparast�sei th om�da S4 kai oi diast�sei tou e�nai �se me 1, 3, 2, 3

kai 1.
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4.2 H antistoiq�a Robinson-Schensted

E�nai gnwstì (blèpe [10, Par�grafo 1.10℄) ìti h t�xh opoiasd pote peperasmènh

om�da isoÔtai me to �jroisma twn tetrag¸nwn twn diast�sewn twn (peperasmènh

di�stash, migadik¸n, anisìmorfwn) an�gwgwn anaparast�se¸n th. SÔmfwna me

ìsa epishm�name sthn Parat rhsh 4.1.1, gia th summetrik  om�da Sn h teleuta�a

prìtash metafr�zetai sthn tautìthta

∑

λ⊢n

(fλ)2 = n!. (4.1)

To �jroisma sto aristerì mèlo th (4.1) aparijme� to sÔnolo twn zeug¸n

(P,Q), ìpou P kai Q e�nai Young tampl¸ tou �diou sq mato λ ⊢ n. Epomènw,

mia sunduastik  apìdeixh th (4.1) ja mporoÔse na doje� perigr�fonta mia amfi-

monos manth apeikìnish apì thn Sn sto sÔnolo autì. Autì akrib¸ epitugq�netai

me thn antistoiq�a Robinson-Schensted. Gia na or�soume thn antistoiq�a aut , ja

qreiaste� na perigr�youme pr¸ta ton algìrijmo th eisagwg  enì akera�ou se

èna tampl¸.

'Estw tampl¸ T kai èstw a jetikì akèraio pou den e�nai stoiqe�o tou T . H

diadikas�a th eisagwg  tou a sti grammè tou T (row insertion) kataskeu�zei

èna nèo tampl¸ T ← a w ex : An to a e�nai megalÔtero apì ìla ta stoiqe�a th

pr¸th gramm  tou T , tìte to T ← a e�nai to tampl¸ pou prokÔptei prosjètonta

èna tetr�gwno sto tèlo th pr¸th gramm  tou T me to a sto eswterikì tou.

Diaforetik�, èstw b to mikrìtero stoiqe�o th pr¸th gramm  tou T pou e�nai

megalÔtero tou a. To a antikajist� to b sto ant�stoiqo tetr�gwno th pr¸th

gramm  tou T kai h diadikas�a epanalamb�netai me to b kai th deÔterh gramm  tou

T , an aut  up�rqei, en¸ to b katalamb�nei to pr¸to tetr�gwno mia nèa (deÔterh)

gramm  an to T èqei mìno m�a gramm . To T ← a e�nai to apotèlesma pou prokÔptei

ìtan termatiste� h parap�nw diadikas�a kai lègetai tampl¸ eisagwg  tou a sti

grammè tou T . Af netai ston anagn¸sth ('Askhsh 2) na bebaiwje� ìti to T ← a
e�nai pr�gmati tampl¸. To Sq ma 4.3 apeikon�zei thn eisagwg  tou a = 5 sti

grammè tou tampl¸ tou Sq mato 4.1.

Orismì 4.2.1 'Estw met�jesh w = (w1, w2, . . . , wn) ∈ S(Θ), ìpou Θ e�nai upo-

sÔnolo tou sunìlou twn jetik¸n akera�wn me n stoiqe�a.

(i) To tampl¸

P (w) = ( ( (∅← w1)← w2)← · · · )← wn

perieqomènou Θ lègetai P -tampl¸,   tampl¸ eisagwg  (insersion tableau),

th w.
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1 2

3

4 6

7

8

9

11

12

13

14

1 1

1 1

2 2

2 2

3 3

3 3

4 4

4 4

5 5

55 5

7

7 7

8 8

8

9 9

9 9

11 11

11 11

12 12

12 12

6

6 6

13 13

1313

14 14

14

14

7

8

5

6

Sq ma 4.3: Eisagwg  tou 5 sto tampl¸ tou Sq mato 4.1.

(ii) 'Estw Q(w) to Young tampl¸ me sq ma sh(P (w)) sto opo�o, gia k�je k ∈ [n],
to stoiqe�o k katalamb�nei th jèsh sthn opo�a termat�zetai h eisagwg  tou wk

sto P -tampl¸ th met�jesh (w1, . . . , wk−1). To Q(w) lègetai Q-tampl¸,  
tampl¸ katagraf  (recording tableau), th w.

Af netai ston anagn¸sth ('Askhsh 2) na bebaiwje� ìti to Q(w) e�nai pr�gmati
Young tampl¸ gia k�je w ∈ S(Θ). Epomènw an w ∈ Sn, tìte ta P (w) kai

Q(w) e�nai Young tampl¸ tou �diou sq mato λ ⊢ n. To Sq ma 4.4 apeikon�zei

th diadikas�a eisagwg  kai katagraf  pou odhge� sthn kataskeu  tou zeÔgou

(P (w), Q(w)) gia n = 6 kai w = (2, 5, 4, 1, 6, 3).

Orismì 4.2.2 'Estw ∆n to sÔnolo twn zeug¸n (P,Q), ìpou P kai Q e�nai Young

tampl¸ tou �diou sq mato sh(P ) = sh(Q) ⊢ n. H antistoiq�a Robinson-Schensted

e�nai h apeikìnish RS : Sn → ∆n me RS(w) = (P (w), Q(w)) gia k�je w ∈ Sn.

To akìloujo je¸rhma e�nai to kÔrio apotèlesma aut  th paragr�fou.

Je¸rhma 4.2.1 H antistoiq�a Robinson-Schensted RS : Sn → ∆n e�nai amfi-

monos manth apeikìnish.

Apìdeixh. Ja de�xoume ìti up�rqei h ant�strofh apeikìnish. 'Estw (P,Q) ∈ ∆n.

Jètoume Pn = P kai Qn = Q kai sumbol�zoume me un to stoiqe�o tou Pn pou
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2 1 2 5 1 2 2 4

5

1 2

3

1 4

2

5

1 2

3

4

1

2

5

4 6 1

3

4

2 5 1 2 5

3

4

6

61

2

5

3

4
=  P (w) =  Q (w)

Sq ma 4.4: Kataskeu  tou RS(w) gia n = 6 kai w = (2, 5, 4, 1, 6, 3).

katalamb�nei thn �dia jèsh sto Pn me aut  pou katalamb�nei to n sto Qn. Or�zoume

w Qn−1 to tampl¸ pou prokÔptei apì to Qn diagr�fonta to n kai to tetr�gwno

pou to perièqei kai w Pn−1 to tampl¸ pou prokÔptei apì to Pn efarmìzonta

thn ex  diadikas�a (ant�strofh eisagwg  sti grammè tou Pn apì to stoiqe�o

un): Jètonta un = b, diagr�foume to b kai to tetr�gwno pou to perièqei apì to

Pn. An to b br�sketai sthn pr¸th gramm  tou Pn, tìte to Pn−1 e�nai to tampl¸ pou

prokÔptei kai jètoume wn = b. Diaforetik�, jewroÔme to megalÔtero stoiqe�o a th
gramm  tou Pn pou prohge�tai aut  tou b me thn idiìthta a < b. To b antikajist�
to a sto tetr�gwno pou autì kate�qe sto Pn kai h diadikas�a epanalamb�netai me to

a kai th gramm  pou prohge�tai aut  tou a. H diadikas�a termat�zetai ìtan k�poio

stoiqe�o th pr¸th gramm , to opo�o sumbol�zoume me wn, antikatastaje� apì

k�poio �llo (th deÔterh gramm ), opìte Pn−1 e�nai to tampl¸ pou prokÔptei.

Af netai ston anagn¸sth ('Askhsh 2) na bebaiwje� ìti to Pn−1 e�nai pr�gmati

tampl¸, me perieqìmeno [n]r{wn}.
Apì to zeÔgo (Pn−1, Qn−1) kataskeu�zontai diadoqik� me ton �dio trìpo ta

zeÔgh (Pn−2, Qn−2), . . . , (P1, Q1) kai (P0, Q0) = (∅,∅) kai or�zontai oi akèraioi

wn−1, . . . , w1. Jètoume RS∗(P,Q) = (w1, w2, . . . , wn) kai af noume kai p�li ston

anagn¸sth ('Askhsh 2) na de�xei ìti h apeikìnish RS∗ : ∆n → Sn e�nai h ant�strofh

th RS. ✷

H sunduastik  apìdeixh th (4.1), thn opo�a uposqej kame sthn arq  aut  th

paragr�fou, èqei w ex .

Pìrisma 4.2.1 Gia k�je n ≥ 1, to �jroisma twn tetrag¸nwn twn arijm¸n fλ
gia

λ ⊢ n e�nai �so me n!.

Apìdeixh. To dexiì kai to aristerì mèlo th (4.1) e�nai �sa me tou plhj�rijmou

tou Sn kai tou sunìlou ∆n pou emfan�sthke ston Orismì 4.2.2, ant�stoiqa. Sunep¸

to zhtoÔmeno èpetai apì to Je¸rhma 4.2.1. ✷
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4.3 To sq ma mia met�jesh

Sthn par�grafo aut  Θ e�nai èna uposÔnolo tou sunìlou twn jetik¸n akera�wn me n
stoiqe�a. Onom�zoume sq ma mia met�jesh w ∈ S(Θ) th diamèrish sh(P ) = sh(Q)
tou n kai th sumbol�zoume me λ(w). Gia par�deigma, ìpw fa�netai sto Sq ma 4.4,

gia n = 6 kai w = (2, 5, 4, 1, 6, 3) èqoume λ(w) = (3, 2, 1). Ja ma apasqol soun

ta ex  erwt mata:

Er¸thma 4.3.1 (a) P¸ mpore� na perigrafe� h diamèrish λ(w) eujèw apì th

met�jesh w?

(b) Poie e�nai ikanè kai anagka�e sunj ke gia dÔo metajèsei u, v ∈ Sn ¸ste

na isqÔei P (u) = P (v)?

(g) Poie e�nai ikanè kai anagka�e sunj ke gia dÔo metajèsei u, v ∈ Sn ¸ste

na isqÔei Q(u) = Q(v)?

Gia na apant soume sto pr¸to er¸thma ja qrhsimopoi soume th dom  twn monì-

tonwn upoakolouji¸n th w. H ap�nthsh pou ja d¸soume sto deÔtero er¸thma

(Je¸rhma 4.3.1) proüpojètei èna nèo qarakthrismì tou P -tampl¸ (Je¸rhma 4.3.2)

kai qrhsimopoie� thn ènnoia th isodunam�a tou Knuth. Ap�nthsh sto tr�to er¸th-

ma ja doje� sthn Par�grafo 4.4.

4.3.1 Lèxei

Sto kef�laio autì ja akolouj soume thn par�dosh kat� thn opo�a mia akolouj�a

jetik¸n akera�wn (w1, w2, . . . , wn) parist�netai kai w h lèxh (me gr�mmata apì to

alf�bhto Z>0) w1w2 · · ·wn.

Se k�je tampl¸ T antistoiqoÔn oi ex  dÔo metajèsei tou perieqomènou tou T :
H lèxh twn gramm¸n wrow(T ) prokÔptei diab�zonta ta stoiqe�a twn gramm¸n tou T
apì arister� pro ta dexi�, arq�zonta apì thn teleuta�a gramm  kai proqwr¸nta

pro thn pr¸th, en¸ h lèxh twn sthl¸n wcol(T ) prokÔptei diab�zonta ta stoiqe�a

twn sthl¸n tou T apì k�tw pro ta p�nw, arq�zonta apì thn pr¸th st lh kai

proqwr¸nta pro thn teleuta�a. Gia par�deigma, gia to tampl¸ T tou Sq mato 4.1

èqoume

wrow(T ) = 14 · 8 · 11 · 13 · 3 · 7 · 9 · 12 · 1 · 2 · 4 · 6
wcol(T ) = 14 · 8 · 3 · 1 · 11 · 7 · 2 · 13 · 9 · 4 · 12 · 6.

4.3.2 H sqèsh isodunam�a tou Knuth

O akìloujo orismì ja ma bohj sei na katano soume (blèpe Prìtash 4.3.1) to

p¸ mia met�jesh w sqet�zetai me th lèxh twn gramm¸n wrow(P (w)). O susqetismì

autì ja fane� qr simo sthn epìmenh upopar�grafo.
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Orismì 4.3.1 'Estw lèxei u, v ∈ S(Θ).

(a) Oi u kai v sundèontai me èna stoiqei¸dh metasqhmatismì Knuth an up�rqoun

akèraioi a < b < c, tètoioi ¸ste h m�a apì ti lèxei autè na prokÔptei apì

thn �llh antikajist¸nta e�te tr�a diadoqik� th gr�mmata b·a·c me ta b·c·a,
e�te tr�a diadoqik� th gr�mmata a · c · b me ta c · a · b.

(b) Oi u kai v lègontai isodÔname kat� Knuth, opìte gr�foume u ≡ v, an h m�a

mpore� na prokÔyei apì thn �llh mèsw peperasmènou pl jou stoiqeiwd¸n

metasqhmatism¸n Knuth.

Gia par�deigma, èqoume 2 ·4 ·1 ·5 ·3 ≡ 2 ·1 ·4 ·5 ·3 ≡ 2 ·1 ·4 ·3 ·5. E�nai fanerì ìti

h sqèsh ≡ e�nai sqèsh isodunam�a sto sÔnolo S(Θ) kai ìti an u ≡ v, tìte isqÔoun
u ·w ≡ v ·w kai w ·u ≡ w · v gia k�je lèxh w me sÔnolo stoiqe�wn xèno pro eke�na

twn u kai v. To akìloujo l mma sundèei ti ènnoie th eisagwg  sti grammè

kai th lèxh twn gramm¸n enì tampl¸ me aut  th isodunam�a tou Knuth.

L mma 4.3.1 Gia tuqa�o tampl¸ T kai jetikì akèraio a pou den e�nai stoiqe�o tou

T isqÔei wrow(T ) · a ≡ wrow(T ← a).

Apìdeixh. Ja qrhsimopoi soume epagwg  sto pl jo twn gramm¸n tou T . Upo-

jètoume pr¸ta ìti to T èqei mìno m�a gramm . Sthn per�ptwsh aut  mporoÔme na

gr�youme wrow(T ) = a1 · · · ar b1 · · · bs me a1 < · · · < ar < a < b1 < · · · < bs, opìte

wrow(T ← a) = b1a1 · · · arab2 · · · bs.

H zhtoÔmenh sqèsh wrow(T ) · a ≡ wrow(T ← a) gr�fetai

a1 · · · ar b1 · · · bs a ≡ b1a1 · · · arab2 · · · bs

kai prokÔptei apì ti b1 · · · bsa ≡ b1ab2 · · · bs kai a1 · · · arb1a ≡ b1a1 · · · ara, ti
opo�e af noume ston anagn¸sth na epalhjeÔsei. Gia th genik  per�ptwsh, èstw

R h pr¸th gramm  tou T kai èstw S to tampl¸ pou sqhmat�zetai apì ti upìloipe

grammè tou T . 'Opw  dh èqoume de�xei, isqÔei wrow(R) · a ≡ wrow(R ← a) kai

sunep¸ wrow(T ) · a = wrow(S)wrow(R) · a ≡ wrow(S)wrow(R ← a). Jètonta

wrow(R) = a1 · · · ar b1 · · · bs, ìpw prohgoumènw, kai efarmìzonta thn upìjesh

th epagwg  gia to S br�skoume ìti

wrow(S)wrow(R← a) = wrow(S) · b1 · a1 · · · arab2 · · · bs
≡ wrow(S ← b1) a1 · · · arab2 · · · bs
= wrow(T ← a).

To sumpèrasma autì oloklhr¸nei thn epagwg . ✷

131



Prìtash 4.3.1 Gia k�je met�jesh w ∈ S(Θ) isqÔei w ≡ wrow(P (w)).

Apìdeixh. 'Estw w = (w1, w2, . . . , wn). Efarmìzoume epagwg  sto n, ìpou to

zhtoÔmeno e�nai fanerì gia n = 1. Jètonta u = (w1, w2, . . . , wn−1) kai qrhsi-

mopoi¸nta to L mma 4.3.1 kai thn upìjesh th epagwg  gia th u, br�skoume

ìti wrow(P (w)) = wrow(P (u) ← wn) ≡ wrow(P (u)) · wn ≡ u · wn = w. Autì

oloklhr¸nei thn apìdeixh. ✷

Pìrisma 4.3.1 An gia ti metajèsei u, v ∈ S(Θ) isqÔei P (u) = P (v), tìte oi u
kai v e�nai isodÔname kat� Knuth.

Apìdeixh. 'Eqoume u ≡ wrow(P (u)) kai v ≡ wrow(P (v)) apì thn Prìtash 4.3.1.

Apì ti sqèsei autè kai thn upìjesh P (u) = P (v) prokÔptei ìti u ≡ v. ✷

To akìloujo je¸rhma dhl¸nei ìti isqÔei kai to ant�strofo tou isqurismoÔ tou

Por�smato 4.3.1 kai apant� sto Er¸thma 4.3.1 (b).

Je¸rhma 4.3.1 Gia metajèsei u, v ∈ S(Θ) isqÔei P (u) = P (v) an kai mìno an oi

u kai v e�nai isodÔname kat� Knuth.

Gia par�deigma up�rqoun akrib¸ tèsseri kl�sei isodunam�a Knuth sthn S3,

ìpou metaxÔ twn èxi stoiqe�wn th up�rqoun ta dÔo zeÔgh 213 ≡ 231 kai 132 ≡ 312
diakekrimènwn, isodÔnamwn kat� Knuth lèxewn. Ep�sh, up�rqoun akrib¸ tèssera

Young tampl¸ me n = 4 tetr�gwna kai isqÔoun P (213) = P (231) kai P (132) =
P (312), se sumfwn�a me to Je¸rhma 4.3.1. Gia thn apìdeixh tou Jewr mato 4.3.1

ja qrhsimopoi soume ton akìloujo qr simo qarakthrismì tou P -tampl¸.

Je¸rhma 4.3.2 Gia dosmènh met�jesh w ∈ S(Θ), to P (w) e�nai to monadikì ta-

mpl¸ T gia to opo�o isqÔei wrow(T ) ≡ w.

H apìdeixh tou Jewr mato 4.3.2 ja doje� sthn Par�grafo 4.3.3.

Apìdeixh tou Jewr mato 4.3.1. 'Opw èqei  dh exhghje�, mènei na de�xoume ìti

an u ≡ v, tìte P (u) = P (v). Pr�gmati, an u ≡ v, tìte apì thn Prìtash 4.3.1

sumpera�noume ìti u ≡ wrow(P (v)). Apì to Je¸rhma 4.3.2 èpetai ìti P (u) = P (v).
✷

4.3.3 Monìtone upoakolouj�e

Sthn par�grafo aut  ja de�xoume p¸ oi monìtone upoakolouj�e mia met�jesh

w kajor�zoun to sq ma λ(w) kai ja d¸soume thn apìdeixh tou Jewr mato 4.3.2

pou ekreme� apì thn prohgoÔmenh par�grafo.
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Upenjum�zoume ìti upoakolouj�a (ant�stoiqa, upolèxh) m kou m mia akolou-

j�a w = (w1, w2, . . . , wn) (ant�stoiqa, lèxh w = w1w2 · · ·wn) lègetai mia akolou-

j�a (ant�stoiqa, lèxh) th morf  (wi1 , wi2 , . . . , wim) (ant�stoiqa, wi1wi2 · · ·wim)

tètoia ¸ste i1 < i2 < · · · < im. H upoakolouj�a (ant�stoiqa, upolèxh) aut  e�nai

aÔxousa an wi1 ≤ wi2 ≤ · · · ≤ wim kai fj�nousa an wi1 ≥ wi2 ≥ · · · ≥ wim .

Orismì 4.3.2 'Estw met�jesh w ∈ S(Θ). Sumbol�zoume me L(w, k) to mègisto

�jroisma twn mhk¸n k xènwn an� dÔo aÔxouswn upoakolouji¸n th w kai me L∗(w, k)
to mègisto �jroisma twn mhk¸n k xènwn an� dÔo fj�nouswn upoakolouji¸n th w.

Eidikìtera, to mègisto m ko mia aÔxousa   fj�nousa upoakolouj�a th

w e�nai �so me L(w, 1)   L∗(w, 1), ant�stoiqa. Shmei¸noume ìti oi upoakolouj�e

ston Orismì 4.3.2 epitrèpetai na e�nai kenè. 'Etsi oi akèraioi L(w, k) kai L∗(w, k)
or�zontai gia k�je k ≥ 1 kai isqÔei L(w, k) = L∗(w, k) = n gia k ≥ n. Gia

par�deigma, gia n = 8 kai th met�jesh w = (5, 1, 7, 8, 2, 4, 6, 3) tou Sq mato 4.5

èqoume L(w, 1) = 4, L(w, 2) = 7 kai L(w, k) = 8 gia k ≥ 3, ìpou (1, 2, 4, 6)
e�nai mia aÔxousa upoakolouj�a th w m kou 4 kai (1, 2, 4, 6) kai (5, 7, 8) e�nai dÔo
aÔxouse, xène metaxÔ tou, upoakolouj�e th w sunolikoÔ m kou 7. Ep�sh

èqoume L∗(w, 1) = 3, L∗(w, 2) = 5, L∗(w, 3) = 7 kai L∗(w, k) = 8 gia k ≥ 4, ìpou
(7, 4, 3) e�nai mia fj�nousa upoakolouj�a th w m kou 3 kai (5, 4, 3) kai (7, 6) e�nai
dÔo fj�nouse, xène metaxÔ tou, upoakolouj�e th w sunolikoÔ m kou 5.

Upenjum�zoume ìti mia diamèrish λ = (λ1, λ2, . . . , λr) tou n mpore� na grafe�

w h �peirh akolouj�a (λ1, λ2, . . . , λr, 0, 0, . . .), prosjètonta �peirou pl jou mh-

denikoÔ ìrou sto tèlo th λ. H suzug  th λ or�zetai w h diamèrish λ′ tou n
ta mèrh th opo�a e�nai ta m kh twn sthl¸n tou diagr�mmato Young th λ. Gia

par�deigma, an λ = (4, 4, 3, 1), tìte λ′ = (4, 3, 3, 2).

Je¸rhma 4.3.3 Gia k�je w ∈ S(Θ) kai k ≥ 1, to L(w, k) (ant�stoiqa, L∗(w, k))
e�nai �so me to sunolikì pl jo twn tetrag¸nwn sti pr¸te k grammè (ant�stoiqa,

st le) tou diagr�mmato Young tou sq mato λ(w) th w. IsodÔnama,

L(w, k) = λ1 + λ2 + · · ·+ λk (4.2)

kai

L∗(w, k) = λ′1 + λ′2 + · · ·+ λ′k (4.3)

gia k�je k ≥ 1, ìpou λ(w) = (λ1, λ2, . . .) kai λ(w)′ = (λ′1, λ
′
2, . . .) e�nai h suzug 

diamèrish th λ(w).

To prohgoÔmeno je¸rhma d�nei thn ap�nthsh sto Er¸thma 4.3.1 (a) pou upo-

sqej kame sthn arq  th Paragr�fou 4.3 afoÔ, gia par�deigma, h sqèsh (4.2)

gr�fetai isodÔnama

λk = L(w, k) − L(w, k − 1), (4.4)
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ìpou L(w, 0) = 0. Eidikìtera, to λ1 e�nai �so me to mègisto m ko mia aÔxousa

upoakolouj�a th w (ant�stoiqa, to λ′1 e�nai �so me to mègisto m ko mia fj�nousa

upoakolouj�a th w).

Pìrisma 4.3.2 Oi akèraioi L∗(w, k) gia k ≥ 1 kajor�zontai apì tou L(w, k) gia

k ≥ 1 kai antistrìfw. Dhlad , gia metajèsei u, v ∈ S(Θ) isqÔei L(u, k) = L(v, k)
gia k�je k ≥ 1 an kai mìno an L∗(u, k) = L∗(v, k) gia k�je k ≥ 1.

Prin entruf soume sthn apìdeixh tou Jewr mato 4.3.3, parathroÔme ìti isqÔei

L∗(w, k) = L(wt, k) gia k�je k, ìpou wt = (wn, wn−1, . . . , w1) e�nai h an�strofh

th met�jesh w = (w1, w2, . . . , wn) ∈ S(Θ). H apìdeixh tou akìloujou l mmato

af netai w �skhsh.

L mma 4.3.2 An oi metajèsei u, v ∈ S(Θ) e�nai isodÔname kat� Knuth, tìte to

�dio isqÔei gia ti ut
kai vt

.

To Je¸rhma 4.3.3 ja prokÔyei apì ta dÔo epìmena l mmata.

L mma 4.3.3 An oi metajèsei u, v ∈ S(Θ) e�nai isodÔname kat� Knuth, tìte

L(u, k) = L(v, k) kai L∗(u, k) = L∗(v, k) gia k�je k ≥ 1.

Apìdeixh. Parist�noume ti u, v w lèxei. Qwr� bl�bh th genikìthta, mporoÔme

na upojèsoume ìti oi u kai v sundèontai me èna stoiqei¸dh metasqhmatismì Knuth.
Upojètoume epomènw ìti isqÔei e�te (a) u = x · bac · y kai v = x · bca · y, e�te
(b) u = x · acb · y kai v = x · cab · y, ìpou x, y e�nai lèxei kai a, b, c e�nai jetiko�

akèraioi me a < b < c. H anisìthta L(u, k) ≥ L(v, k) prokÔptei apì to gegonì

ìti opoiad pote sullog  xènwn an� dÔo aÔxouswn upolèxewn th v e�nai ep�sh

sullog  xènwn an� dÔo aÔxouswn upolèxewn th u. Gia thn ant�strofh anisìthta,

jewroÔme mia sullog  A pou apotele�tai apì k xène an� dÔo aÔxouse upolèxei

th u. Ja de�xoume ìti up�rqei tètoia sullog  tou �diou sunolikoÔ m kou kai gia

th v. An den up�rqei lèxh th A pou perièqei ta a kai c, tìte h A e�nai h zhtoÔmenh

sullog  kai gia th v. 'Estw ìti h A perièqei lèxh th morf  x1 · ac · y1. An to b
den e�nai gr�mma k�poia �llh lèxh th A, tìte h sullog  pou prokÔptei apì thn

A antikajist¸nta th lèxh x1 · ac · y1 me th x1 · bc · y1 sthn per�ptwsh (a) kai me

th x1 · ab · y1 sthn per�ptwsh (b), èqei ti zhtoÔmene idiìthte. Diaforetik� h A
perièqei stoiqe�o th morf  x2 · b ·y2, ìpou oi lèxei x2 kai y2 den perièqoun ta a, c.
Antikajist¸nta ti lèxei x1 ·ac ·y1 kai x2 ·b ·y2 sthn A me ti x2 ·bc ·y1 kai x1 ·a ·y2

sthn per�ptwsh (a) kai me ti x1 · ab · y2 kai x2 · c · y1 sthn per�ptwsh (b), prokÔptei

kai p�li sullog  upolèxewn th v me ti zhtoÔmene idiìthte. Apì ta prohgoÔmena

sumpera�noume ìti L(u, k) ≤ L(v, k) kai sunep¸ ìti L(u, k) = L(v, k).

Gia to deÔtero zhtoÔmeno qrhsimopoioÔme thn isqÔ tou pr¸tou kai to L mma 4.3.2

kai sumpera�noume ìti L∗(u, k) = L(ut, k) = L(vt, k) = L∗(v, k) gia k�je k. ✷
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L mma 4.3.4 An w = wrow(T ) gia k�poio tampl¸ T sq mato λ = (λ1, λ2, . . .),
tìte L(w, k) = λ1 +λ2 + · · ·+λk kai L∗(w, k) = λ′1 + λ′2 + · · ·+λ′k gia k�je k ≥ 1,
ìpou λ′ = (λ′1, λ

′
2, . . .).

Apìdeixh. Oi pr¸te k grammè tou T or�zoun k aÔxouse upoakolouj�e th w
sunolikoÔ m kou λ1+λ2+· · ·+λk kai sunep¸ L(w, k) ≥ λ1+λ2+· · ·+λk. Gia thn

ant�strofh anisìthta arke� na parathr sei kane� ìti (a) mia aÔxousa upoakolouj�a

th w den mpore� na perièqei dÔo   perissìtera stoiqe�a pou na an koun sthn �dia

st lh tou T kai ìti (b) anA e�nai h ènwsh opoiond pote k xènwn an� dÔo uposunìlwn
tou perieqomènou Θ tou T , kajèna apì ta opo�a perièqei to polÔ èna stoiqe�o apì

k�je st lh tou T , tìte to pl jo twn stoiqe�wn tou A den uperba�nei to sunolikì

pl jo twn tetrag¸nwn twn pr¸twn k gramm¸n tou T .
Gia th deÔterh isìthta akoloujoÔme ton �dio sullogismì, enall�ssonta tou

rìlou twn gramm¸n kai sthl¸n tou T . ✷

Apìdeixh tou Jewr mato 4.3.3. Jètonta v = wrow(P (w)), èqoume w ≡ v apì

thn Prìtash 4.3.1 kai sunep¸ L(w, k) = L(v, k) kai L∗(w, k) = L∗(v, k) apì to

L mma 4.3.3. AfoÔ λ(w) e�nai to sq ma tou tampl¸ P (w), to zhtoÔmeno èpetai apì

to L mma 4.3.4. ✷

Oloklhr¸noume thn par�grafo aut  me thn apìdeixh tou Jewr mato 4.3.2.

L mma 4.3.5 'Estw u, v ∈ S(Θ) kai u◦, v◦ oi metajèsei pou prokÔptoun apì ti

u, v, ant�stoiqa, diagr�fonta to mègisto stoiqe�o tou Θ. An oi u, v e�nai isodÔname
kat� Knuth, tìte to �dio isqÔei gia ti u◦, v◦.

Apìdeixh. Qwr� bl�bh th genikìthta, mporoÔme na upojèsoume ìti oi u kai

v sundèontai me èna stoiqei¸dh metasqhmatismì Knuth. 'Estw a < b < c ta tr�a

gr�mmata pou emplèkontai sto metasqhmatismì autì. ParathroÔme ìti an to mègisto

stoiqe�o tou Θ e�nai to c, tìte u◦ = v◦ en¸ diaforetik�, oi u◦ kai v◦ sundèontai me

stoiqei¸dh metasqhmatismì Knuth sta �dia gr�mmata. Se k�je per�ptwsh èqoume

u◦ ≡ v◦. ✷

Apìdeixh tou Jewr mato 4.3.2. Exait�a th Prìtash 4.3.1, arke� na de�xoume

ìti up�rqei to polÔ èna tampl¸ T tètoio ¸ste wrow(T ) ≡ w. 'Estw ìti to T e�nai

tampl¸ me thn idiìthta aut . Ja qrhsimopoi soume epagwg  sto m ko n th w,
ìpou to zhtoÔmeno e�nai fanerì gia n = 1. Jètoume v = wrow(T ), opìte v ≡ w.
Diagr�fonta to mègisto stoiqe�o c tou T (isodÔnama, th w) kai to tetr�gwno

pou to perièqei apì to T , prokÔptei èna nèo tampl¸ T◦ me perieqìmeno Θr{c}.
'Estw w◦ kai v◦ oi metajèsei pou prokÔptoun, ant�stoiqa, diagr�fonta to c apì
ti w kai v. Profan¸ èqoume wrow(T◦) = v◦. Apì th sqèsh v ≡ w kai to L mma

4.3.5 prokÔptei ìti v◦ ≡ w◦, opìte wrow(T◦) ≡ w◦. Apì thn upìjesh th epagwg 
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sumpera�noume ìti to tampl¸ T◦ kajor�zetai monos manta apì th w◦, �ra kai apì

th w. Epiprìsjeta, apì ta L mmata 4.3.3 kai 4.3.4 gnwr�zoume ìti to sq ma tou

T kajor�zetai monos manta apì th w. Apì ti dÔo autè diapist¸sei èpetai ìti

to �dio to T kajor�zetai monos manta apì th w, pr�gma to opo�o oloklhr¸nei thn

epagwg  kai thn apìdeixh tou jewr mato. ✷

4.4 H ant�strofh met�jesh

Sthn par�grafo aut  ja exet�soume èna axioshme�wto fainìmeno summetr�a pou

parousi�zei h antistoiq�a Robinson-Schensted: To zeÔgo twn tampl¸ RS(w−1) gia
thn ant�strofh met�jesh w−1

th w prokÔptei enall�ssonta ta P (w) kai Q(w).
O anagn¸sth kale�tai na epalhjeÔsei to akìloujo je¸rhma gia to par�deigma tou

Sq mato 4.4.

Je¸rhma 4.4.1 (Schützenberger [11℄) Gia k�je w ∈ Sn isqÔei P (w−1) = Q(w)
kai Q(w−1) = P (w).

H apìdeixh pou ja d¸soume, ofeilìmenh ston Viennot [14℄, bas�zetai se mia

gewmetrik  ermhne�a th antistoiq�a Robinson-Schensted, th opo�a to Je¸rhma

4.4.1 e�nai �mesh sunèpeia.

Parist�noume mia met�jesh w ∈ Sn w to sÔnolo twn shme�wn (i, wi) sto R2
me

1 ≤ i ≤ n, ìpou wi = w(i). H pr¸th ski� th w or�zetai w to topologikì sÔnoro

th ènwsh twn sunìlwn {(x, y) ∈ R2 : x ≥ i, y ≥ wi} gia 1 ≤ i ≤ n kai sumbol�ze-

tai me L1(w). Gia i = 2, 3, . . . h ski� Li(w) th w or�zetai an�loga, diagr�fonta

apì to sÔnolo twn shme�wn (i, wi) eke�na pou an koun sti L1(w), . . . ,Li−1(w). To
Sq ma 4.5 apeikon�zei ti tèsseri skiè th met�jesh w = (5, 1, 7, 8, 2, 4, 6, 3) ∈ S8.

Sumbol�zoume me ai(w) kai me bi(w) thn el�qisth tim  pou lamb�nei h x kai h y sunte-
tagmènh, ant�stoiqa, p�nw sta shme�a th Li(w). Gia to par�deigma tou Sq mato

4.5 èqoume a1(w) = 1, a2(w) = 3, a3(w) = 4, a4(w) = 7 kai b1(w) = 1, b2(w) = 2,
b3(w) = 3, b4(w) = 6.

Prìtash 4.4.1 An m e�nai to pl jo twn ski¸n th w, tìte h pr¸th gramm 

tou P (w) èqei stoiqe�a b1(w), b2(w), . . . , bm(w) kai h pr¸th gramm  tou Q(w) èqei
stoiqe�a a1(w), a2(w), . . . , am(w).

Apìdeixh. Isqurizìmaste ìti gia 1 ≤ k ≤ n, ta tampl¸ P (w1, w2, . . . , wk) kai

Q(w1, w2, . . . , wk) èqoun pr¸th gramm  me stoiqe�a b1,k(w), b2,k(w), . . . , bj,k(w) kai

a1(w), a2(w), . . . , aj(w), ant�stoiqa, ìpou j e�nai to pl jo twn ski¸n th w pou

tèmnoun thn euje�a x = k kai bi,k(w) e�nai h el�qisth tim  pou lamb�nei h y sun-

tetagmènh p�nw sta shme�a th tom  th Li(w) me thn euje�a x = k. H prìtash
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Sq ma 4.5: Skiè gia th met�jesh w = (5, 1, 7, 8, 2, 4, 6, 3).

e�nai h eidik  per�ptwsh k = n tou isqurismoÔ autoÔ, afoÔ tìte j = m kai isqÔei

bi,n(w) = bi(w) gia 1 ≤ i ≤ m.

Ja apode�xoume ton isqurismì me epagwg  sto k. Sthn per�ptwsh k = 1 èqoume

a1(w) = 1 kai b1,1(w) = w1 kai sunep¸ o isqurismì ma isqÔei. Upojètoume

ìti isqÔei gia to k ≤ n − 1 kai diakr�noume dÔo peript¸sei. An wk+1 > bj,k(w),
tìte to shme�o (k + 1, wk+1) an kei se mia nèa ski� Lj+1(w) th w pou tèmnei thn

euje�a x = k + 1 kai gia thn opo�a isqÔoun aj+1(w) = k + 1, bi,k+1(w) = bi,k(w)
gia 1 ≤ i ≤ j kai bj+1,k+1(w) = wk+1. Ep�sh, efarmìzonta thn upìjesh th

epagwg  prokÔptei ìti h pr¸th gramm  twn tampl¸

P (w1, . . . , wk+1) = P (w1, . . . , wk)← wk+1

kai Q(w1, . . . , wk+1) èqei stoiqe�a b1,k(w), . . . , bj,k(w), wk+1 kai a1(w), . . . , aj(w),
k + 1  , isodÔnama, b1,k+1(w), . . . , bj+1,k+1(w) kai a1(w), . . . , aj+1(w), ant�stoiqa,
se sumfwn�a me ton isqurismì ma. 'Estw ìti wk+1 < bj,k(w), opìte up�rqei de�kth
1 ≤ p ≤ j me bp−1,k(w) < wk+1 < bp,k(w), ìpou ennoe�tai ìti b0,k(w) = 0. Sthn

per�ptwsh aut  h euje�a x = k+1 tèmnei mìno ti skiè L1(w), . . . ,Lj(w) ti opo�e
tèmnei kai h x = k kai isqÔoun bp,k+1(w) = wk+1 kai bi,k+1(w) = bi,k(w) gia

i 6= p. Ep�sh, h pr¸th gramm  tou P (w1, . . . , wk+1) = P (w1, . . . , wk)← wk+1 èqei
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stoiqe�a

b1,k(w) < · · · < bp−1,k(w) < wk+1 < bp+1,k(w) < · · · < bj,k

en¸ h pr¸th gramm  tou Q(w1, . . . , wk+1) e�nai �sh me eke�nh tou Q(w1, . . . , wk). Ta
dedomèna aut� epalhjeÔoun ek nèou ton isqurismì kai sunep¸ h epagwg  ma e�nai

pl rh. ✷

Sth sunèqeia ja perigr�youme ti upìloipe grammè twn tampl¸ P (w) kaiQ(w)
apì to di�gramma twn ski¸n th w. Onom�zoume èna shme�o (a, b) ∈ N2

eswterik 

gwn�a th w an up�rqei ski� th w pou dièrqetai apì ta shme�a (a− 1, b), (a, b) kai
(a, b− 1). Gia par�deigma, gia th met�jesh tou Sq mato 4.5 èqoume ti eswterikè

gwn�e (2, 5), (5, 7), (6, 8) kai (8, 4). Apì to sÔnolo twn eswterik¸n gwni¸n th w

or�zontai diadoqik� oi skiè L
(2)
i (w) t�xh dÔo th w gia i = 1, 2, . . ., me ton �dio

trìpo me ton opo�o or�sthkan oi skiè Li(w) th w apì to sÔnolo twn n shme�wn

(i, wi). Sto Sq ma 4.5 oi skiè t�xh dÔo apeikon�zontai me diakekomène grammè.

Parìmoia or�zontai oi skiè L
(j)
i (w) t�xh j th w apì to sÔnolo twn eswterik¸n

gwni¸n twn ski¸n L
(j−1)
i (w) t�xew j − 1, ìpou èqoume jèsei L

(1)
i (w) = Li(w).

Sumbol�zoume me a
(j)
i (w) kai me b

(j)
i (w) thn el�qisth tim  pou lamb�nei h x kai

h y suntetagmènh, ant�stoiqa, p�nw sta shme�a th L
(j)
i (w). Gia to par�deigma

tou Sq mato 4.5 èqoume a
(2)
1 (w) = 2, a

(2)
2 (w) = 5, a

(2)
3 (w) = 6 kai b

(2)
1 (w) = 4,

b
(2)
2 (w) = 7, b

(2)
3 (w) = 8 gia ti trei skiè th w t�xh dÔo kai a

(3)
1 (w) = 8 kai

b
(3)
1 (w) = 5 gia th monadik  ski� t�xh 3. To akìloujo je¸rhma genikeÔei thn

Prìtash 4.4.1.

1

2

3 4

5 6

7

8

Q (w)  =  

6321

874

5

P (w)  = 

Sq ma 4.6: Ta P kai Q-tampl¸ gia th w = (5, 1, 7, 8, 2, 4, 6, 3).

Je¸rhma 4.4.2 An q e�nai to pl jo twn ski¸n t�xh j th w, tìte h gramm  j

tou tampl¸ P (w) èqei stoiqe�a b
(j)
1 (w), b

(j)
2 (w), . . . , b

(j)
q (w) kai h gramm  j tou Q(w)

èqei stoiqe�a a
(j)
1 (w), a

(j)
2 (w), . . . , a

(j)
q (w).

Apìdeixh. Sthn per�ptwsh j = 1 to je¸rhma isoduname� me thn Prìtash 4.4.1. Gia

thn per�ptwsh j ≥ 2 akoloujoÔme thn apìdeixh th Prìtash 4.4.1 kai parathroÔme
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ìti an (k, u) e�nai eswterik  gwn�a mia ski� th w, tìte to wk antikajist� to u
sthn pr¸th gramm  tou P (w) kat� thn eisagwg  tou wk sto P (w1, . . . , wk−1). Kat�
sunèpeia, an (k1, uk1

), . . . , (kn−m, ukn−m
) e�nai oi eswterikè gwn�e th w, tìte to

tampl¸ pou sqhmat�zoun oi grammè tou P (w) ektì th pr¸th sump�ptei me to

P (uk1
, . . . , ukn−m

) kai to tampl¸ pou sqhmat�zoun oi grammè tou Q(w) ektì th

pr¸th sump�ptei me autì pou prokÔptei apì to Q(uk1
, . . . , ukn−m

) antikajist¸nta
to i me to ki gia k�je i ∈ [n − m]. To zhtoÔmeno prokÔptei apì thn kat�llhlh

tropopo�hsh th diatÔpwsh th Prìtash 4.4.1 me epagwg  sto pl jo twn gram-

m¸n twn P (w) kai Q(w). Oi leptomèreie af nontai ston anagn¸sth. ✷

Ta tampl¸ P (w) kai Q(w) pou problèpei to Je¸rhma 4.4.2 gia th met�jesh w
tou Sq mato 4.5 d�nontai sto Sq ma 4.6. Af noume ston anagn¸sth na epalh-

jeÔsei ìti aut� e�nai pr�gmati ta dÔo tampl¸ pou or�zei h antistoiq�a Robinson-
Schensted gia th w.

Apìdeixh tou Jewr mato 4.4.1. ParathroÔme ìti ta shme�a (i, w−1(i)) kai, kat�

sunèpeia, oi skiè tuqa�a t�xh j th w−1
prokÔptoun apì ta ant�stoiqa shme�a

kai skiè th w me orjog¸nia an�klash w pro thn euje�a x = y tou R2
. To

zhtoÔmeno èpetai apì to Je¸rhma 4.4.2. ✷

To akìloujo pìrisma apant� sto Er¸thma 4.3.1 (g) th Paragr�fou 4.3.

Pìrisma 4.4.1 Gia metajèsei u, v ∈ Sn isqÔei Q(u) = Q(v) an kai mìno an oi u−1

kai v−1
e�nai isodÔname kat� Knuth.

Apìdeixh. Apì to Je¸rhma 4.4.1 èqoume Q(u) = P (u−1) kai Q(v) = P (v−1).
Sunep¸, to zhtoÔmeno èpetai apì to Je¸rhma 4.3.1. ✷

Parat rhsh 4.4.1 DÔo metajèsei u, v ∈ Sn gia ti opo�e isqÔei u−1 ≡ v−1

lègontai düik� isodÔname kat� Knuth. Epomènw, me thn orolog�a aut , to Pìri-

sma 4.4.1 dhl¸nei ìti gia ti u, v ∈ Sn isqÔei Q(u) = Q(v) an kai mìno an oi u, v
e�nai düik� isodÔname kat� Knuth.

H sqèsh th düik  isodunam�a kat� Knuth, h opo�a e�nai profan¸ sqèsh

isodunam�a sto sÔnolo Sn, mpore� na perigrafe� eujèw w ex : Ja lème ìti dÔo

metajèsei u, v ∈ Sn sundèontai me èna stoiqei¸dh düikì metasqhmatismì Knuth an

up�rqei akèraio i tètoio ¸ste h (i + 1, i, i + 2) na e�nai upoakolouj�a mia apì

ti u, v kai h �llh na prokÔptei apì thn pr¸th enall�ssonta ta i + 1 kai i + 2,
  h (i, i + 2, i + 1) na e�nai upoakolouj�a mia apì ti u, v kai h �llh na prokÔptei

apì thn pr¸th enall�ssonta ta i kai i + 1. ParathroÔme ìti, sÔmfwna me ton

Orismì 4.3.1 kai thn ènnoia th ant�strofh met�jesh, oi u kai v sundèontai me èna
stoiqei¸dh düikì metasqhmatismì Knuth an kai mìno an oi u−1

kai v−1
sundèontai
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me èna stoiqei¸dh metasqhmatismì Knuth. Kat� sunèpeia, dÔo metajèsei th Sn

e�nai düik� isodÔname kat� Knuth an kai mìno an h m�a mpore� na prokÔyei apì thn

�llh mèsw peperasmènou pl jou stoiqeiwd¸n düik¸n metasqhmatism¸n Knuth.

Oloklhr¸noume thn par�grafo aut  me to ex  pìrisma gia to pl jo twn

Young tampl¸ tuqa�ou sq mato λ ⊢ n, me dosmèno pl jo tetrag¸nwn n. H

ekjetik  genn tria sun�rthsh th akolouj�a twn akera�wn sto dexiì mèlo th

(4.5) upolog�sthke sto Par�deigma 3.2.3.

Pìrisma 4.4.2 Gia k�je jetikì akèraio n isqÔei

∑

λ⊢n

fλ = # {w ∈ Sn : w−1 = w}. (4.5)

Apìdeixh. Apì ta Jewr mata 4.2.1 kai 4.4.1 sumpera�noume ìti gia w ∈ Sn èqoume

w−1 = w ⇔ RS(w) = RS(w−1) ⇔ P (w) = Q(w). Kat� sunèpeia, h amfimonos -

manth apeikìnish RS tou Jewr mato 4.2.1 perior�zetai se mia amfimonos manth

apeikìnish apì to sÔnolo twn metajèsewn w ∈ Sn me w−1 = w sto sÔnolo twn

zeug¸n Young tampl¸ sq mato λ ⊢ n th morf  (P,P ). Epomènw isqÔei h (4.5).

✷

4.5 H an�strofh met�jesh

Upenjum�zoume ìti h an�strofh mia akolouj�a w = (w1, w2, . . . , wn) jetik¸n

akera�wn or�zetai w h akolouj�a wt = (wn, wn−1, . . . , w1). Sthn par�grafo aut 

ja perigr�youme ta tampl¸ P (wt) kai Q(wt) gia mia met�jesh w ∈ Sn apì ta P (w)
kai Q(w), ant�stoiqa. Sugkekrimèna, ja de�xoume ìti to P (wt) e�nai to an�strofo

tampl¸ tou P (w) kai ìti to Q(wt) prokÔptei apì to Q(w) me mia diadikas�a, o

orismì th opo�a qrhsimopoie� to paiqn�di jeu de taquin tou Schützenberger. To
paiqn�di autì èqei plhj¸ra efarmog¸n sth sunduastik  twn tampl¸ kai odhge� se

èna neì isodÔnamo orismì tou P -tampl¸ mia met�jesh.

4.5.1 To an�strofo tampl¸

'Estw Θ èna sÔnolo me stoiqe�a n jetikoÔ akera�ou. To an�strofo enì tampl¸

T me perieqìmeno Θ e�nai to tampl¸ T t
oi grammè tou opo�ou sump�ptoun me ti

st le tou T t
, me thn �dia ar�jmhsh. Sto Sq ma 4.7 apeikon�zetai to an�strofo

tampl¸ eke�nou tou Sq mato 4.1. To sq ma tou T t
e�nai h suzug  diamèrish tou

sq mato sh(T ) tou T , ìpw aut  or�sthke sthn par�grafo pou prohg jhke tou

Jewr mato 4.3.3.
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Sq ma 4.7: Ta an�strofo tou tampl¸ tou Sq mato 4.1.

W sunèpeia twn ant�stoiqwn orism¸n, oi lèxei gramm¸n kai sthl¸n twn T t
kai

T sundèontai me th sqèsh

wrow(T t) = (wcol(T ))t. (4.6)

Je¸rhma 4.5.1 Gia k�je met�jesh w ∈ S(Θ) isqÔei P (wt) = P (w)t.

Gia thn apìdeixh tou jewr mato ja qreiastoÔme to ex  l mma.

L mma 4.5.1 Gia k�je tampl¸ T , h lèxh twn gramm¸n wrow(T ) e�nai isodÔnamh

kat� Knuth me th lèxh twn sthl¸n wcol(T ).

Apìdeixh. To zhtoÔmeno e�nai fanerì an to T èqei m�a mìno gramm    m�a mìno

st lh. Gia th genik  per�ptwsh qrhsimopoioÔme epagwg  sto pl jo twn stoiqe�wn

tou T . 'Estw a1 < a2 < · · · < ar ta stoiqe�a th pr¸th st lh tou T kai èstw

ar < b1 < · · · < bs ta stoiqe�a th teleuta�a gramm  tou. 'Estw ep�sh T ′
kai T ′′

ta tampl¸ pou prokÔptoun apì to T diagr�fonta thn pr¸th st lh tou T kai thn

teleuta�a gramm  tou, ant�stoiqa, kai èstw S to tampl¸ pou prokÔptei apì to T
diagr�fonta kai thn pr¸th st lh kai thn teleuta�a gramm . Apì thn upìjesh th

epagwg , kajèna apì ta T ′
, T ′′

kai S èqei isodÔname lèxei gramm¸n kai sthl¸n

kai sunep¸ isqÔoun

wcol(T ) = arar−1 · · · a1 · wcol(T
′) ≡ arar−1 · · · a1 · wrow(T ′)

= arar−1 · · · a1b1b2 · · · bs · wrow(S)

kai

wrow(T ) = arb1b2 · · · bs · wrow(T ′′) ≡ arb1b2 · · · bs · wcol(T
′′)

= arb1b2 · · · bs ar−1 · · · a1 · wcol(S)

≡ arb1b2 · · · bs ar−1 · · · a1 · wrow(S).

Gia na oloklhr¸soume thn epagwg , arke� epomènw na de�xoume ìti

arar−1 · · · a1b1b2 · · · bs ≡ arb1b2 · · · bs ar−1 · · · a1.
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Pr�gmati, h lèxh sto dexiì mèlo th sqèsh aut  prokÔptei apì eke�nh tou ari-

steroÔ mèlou me (r−1)s to pl jo stoiqei¸dei metasqhmatismoÔ Knuth, oi opo�oi
metafèroun diadoqik� tou akera�ou b1, b2, . . . , bs arister� th lèxh ar−1 · · · a1.

Oi leptomèreie af nontai ston anagn¸sth. ✷

Apìdeixh tou Jewr mato 4.5.1. Jètoume T = P (w). Efarmìzonta diadoqik� th

sqèsh (4.6), ta L mmata 4.5.1 kai 4.3.2 kai thn Prìtash 4.3.1, br�skoume ìti

wrow(T t) = (wcol(T ))t ≡ (wrow(T ))t ≡ wt.

Gnwr�zoume ep�sh (Je¸rhma 4.3.2) ìti to P (wt) e�nai to monadikì tampl¸ h lèxh

twn gramm¸n tou opo�ou e�nai isodÔnamh kat� Knuth me th wt
. Apì ta prohgoÔmena

sumpera�noume ìti P (wt) = T t
. ✷

4.5.2 To paiqn�di tou Schützenberger

Gia na or�soume to paiqn�di jeu de taquin tou Schützenberger ja qreiaste� na epek-

te�noume thn ènnoia tou tampl¸ se eke�nh tou loxoÔ tampl¸. Gia dÔo diamer�sei

akera�wn µ = (µ1, µ2, . . .) kai λ = (λ1, λ2, . . .) gr�foume µ ⊆ λ an isqÔei µi ≤ λi gia

k�je i ≥ 1, dhlad  an to di�gramma Young th µ perièqetai se eke�no th λ. Sthn
per�ptwsh aut  sumbol�zoume me Yλ/µ to sÔnolo twn tetrag¸nwn tou diagr�mmato

Young th λ pou den an koun se eke�no th µ kai gr�foume λ/µ ⊢ n an to Yλ/µ

apotele�tai apì n tetr�gwna.

Orismì 4.5.1 'Estw diamer�sei akera�wn µ ⊆ λ. Loxì (skew) tampl¸ sq mato

λ/µ lègetai mia 1�1 antistoiq�a T tou sunìlou twn tetrag¸nwn tou Yλ/µ me èna

uposÔnolo Θ tou sunìlou twn jetik¸n akera�wn, tètoia ¸ste:

(i) oi akèraioi pou antistoiqoÔn sta tetr�gwna opoiasd pote gramm  tou Yλ/µ

na aux�noun pro ta dexi� kai

(ii) oi akèraioi pou antistoiqoÔn sta tetr�gwna opoiasd pote st lh tou Yλ/µ na

aux�noun pro ta k�tw.

'Opw sthn per�ptwsh µ = ∅, gr�foume sh(T ) = λ/µ gia to sq ma tou loxoÔ

tampl¸ T kai sumbol�zoume me wrow(T ) th lèxh twn gramm¸n tou T , dhlad  th

lèxh pou prokÔptei diab�zonta ta stoiqe�a twn gramm¸n tou T apì arister� pro

ta dexi�, arq�zonta apì thn teleuta�a gramm  kai proqwr¸nta pro thn pr¸th.

To Θ lègetai perieqìmeno tou T kai ta stoiqe�a tou lègontai stoiqe�a tou T . To

T lègetai loxì Young tampl¸ an Θ = [n] gia k�poio mh arnhtikì akèraio n. To

Sq ma 4.8 apeikon�zei èna loxì Young tampl¸ sq mato (4, 4, 3, 1) / (3, 1) me n = 8,
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Sq ma 4.8: 'Ena loxì Young tampl¸ sq mato (4, 4, 3, 1) / (3, 1).

h lèxh gramm¸n 51782463 tou opo�ou antistoiqe� sth met�jesh tou Sq mato 4.5.

To loxì tampl¸ T ja lègetai emfatik� kai sÔnhje tampl¸ an µ = ∅.

'Ena tetr�gwno x tou Yµ lègetai bìreia exwterik  gwn�a tou λ/µ an to tetr�-

gwno akrib¸ k�tw apì to x kai to tetr�gwno akrib¸ sta dexi� tou x den an koun

sto Yµ. Omo�w, èna tetr�gwno x tou Yλ lègetai nìtia eswterik  gwn�a tou λ/µ
an to tetr�gwno akrib¸ k�tw apì to x kai to tetr�gwno akrib¸ sta dexi� tou x
den an koun sto Yλ. Sto par�deigma tou Sq mato 4.8, to tetr�gwno th pr¸th

gramm  kai tr�th st lh tou Yµ, kaj¸ kai eke�no th deÔterh gramm  kai pr¸th

st lh, apoteloÔn ti bìreie exwterikè gwn�e tou λ/µ, en¸ oi nìtie eswterikè

gwn�e e�nai ta tetr�gwna tou Yλ pou perièqoun ta stoiqe�a 5, 6 kai 8 tou tampl¸

pou apeikon�zetai.

'Estw loxì tampl¸ T sq mato λ/µ. Dosmènh mia bìreia exwterik  gwn�a

x tou λ/µ, h k�nhsh ol�sjhsh (slide) tou T apì to tetr�gwno x kataskeu�zei

èna nèo loxì tampl¸ T ′
w ex : TopojetoÔme mia maÔrh kouk�da sto tetr�gwno

x kai jewroÔme ta stoiqe�a tou T sta dÔo tetr�gwna pou br�skontai akrib¸ k�tw

kai dexi� tou x. Antall�ssoume thn kouk�da me to mikrìtero apì ta dÔo aut�

stoiqe�a (  me to monadikì diajèsimo stoiqe�o, an èna apì ta tetr�gwna e�nai kenì)

kai epanalamb�noume th diadikas�a mèqri h kouk�da na metakinhje� se mia nìtia

eswterik  gwn�a tou λ/µ, opìte kai diagr�fetai. Af netai ston anagn¸sth na

de�xei ('Askhsh 2) ìti o sqhmatismì T ′
pou prokÔptei e�nai ep�sh loxì tampl¸,

dhlad  ìti ta stoiqe�a sti grammè kai st le tou T ′
aux�noun pro ta dexi� kai

pro ta k�tw, ant�stoiqa. H k�nhsh ol�sjhsh tou loxoÔ tampl¸ tou Sq mato 4.8

apì to tetr�gwno sthn pr¸th gramm  kai tr�th st lh apeikon�zetai sto Sq ma 4.9.

Gia to sq ma λ/µ or�zontai me an�logo trìpo oi nìtie exwterikè kai oi bìrei-

e eswterikè gwn�e (gia to par�deigma tou Sq mato 4.8 up�rqoun trei bìreie

eswterikè gwn�e kai tèsseri nìtie exwterikè, m�a apì ti opo�e e�nai to tetr�-

gwno sthn pr¸th gramm  kai pèmpth st lh kai m�a �llh eke�no sthn pèmpth gramm 

kai pr¸th st lh). Me diadikas�a an�logh aut  pou perigr�yame gia thn k�nhsh

ol�sjhsh, h ant�strofh k�nhsh ol�sjhsh (reverse slide) tou T apì mia nìtia exw-

terik  gwn�a y tou λ/µ kataskeu�zei èna nèo loxì tampl¸ T ′′
w ex : TopojetoÔme
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Sq ma 4.9: Mia k�nhsh ol�sjhsh.

mia maÔrh kouk�da sto tetr�gwno y kai jewroÔme ta stoiqe�a tou T sta dÔo tetr�-

gwna pou br�skontai akrib¸ ep�nw kai arister� tou y. Antall�ssoume thn kouk�da
me to megalÔtero apì ta dÔo aut� stoiqe�a (  me to monadikì diajèsimo stoiqe�o,

an èna apì ta tetr�gwna e�nai �deio) kai epanalamb�noume th diadikas�a mèqri h

kouk�da na metakinhje� se mia bìreia eswterik  gwn�a tou λ/µ, opìte kai diagr�fe-
tai. Af netai kai p�li ston anagn¸sth na de�xei ('Askhsh 2) ìti o sqhmatismì T ′′

pou prokÔptei e�nai ep�sh loxì tampl¸. H ant�strofh k�nhsh ol�sjhsh tou loxoÔ

tampl¸ tou Sq mato 4.8 apì to tetr�gwno sthn tr�th gramm  kai tètarth st lh

apeikon�zetai sto Sq ma 4.10.
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Sq ma 4.10: Mia ant�strofh k�nhsh ol�sjhsh.
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Orismì 4.5.2 DÔo lox� tampl¸ lègontai isodÔnama an e�nai dunatìn na prokÔyei

to èna apì aut� apì to �llo me peperasmènou pl jou kin sei ol�sjhsh kai ant�-

strofe kin sei ol�sjhsh.

To akìloujo je¸rhma sundèei thn ènnoia th isodunam�a gia lox� tampl¸ me

eke�nh th isodunam�a kat� Knuth gia lèxei.

Je¸rhma 4.5.2 DÔo lox� tampl¸ e�nai isodÔnama an kai mìno an oi lèxei twn

gramm¸n tou e�nai isodÔname kat� Knuth.

Apìdeixh. Ja de�xoume pr¸ta ìti an èna loxì tampl¸ T prokÔptei apì èna loxì

tampl¸ S me mia k�nhsh ol�sjhsh   ant�strofh k�nhsh ol�sjhsh, tìte wrow(T ) ≡
wrow(S). Fusik� arke� na de�xoume to sumpèrasma an to T prokÔptei apì to S me mia

mìno k�nhsh th kouk�da. An aut  e�nai orizìntia, tìte wrow(T ) = wrow(S) kai to
zhtoÔmeno e�nai fanerì. 'Estw ìti h k�nhsh th kouk�da e�nai k�jeth. AfoÔ h k�nhsh

aut  ephre�zei mìno to tm ma twn lèxewn wrow(S) kai wrow(T ) pou apotele�tai apì

ta stoiqe�a twn dÔo emplekìmenwn diadoqik¸n gramm¸n twn S kai T , mporoÔme na
upojèsoume qwr� bl�bh th genikìthta ìti kajèna apì ta S kai T èqei dÔo mìno

grammè, ìpw de�qnei to Sq ma 4.11. Profan¸ arke� na de�xoume ìti oi lèxei

a′1a
′
2 · · · a′r b′1b′2 · · · b′s a1a2 · · · ar c b1b2 · · · bs

kai

a′1a
′
2 · · · a′r c b′1b′2 · · · b′s a1a2 · · · ar b1b2 · · · bs

e�nai isodÔname kat� Knuth. Me dedomèno to ìti ta S kai T èqoun aÔxouse

grammè kai st le, br�skoume eÔkola ìti oi dÔo autè lèxei èqoun �sa P -tampl¸
(sugkekrimèna, �sa me to tampl¸ tou Sq mato 4.12). To zhtoÔmeno èpetai apì to

Pìrisma 4.3.1.

c

c

a a

b b

a a

bb

1 r

1 r

1 s

1 s

. . .

. . .

. . .

. . .
S  =

T  =
. . .

. . .

. . .

. . .

a1

a1

ar

ar

b1 bs

b1 bs

Sq ma 4.11: K�jeth k�nhsh th kouk�da sto jeu de taquin.

Apì ta parap�nw sun�goume ìti an dÔo lox� tampl¸ e�nai isodÔnama, tìte oi lè-

xei twn gramm¸n tou e�nai isodÔname kat� Knuth. Gia na de�xoume to ant�strofo,
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upojètoume ìti gia dÔo lox� tampl¸ S kai T isqÔei wrow(S) ≡ wrow(T ). 'Eqonta
to loxì tampl¸ S w afethr�a, epilègoume diadoqik� bìreie exwterikè gwn�e me

tuqa�o trìpo kai efarmìzoume ti ant�stoiqe kin sei ol�sjhsh èw ìtou prokÔyei

èna sÔnhje tampl¸, èstw j(S). Apì thn kataskeu  tou, to j(S) e�nai isodÔnamo me

to S. Omo�w kataskeu�zetai èna sÔnhje tampl¸ j(T ) isodÔnamo me to T . 'Opw
de�xame prohgoumènw, oi lèxei twn gramm¸n twn S kai j(S) e�nai isodÔname kat�
Knuth kai to �dio isqÔei gia ta T kai j(T ). Apì thn upìjes  ma sumpera�noume ìti

oi lèxei twn gramm¸n twn j(S) kai j(T ) e�nai isodÔname kat� Knuth kai, apì to

Je¸rhma 4.3.2, ìti j(S) = j(T ). AfoÔ kajèna apì ta S kai T e�nai isodÔnamo me

to j(S) = j(T ), ta S kai T e�nai kai metaxÔ tou isodÔnama. ✷

a a1 r. . .

. . .

. . .

a1 ar

b1 bsc

b1 bs. . .

Sq ma 4.12: 'Ena P -tampl¸

H diadikas�a me thn opo�a xekin� kane� apì èna dosmèno loxì tampl¸ T kai

katal gei se èna sÔnhje tampl¸ j(T ) isodÔnamo me to T , epilègonta diadoqik�

bìreie exwterikè gwn�e me tuqa�o trìpo kai efarmìzonta ti ant�stoiqe kin -

sei ol�sjhsh, lègetai jeu de taquin. H apìdeixh tou Jewr mato 4.5.2 de�qnei

ìti to tampl¸ j(T ), sto opo�o katal gei h diadikas�a, exart�tai mìno apì to T
(akribèstera, mìno apì thn kl�sh isodÔnam�a kat� Knuth th lèxh twn gramm¸n

tou T ) kai ìqi apì th seir� me thn opo�a epilègontai oi bìreie exwterikè gwn�e

gia na pragmatopoihjoÔn oi ant�stoiqe kin sei ol�sjhsh. To gegonì autì ek-

fr�zetai sto akìloujo pìrisma.

Pìrisma 4.5.1 Dosmènou tuqa�ou loxoÔ tampl¸ T me lèxh gramm¸n w = wrow(T ),
up�rqei monadikì (sÔnhje) tampl¸ P to opo�o e�nai isodÔnamo me to T . Gia to

tampl¸ autì isqÔei P = P (w).

Apìdeixh. 'Opw exhg jhke sthn apìdeixh tou Jewr mato 4.5.2, èna tètoio tampl¸

P mpore� na kataskeuaste� apì to T me diadoqikè kin sei ol�sjhsh. Apì to

Je¸rhma 4.5.2 gnwr�zoume ìti gia opoiod pote tampl¸ P isodÔnamo me to T isqÔei

wrow(P ) ≡ w. Apì th sqèsh aut  kai to Je¸rhma 4.3.2 prokÔptei ìti P = P (w).
✷

Gia par�deigma, gia to loxì tampl¸ T tou Sq mato 4.8, to j(T ) sump�ptei me
to tampl¸ P (w) tou Sq mato 4.6.
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Sq ma 4.13: 'Ena loxì tampl¸ me lèxh gramm¸n (2, 5, 4, 1, 6, 3).

Oloklhr¸noume thn par�grafo aut  me thn ex  parat rhsh. Gia k�je met�-

jesh w ∈ S(Θ) m kou n, up�rqei loxì tampl¸ Tw tètoio ¸ste wrow(Tw) = w.
Gia par�deigma, mporoÔme na epilèxoume tètoio tampl¸ Tw sq mato λ/µ, ìpou

λ = (n, n− 1, . . . , 1) kai µ = (n− 1, n− 2, . . . , 1), ìpw sto Sq ma 4.13. SÔmfwna

me to Pìrisma 4.5.1 èqoume j(Tw) = P (w) kai sunep¸ to paiqn�di jeu de taquin
parèqei èna nèo trìpo kataskeu  tou P -tampl¸ th w. Af netai ston anagn¸sth
na epalhjeÔsei ìti to tampl¸ j(Tw) gia to par�deigma tou Sq mato 4.13 sump�ptei

me to P -tampl¸ tou Sq mato 4.4.

4.5.3 To tampl¸ ekkènwsh

'Estw loxì tampl¸ T me el�qisto stoiqe�o m. Diagr�fonta to m apì to T
kai ektel¸nta thn k�nhsh ol�sjhsh apì to tetr�gwno to opo�o kate�qe to m
sto T prokÔptei èna nèo loxì tampl¸, to opo�o sumbol�zoume me ∆(T ). Jètoume

∆0(T ) = T kai ∆j(T ) = ∆(∆j−1(T )) gia jetikoÔ akera�ou j.

Orismì 4.5.3 'Estw loxì tampl¸ T sq mato λ/µ ⊢ n kai gia 1 ≤ i ≤ n, èstw
xi to tetr�gwno tou diagr�mmato Young tou sq mato tou ∆n−i(T ) pou den an kei

se eke�no tou ∆n−i+1(T ).

To tampl¸ ekkènwsh (evacuation tableau) tou T e�nai to loxì Young tampl¸

sq mato λ/µ sto opo�o to i ∈ [n] katèqei to tetr�gwno xi. To tampl¸ ekkènwsh

tou T sumbol�zetai me ev T .

Sto Sq ma 4.14 apeikon�zontai ta tampl¸ ∆j(Q) gia j ∈ {0, 1, . . . , 7} kai evQ
gia to Q-tampl¸ tou Sq mato 4.6. Af netai ston anagn¸sth na de�xei ìti to

tampl¸ ekkènwsh ev T e�nai pr�gmati loxì Young tampl¸ gia k�je loxì tampl¸

T . Apì ton orismì th k�nhsh ol�sjhsh prokÔptei ìti gia to an�strofo tampl¸

T t
isqÔei ∆(T t) = (∆(T ))t kai sunep¸ ìti

ev T t = (ev T )t (4.7)
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Sq ma 4.14: Kataskeu  tou ev Q gia to Q-tampl¸ tou Sq mato 4.6.

gia k�je loxì tampl¸ T . Af netai ep�sh ston anagn¸sth na epalhjeÔsei to

akìloujo je¸rhma gia th met�jesh w = (5, 1, 7, 8, 2, 4, 6, 3) tou Sq mato 4.6.

Je¸rhma 4.5.3 Gia k�je met�jesh w ∈ Sn isqÔei Q(wt) = evQ(w)t.

Gia thn apìdeixh ja qreiastoÔme orismène bohjhtikè prot�sei. Se ìti akolou-

je� ja sumbol�zoume me u• th lèxh pou prokÔptei diagr�fonta to el�qisto stoiqe�o

th u ∈ S(Θ).

L mma 4.5.2 Gia k�je u ∈ S(Θ) isqÔei P (u•) = ∆(P (u)).

Apìdeixh. SÔmfwna me to qarakthrismì tou P -tampl¸ pou parèqei to Je¸rhma

4.3.2, arke� na de�xoume ìti h lèxh twn gramm¸n tou ∆(P (u)) e�nai isodÔnamh kat�

Knuth me th u•. Pr�gmati, apì ton orismì tou ∆, to ∆(P (u)) e�nai isodÔnamo me to

tampl¸ pou prokÔptei diagr�fonta to el�qisto stoiqe�o tou P (u). Kat� sunèpeia,
apì to Je¸rhma 4.5.2 prokÔptei ìti wrow(∆(P (u))) ≡ wrow(P (u))•. Ep�sh èqoume
wrow(P (u)) ≡ u apì thn Prìtash 4.3.1, �ra wrow(P (u))• ≡ u• (h apìdeixh tou

teleuta�ou sumper�smato e�nai parìmoia me eke�nh tou L mmato 4.3.5). Apì ta

prohgoÔmena èpetai ìti wrow(∆(P (u))) ≡ u•, ìpw to jèlame. ✷

L mma 4.5.3 An w = (w1, w2, . . . , wn) ∈ Sn kai w̄ = (w2, . . . , wn), tìte to Q(w̄)
e�nai �so me to tampl¸ pou prokÔptei apì to ∆(Q(w)) antikajist¸nta to i me to

i− 1 gia k�je i ∈ {2, . . . , n}.
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Apìdeixh. Jètoume u = w−1 ∈ Sn kai or�zoume th ū = (ū1, . . . , ūn−1) ∈ Sn−1 ètsi

¸ste na isqÔei wū1+1 < wū2+1 < · · · < wūn−1+1. Apì to Je¸rhma 4.4.1 pa�rnoume

Q(w) = P (u) kai Q(w̄) = P (ū) kai apì to L mma 4.5.2 sun�goume ìti ∆(Q(w)) =
P (u•). ParathroÔme tèlo ìti h lèxh ū prokÔptei apì th u• antikajist¸nta to i
me to i − 1 gia k�je i ∈ {2, . . . , n}. Epomènw, to Q(w̄) = P (ū) prokÔptei apì to

∆(Q(w)) = P (u•) me ton �dio trìpo. ✷

Apìdeixh tou Jewr mato 4.5.3. Ja qrhsimopoi soume epagwg  sto n, ìpou h

per�ptwsh n = 1 e�nai tetrimmènh. 'Estw w = (w1, w2, . . . , wn), λ = λ(w) kai λ′ h
suzug  diamèrish th λ. 'Opw sthn apìdeixh tou Jewr mato 4.3.2, sumbol�zoume

me T◦ to tampl¸ pou prokÔptei apì to T diagr�fonta to mègisto stoiqe�o tou kai

to tetr�gwno pou to perièqei. Apì th sqèsh (4.7) èqoume evQ(w)t = (evQ(w))t

kai apì to Je¸rhma 4.5.1 prokÔptei ìti ta dÔo Young tampl¸ Q(wt) kai (evQ(w))t

èqoun to �dio sq ma λ′. Epomènw arke� na de�xoume ìti Q(wt)◦ = (evQ(w))t◦.
Jètonta w̄ = (w2, . . . , wn), èqoume

Q(wt)◦ = Q(w̄t)

= (evQ(w̄))t

= (ev ∆(Q(w)))t

= (evQ(w))t◦,

ìpou h deÔterh isìthta ofe�letai sthn upìjesh th epagwg , h tr�th sto L mma

4.5.3 kai h tètarth stou orismoÔ twn ∆(T ) kai ev T . Oi isìthte autè d�noun to
zhtoÔmeno. ✷

4.6 To pl jo twn Young tampl¸

Sthn par�grafo aut  ja apode�xoume dÔo tÔpou gia to pl jo fλ
twn Young

tampl¸ sq mato λ. O pr¸to tÔpo (4.8) pou ja exet�soume ekfr�zei to fλ
w

ginìmeno k�poiwn rht¸n arijm¸n oi opo�oi or�zontai me aplì trìpo apì to di�gramma

Young th diamèrish λ. O deÔtero tÔpo (4.10) ekfr�zei to fλ
me qr sh th

or�zousa enì p�naka pou kajor�zetai ep�sh me aplì trìpo apì ta mèrh th λ.

'Estw diamèrish λ tou n. Gia tetr�gwno x tou diagr�mmato Yλ sumbol�zoume

me h(x) to pl jo twn tetrag¸nwn tou Yλ pou br�skontai sthn �dia gramm  me to x
all� ìqi dutik� tou x,   sthn �dia st lh me to x all� ìqi bìreia tou x. Oi arijmo�
h(x) apeikon�zontai sto Sq ma 4.15 gia λ = (4, 4, 3, 1). To akìloujo je¸rhma

anakalÔfjhke apì tou Frame, Robinson kai Thrall [5℄ to 1954. Gr�foume x ∈ Yλ

an to x e�nai tetr�gwno tou Yλ.
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Sq ma 4.15: Oi arijmo� h(x) gia λ = (4, 4, 3, 1).

Je¸rhma 4.6.1 (Hook Length Formula) Gia k�je diamèrish λ jetikoÔ akera�ou n
isqÔei

fλ =
n!∏

x∈Yλ

h(x)
. (4.8)

Upenjum�zoume ìti h or�zousa enì r × r p�naka U = (uij), me stoiqe�a uij se

ènan metajetikì daktÔlio, d�netai apì ton tÔpo

det(U) =
∑

w∈Sr

ǫ(w)u1w(1)u2w(2) · · · urw(r), (4.9)

ìpou ǫ(w) = (−1)inv(w)
e�nai to prìshmo th met�jesh w. O tÔpo gia to fλ

tou

akìloujou jewr mato e�nai progenèstero tou (4.8).

Je¸rhma 4.6.2 Gia k�je diamèrish λ = (λ1, λ2, . . . , λr) jetikoÔ akera�ou n isqÔei

fλ = n! det

(
1

(λi − i+ j)!

)

1≤i,j≤r

(4.10)

ìpou èqoume 1/m! = 0 kat� sÔmbash gia k�je arnhtikì akèraio m.

ParathroÔme ìti ta stoiqe�a th kÔria diagwn�ou sthn or�zousa tou dexioÔ

mèlou th (4.10) e�nai oi arijmo�

1
λi!

. Gia par�deigma, èstw λ = (4, 4, 3, 1). Me th

bo jeia tou Sq mato 4.15, apì ton tÔpo (4.8) br�skoume ìti

fλ =
12!

7 · 6 · 5 · 43 · 3 · 22
= 2970

en¸ o tÔpo (4.10) gr�fetai

fλ = 12! det




1/4! 1/5! 1/6! 1/7!
1/3! 1/4! 1/5! 1/6!
1/1! 1/2! 1/3! 1/4!
0 0 1/0! 1/1!


 .
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Par�deigma 4.6.1 An λ = (m,m), tìte n = 2m kai

∏
x∈Yλ

h(x) = m!(m + 1)!.
Sunep¸ apì tou tÔpou (4.8) kai (4.10) prokÔptei ìti

f (m,m) =
(2m)!

m!(m+ 1)!
=

1

m+ 1

(
2m

m

)

kai

f (m,m) = (2m) ! det




1
m!

1
(m+1)!

1
(m−1)!

1
m!


 =

(2m)!

(m!)2
− (2m)!

(m− 1)!(m+ 1)!

=

(
2m

m

)
− m

m+ 1

(
2m

m

)
=

1

m+ 1

(
2m

m

)

ant�stoiqa, se sumfwn�a me to apotèlesma tou Por�smato 1.3.1 (b). ✷

Gia ta Jewr mata 4.6.1 kai 4.6.2 up�rqei pl jo diaforetik¸n apode�xewn (blèpe

p.q. ti Paragr�fou 3.10, 3.11 kai 4.2 tou [10℄), pollè apì ti opo�e qrhsi-

mopoioÔn endiafèrouse majhmatikè jewr�e. Oi apode�xei pou epilègoume na d¸-

soume se aut n thn par�grafo ofe�lontai ston Linial [8℄ kai qrhsimopoioÔn ton

anagwgikì tÔpo tou akìloujou l mmato gia to fλ
.

L mma 4.6.1 Gia k�je diamèrish λ = (λ1, λ2, . . . , λr) jetikoÔ akera�ou n isqÔei

fλ =
∑

µ

fµ, (4.11)

ìpou sto �jroisma tou dexioÔ mèlou to µ diatrèqei ìle ti diamer�sei tou n−1 th

morf  (λ1, . . . , λi−1, λi − 1, λi+1, . . . , λr) gia k�poio de�kth 1 ≤ i ≤ r.

Apìdeixh. ParathroÔme ìti se k�je Young tampl¸ sq mato λ, o akèraio n
katalamb�nei m�a nìtia eswterik  gwn�a tou diagr�mmato Yλ, dhlad  to teleu-

ta�o tetr�gwno k�poia gramm  1 ≤ i ≤ r tou Yλ gia thn opo�a to di�nusma

µi = (λ1, . . . , λi−1, λi − 1, λi+1, . . . , λr) e�nai diamèrish (epitrèponta thn per�ptwsh

i = r kai λr = 1). Akìmh, to sÔnolo twn Young tampl¸ sq mato λ sta opo�a to

n emfan�zetai sth gramm  i br�sketai se emfan  1�1 antistoiq�a me to sÔnolo twn

Young tampl¸ sq mato µi. To zhtoÔmeno èpetai apì thn prosjetik  arq . ✷

Gia par�deigma, èqoume f (4,4,3,1) = f (4,3,3,1) + f (4,4,2,1) + f (4,4,3)
. Se ìti akolou-

je�, jewroÔme ìti o poluwnumikì suntelest  sto aristerì mèlo th (1.27) e�nai

�so me mhdèn an ni < 0 gia k�poio de�kth 1 ≤ i ≤ r. To epìmeno l mma genikeÔei

th sqèsh (1.25).
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L mma 4.6.2 Gia jetikì akèraio n kai akera�ou n1, n2, . . . , nr me �jroisma n isqÔei

(
n

n1, n2, . . . , nr

)
=

r∑

i=1

(
n− 1

n1, . . . , ni−1, ni − 1, ni+1, . . . , nr

)
. (4.12)

Apìdeixh. MporoÔme na upojèsoume ìti ni ≥ 0 gia k�je i. Gnwr�zoume ìti to ari-

sterì mèlo th (4.12) e�nai �so me ton plhj�rijmo tou sunìlou A(n1, n2, . . . , nr)
twn anadiat�xewn σ = (σ1, σ2, . . . , σn) th sullog  pou apotele�tai apì ni ant�tu-

pa tou i, gia 1 ≤ i ≤ r (blèpe Par�grafo 2.3). Parathr¸nta ìti o poluwnumikì

suntelest  sto dexiì mèlo th (4.12) e�nai �so me to pl jo eke�nwn twn ana-

diat�xewn σ ∈ A(n1, n2, . . . , nr) me σn = i, h zhtoÔmenh isìthta èpetai apì thn

prosjetik  arq . ✷

'Opw ja exhg soume parak�tw, h akìloujh prìtash e�nai anadiatÔpwsh tou

Jewr mato 4.6.2.

Prìtash 4.6.1 Gia k�je diamèrish λ = (λ1, λ2, . . . , λr) jetikoÔ akera�ou n isqÔei

fλ =
∑

w∈Sr

ǫ(w)

(
n

λ1 + w(1) − 1, . . . , λr + w(r)− r

)
, (4.13)

ìpou ǫ(w) = (−1)inv(w)
e�nai to prìshmo th met�jesh w.

Apìdeixh. 'Estw A to sÔnolo twn dianusm�twn (a1, a2, . . . , ak) me tuqa�o m ko

k ≥ 0 kai stoiqe�a mh arnhtikoÔ akera�ou, tètoiou ¸ste ai−1 ≥ ai − 1 gia

2 ≤ i ≤ k. 'Estw ep�sh ϕ : A→ Z h sun�rthsh pou or�zetai monos manta apì th

sqèsh ϕ(∅) = 1 kai ti

ϕ(a1, a2, . . . , ak) =
k∑

i=1

ϕ(a1, . . . , ai−1, ai − 1, ai+1, . . . , ak) (4.14)

an a1 ≥ a2 ≥ · · · ≥ ak ≥ 1,

ϕ(a1, a2, . . . , ak) = 0 (4.15)

an ai−1 = ai − 1 gia k�poio 2 ≤ i ≤ k kai

ϕ(a1, . . . , ak−1, 0) = ϕ(a1, . . . , ak−1). (4.16)

Apì to L mma 4.6.1 prokÔptei me epagwg  sto �jroisma twn mer¸n th λ =
(λ1, λ2, . . . , λr) ìti fλ = ϕ(λ1, λ2, . . . , λr) gia k�je diamèrish λ. Epomènw, arke�
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na de�xoume ìti h ϕ taut�zetai me th sun�rthsh ψ : A → Z pou or�zetai jètonta

ψ(∅) = 1 kai

ψ(a1, a2, . . . , ak) =
∑

w∈Sk

ǫ(w)

(
n

a1 +w(1) − 1, . . . , ak + w(k)− k

)
(4.17)

an (a1, a2, . . . , ak) ∈ A kai k ≥ 1, ìpou n = a1 + a2 + · · ·+ ak. Gia na to petÔqoume

autì, arke� na de�xoume ìti h ψ epalhjeÔei ti sqèsei (4.14)�(4.16). Autì prokÔptei

amèsw apì to L mma 4.6.2 gia thn (4.14). Gia thn (4.16) arke� na parathr sei kane�

ìti an ak = 0, tìte o poluwnumikì suntelest  sto dexiì mèlo th (4.17) e�nai

mh mhdenikì mìno ìtan w(k) = k kai ìti, kat� sunèpeia, to dexiì mèlo th (4.17)

an�getai sto ant�stoiqo �jroisma p�nw sti metajèsei w ∈ Sk−1.

Erqìmaste tèlo sthn (4.15) kai upojètoume ìti ai−1 = ai−1 gia k�poio de�kth

i me 2 ≤ i ≤ k. 'Estw t = (i − 1 i) ∈ Sk h met�jesh pou antall�ssei ta i − 1
kai i kai af nei ta upìloipa stoiqe�a tou [k] stajer�. Gia w ∈ Sk sumbol�zoume

me w(w) to genikì ìro tou ajro�smato sto dexiì mèlo th (4.17) kai jètoume

τ(w) = wt. ParathroÔme ìti h apeikìnish τ : Sk → Sk e�nai autoant�strofh (afoÔ

τ2(w) = τ(wt) = wt2 = w gia w ∈ Sk) qwr� stajer� shme�a. ParathroÔme

ep�sh ìti ǫ(wt) = ǫ(w)ǫ(t) = −ǫ(w) (blèpe 'Askhsh 4 tou Kefala�ou 2) kai ìti gia

1 ≤ j ≤ k èqoume

wt(j) =





w(i), an j = i− 1
w(i− 1), an j = i
w(j), an j 6= i− 1, i.

Apì thn upìjesh ai−1 = ai − 1 prokÔptei ìti w(wt) = −w(w) gia w ∈ Sk kai

sunep¸, apì thn Prìtash 1.3.1, ìti ψ(a1, a2, . . . , ak) =
∑

w∈Sk
w(w) = 0. Sumpe-

ra�noume ìti oi sunart sei ϕ kai ψ taut�zontai kai epomènw ìti isqÔei h (4.13).

✷

Oloklhr¸noume thn par�grafo aut  me ti apode�xei twn Jewrhm�twn 4.6.1

kai 4.6.2.

Apìdeixh tou Jewr mato 4.6.2. O tÔpo (4.10) prokÔptei apì th sqèsh (4.13), afoÔ

qrhsimopoi¸nta tou tÔpou (1.27) kai (4.9) gia tou poluwnumikoÔ suntelestè

kai thn or�zousa enì tetragwnikoÔ p�naka, ant�stoiqa, br�skoume ìti

n! det

(
1

(λi − i+ j)!

)

1≤i,j≤r

=
∑

w∈Sr

ǫ(w)
n!∏r

i=1 (λi − i+ w(i))!

=
∑

w∈Sr

ǫ(w)

(
n

λ1 + w(1) − 1, . . . , λr + w(r)− r

)
.
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✷

Apìdeixh tou Jewr mato 4.6.1. 'Estw λ = (λ1, λ2, . . . , λr). Jètoume µi = λi+r−i
gia 1 ≤ i ≤ r kai parathroÔme ('Askhsh 12) ìti

∏

x∈Yλ

h(x) =

r∏

i=1

µi!

∏

i<j

(µi − µj)
. (4.18)

AnaptÔssonta to ginìmeno ston paronomast  tou dexioÔ mèlou th (4.18) kat�

thn or�zousa tou Vandermonde, pa�rnoume

∏

i<j

(µi − µj) = det




µr−1
1 · · · µ2

1 µ1 1

µr−1
2 · · · µ2

2 µ2 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

µr−1
r · · · µ2

r µr 1




= det




µ1(µ1 − 1) · · · (µ1 − r + 2) · · · µ1(µ1 − 1) µ1 1

µ2(µ2 − 1) · · · (µ2 − r + 2) · · · µ2(µ2 − 1) µ2 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

µr(µr − 1) · · · (µr − r + 2) · · · µr(µr − 1) µr 1


 ,

ìpou gia th deÔterh isìthta qrhsimopoi same epaneilhmmèna to gegonì ìti h or�-

zousa enì tetragwnikoÔ p�naka A mènei amet�blhth an afairèsoume èna opoiod -

pote pollapl�sio mia st lh tou A apì mia �llh st lh tou. AnaptÔssonta thn

teleuta�a or�zousa sÔmfwna me ton tÔpo (4.9), sun�goume ìti

n!∏

x∈Yλ

h(x)
=

n!∏r
i=1 µi!

∑

w∈Sr

ǫ(w)

r∏

i=1

µi(µi − 1) · · · (µi − r + w(i) + 1)

= n!
∑

w∈Sr

ǫ(w)

r∏

i=1

1

(µi − r +w(i))!

= n!
∑

w∈Sr

ǫ(w)
r∏

i=1

1

(λi + w(i) − i)! = fλ,

ìpou h teleuta�a isìthta e�nai tautìshmh me thn (4.13). ✷
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4.7 Ask sei

1. De�xte ìti

f (n−k,k) =

(
n

k

)
−
(

n

k − 1

)

gia 0 ≤ k ≤ n/2. Sun�gete ìti to sunolikì pl jo twn Young tampl¸ me n
tetr�gwna kai dÔo to polÔ grammè e�nai �so me

( n
⌊n/2⌋

)
.

2. De�xte ta akìlouja:

(a) To apotèlesma T ← a th diadikas�a th eisagwg  tou a sti grammè
tou tampl¸ T (ìpw or�sthke sthn Par�grafo 4.2) e�nai ep�sh tampl¸.

(b) Gia k�je met�jesh w, to Q(w) (ìpw or�sthke sthn Par�grafo 4.2)

e�nai Young tampl¸.

(g) H apeikìnish RS∗ : ∆n → Sn pou or�sthke sthn apìdeixh tou Jewr -

mato 4.2.1 e�nai kal� orismènh kai e�nai h ant�strofh th apeikìnish

RS.

(d) Mia k�nhsh ol�sjhsh,   ant�strofh k�nhsh ol�sjhsh, enì loxoÔ ta-

mpl¸ katal gei ep�sh se loxì tampl¸.

3. Gia 1 ≤ k ≤ n gr�foume (k, 1n−k) = (k, 1, . . . , 1) ⊢ n.

(a) De�xte ìti

f (k,1n−k) =

(
n− 1

k − 1

)

gia 1 ≤ k ≤ n.
(b) Sun�gete ìti to sunolikì pl jo twn Young tampl¸ me n tetr�gwna

kai m�a to polÔ gramm  m kou megalÔterou tou èna e�nai �so me 2n−1
.

(g) Upolog�ste to pl jo twn metajèsewn w ∈ Sn to sq ma twn opo�wn

èqei to polÔ èna mèro megalÔtero tou èna.

4. De�xte ìti gia tuqa�a diamèrish µ tou n− 1 isqÔei

∑

λ

fλ = nfµ,

ìpou sto �jroisma tou aristeroÔ mèlou to λ diatrèqei ìle ti diamer�sei

tou n, to di�gramma Young twn opo�wn perièqei eke�no th µ.

5. 'Estw T èna Young tampl¸ me n tetr�gwna. 'Ena akèraio i ∈ [n−1] lègetai
k�jodo tou T an to i+1 emfan�zetai sto T se qamhlìterh gramm  apì eke�nh

sthn opo�a emfan�zetai to i.

155



(a) De�xte ìti to sÔnolo twn kajìdwn th w ∈ Sn e�nai �so me to sÔnolo

twn kajìdwn tou Q(w).

(b) Sun�gete ìti

∑

w∈Sn

xdes(w) =
∑

λ⊢n

fλ




∑

sh(Q)=λ

xdes(Q)


 ,

ìpou to Q diatrèqei to sÔnolo twn Young tampl¸ sq mato λ kai me

des(Q) sumbol�zoume to sÔnolo twn kajìdwn tou Q.

(g) De�xte ìti to sÔnolo twn kajìdwn th w−1
e�nai �so me to sÔnolo twn

kajìdwn tou P (w).

6. 'Estw w ∈ Sn.

(a) Pìse metajèsei e�nai isodÔname kat� Knuth me th w?

(b) Poie kl�sei th sqèsh isodunam�a tou Knuth th Sn èqoun mìno èna

stoiqe�o?

(g) Pìse e�nai oi kl�sei th sqèsh isodunam�a tou Knuth sthn Sn?

7. 'Estw h met�jesh w = (n+ 1, n + 2, . . . , 2n, 1, 2, . . . , n) ∈ S2n.

(a) Pìse metajèsei th S2n e�nai isodÔname kat� Knuth me th w?

(b) Perigr�yte ìle ti metajèsei th S2n oi opo�e e�nai isodÔname kat�

Knuth me th w.

8. 'Estw jetiko� akèraioi p, q kai n me n ≥ pq + 1.

(a) De�xte ìti k�je met�jesh w ∈ Sn èqei aÔxousa upoakolouj�a m kou

p+ 1   fj�nousa upoakolouj�a m kou q + 1.

(b) De�xte ìti to pl jo twn metajèsewn w ∈ Spq oi opo�e den èqoun

oÔte aÔxousa upoakolouj�a m kou p+ 1 oÔte fj�nousa upoakolouj�a

m kou q + 1 e�nai �so me to tetr�gwno th par�stash

(pq)! · FpFq

Fp+q
,

ìpou Fk =
∏k−1

i=0 i! gia k�je jetikì akèraio k.

9. 'Estw met�jesh w = (w1, w2, . . . , wn) ∈ Sn. Gia 1 ≤ i ≤ n sumbol�zoume me ℓi
to mègisto pl jo stoiqe�wn mia aÔxousa upoakolouj�a th w me teleuta�o

ìro �so me wi. Gia par�deigma, an n = 6 kai w = (3, 5, 1, 6, 4, 2), tìte ℓ1 = 1,
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ℓ2 = 2, ℓ3 = 1, ℓ4 = 3, ℓ5 = 2 kai ℓ6 = 2. 'Estw ìti a1 < a2 < · · · < ar e�nai

ta stoiqe�a th pr¸th gramm  tou P (w) kai 1 ≤ k ≤ r. De�xte ìti to ak

e�nai �so me wi ìpou i ∈ [n] e�nai o mègisto de�kth me ℓi = k.

10. 'Estw met�jesh w ∈ Sn me w−1 = w.

(a) De�xte ìti to pl jo twn stajer¸n shme�wn th w e�nai �so me to pl jo

twn sthl¸n perittoÔ m kou tou P (w).

(b) Sun�gete ìti

∑

λ

fλ =

{(
n
k

)
(1 · 3 · 5 · · · (n − k − 1)), an o n− k e�nai �rtio

0, diaforetik�,

ìpou to �jroisma sto aristerì mèlo diatrèqei ìle ti diamer�sei λ
tou n gia ti opo�e akrib¸ k apì ta mèrh th suzugoÔ diamèrish λ′

th λ e�nai peritto� arijmo�.

(g) Sun�gete ìti

∑

λ

fλ =

{
1 · 3 · 5 · · · (n− 1), an o n e�nai �rtio

0, diaforetik�,

ìpou to �jroisma sto aristerì mèlo diatrèqei ìle ti diamer�sei λ
tou n gia ti opo�e k�je mèro th suzugoÔ diamèrish λ′ e�nai �rtio
arijmì.

11. De�xte ìti j(∆(T )) = ∆(j(T )) gia k�je loxì tampl¸ T , ìpou oi telestè j
kai ∆ or�sthkan sti Paragr�fou 4.5.2 kai 4.5.3, ant�stoiqa.

12. Apode�xte thn isìthta (4.18) pou qrhsimopoi jhke sthn apìdeixh tou Jewr -

mato 4.6.1.

13. 'Estw diamèrish akera�ou λ. De�xte ìti o akèraio

∑

x∈Yλ

(−1)h(x)−1

e�nai trigwnikì arijmì (dhlad  fusikì arijmì th morf  k(k + 1)/2 gia

k�poio k ∈ N), ìpou èqoume qrhsimopoi sei tou sumbolismoÔ tou Jewr -

mato 4.6.1.
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Upode�xei - LÔsei

1.

2. H lÔsh af netai ston anagn¸sth.

3. Gia to (a) perigr�yte mia 1�1 antistoiq�a apì to sÔnolo twn Young tampl¸ sq mato

(k, 1n−k) sto sÔnolo twn (k − 1)-uposunìlwn tou [n− 1]. Gia to (g) sun�gete apì

to Je¸rhma 4.2.1 kai to (a) ìti to zhtoÔmeno pl jo e�nai �so me

n∑

k=1

(f (k,1n−k))2 =

n∑

k=1

(
n− 1

k − 1

)2

=

(
2n− 2

n− 1

)
.

4. Qrhsimopoi ste eisagwg  sti grammè tou T gia na or�sete mia 1�1 antistoiq�a

apì to sÔnolo twn zeug¸n (T, i), ìpou i ∈ [n] kai T e�nai tampl¸ me sq ma µ kai

perieqìmeno [n]r{i}, sto sÔnolo twn Young tampl¸ sq mato λ ⊢ n me λ ⊃ µ.

5. 'Estw diakekrimènoi jetiko� akèraioi a, b oi opo�oi den e�nai stoiqe�a enì tampl¸ T
kai eis�gontai diadoqik� se autì. Qrhsimopoi¸nta epagwg  sto pl jo twn gram-

m¸n tou T , de�xte to ex : h diadikas�a th eisagwg  tou b sto T ← a katal gei

se tetr�gwno qamhlìterh gramm  apì to tetr�gwno sto opo�o katal gei h eisa-

gwg  tou a sto T an kai mìno an b < a. To (a) e�nai �mesh sunèpeia aut  th

prìtash. Ta (b) kai (g) prokÔptoun apì to (a) kai apì ta Jewr mata 4.2.1 kai

4.4.1, ant�stoiqa.

6. Gia to (a) sumper�nete apì ta Jewr mata 4.3.1 kai 4.2.1 ìti to zhtoÔmeno pl jo

e�nai �so me to pl jo fλ(w)
twn Young tampl¸ sq mato λ(w). Sun�gete apì autì

(  apì ton orismì th sqèsh isodunam�a tou Knuth) ìti ta mìna stoiqe�a th Sn

me thn idiìthta sto (b) er¸thma e�nai h tautotik  met�jesh kai h an�strof  th.

Gia to (g) sumper�nete apì to Je¸rhma 4.3.1 ìti to zhtoÔmeno pl jo e�nai �so me

to pl jo twn Young tampl¸ tuqa�ou sq mato me n tetr�gwna kai sunep¸ ìti

e�nai �so me kajèna apì ta dÔo mèlh th (4.5).

7. ParathroÔme ìti λ(w) = (n, n). 'Opw br kame sth lÔsh th 'Askhsh 6 (a), apì

ta Jewr mata 4.2.1 kai 4.3.1 kai to Par�deigma 4.6.1 prokÔptei ìti to zhtoÔmeno

pl jo sto (a) e�nai �so me fλ(w) =
(
2n
n

)
/(n + 1). Gia to (b) jewr ste to sÔnolo

Un twn metajèsewn u ∈ S2n gia ti opo�e isqÔoun ta ex :

◦ u−1(1) < u−1(2) < · · · < u−1(n),

◦ u−1(n+ 1) < u−1(n+ 2) < · · · < u−1(2n) kai

◦ gia 1 ≤ i ≤ 2n, toul�qiston ta mis� stoiqe�a tou {u(1), u(2), . . . , u(i)} e�nai
megalÔtera tou n.

Qrhsimopoi¸nta ton Orismì 4.3.1, de�xte pr¸ta ìti k�je met�jesh sto sÔnolo Un

e�nai isodÔnamh kat� Knuth me th w. De�xte èpeita to ant�strofo qrhsimopoi¸nta

to (a) kai to gegonì (Par�deigma 1.3.1) ìti to pl jo twn stoiqe�wn tou Un e�nai

�so me ton arijmì Catalan Cn =
(
2n
n

)
/(n+ 1).
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8. Gia to (a) parathr ste ìti to P (w) prèpei na èqei pr¸th gramm  m kou toul�qiston
p+1   pr¸th st lh m kou toul�qiston q+1 kai qrhsimopoi ste to Je¸rhma 4.3.3.

Gia to (b) de�xte ìti mia met�jesh w ∈ Spq èqei th dosmènh idiìthta an kai mìno an

λ(w) = λ, ìpou λ = (p, . . . , p) e�nai h diamèrish tou pq me q mèrh, kajèna apì ta

opo�a e�nai �so me p. De�xte ep�sh, efarmìzonta to Je¸rhma 4.6.1, ìti h dosmènh

par�stash e�nai �sh me fλ
.

9.

10. Jètoume wi = w(i) gia 1 ≤ i ≤ n kai sumbol�zoume me k to pl jo twn stajer¸n

shme�wn th w (isodÔnama, to pl jo twn shme�wn (i, wi) p�nw sthn euje�a x = y
tou R2

), me m to pl jo twn sthl¸n tou P (w) (isodÔnama, to pl jo twn ski¸n

th w) kai me R(w) to tampl¸ pou prokÔptei diagr�fonta thn pr¸th gramm  tou

P (w). Apì thn upìjesh w−1 = w gnwr�zoume ìti oi skiè th w e�nai summetrikè

w pro thn orjog¸nia an�klash tou R2
sthn euje�a x = y. Kat� sunèpeia, mia

opiad pote ski� th w tèmnei thn euje�a x = y e�te se èna shme�o th morf  (i, wi)
e�te se mia eswterik  gwn�a th w, opìte to pl jo twn eswterik¸n gwni¸n th w
pou br�skontai p�nw sthn euje�a x = y e�nai �so me m− k. Efarmìzonta epagwg 
sto pl jo twn gramm¸n tou P (w), sumper�nete ìti to pl jo twn sthl¸n perittoÔ

m kou tou R(w) e�nai �so me m − k. Apì autì èpetai ìti to pl jo twn sthl¸n

perittoÔ m kou tou P (w) e�nai �so me k, dhlad  to zhtoÔmeno tou (a). Gia to (b)

ergasje�te ìpw sthn apìdeixh tou Por�smato 4.4.2 kai qrhsimopoi ste to (a),

afoÔ de�xete ìti to dexiì mèlo th zhtoÔmenh isìthta e�nai �so me to pl jo twn

metajèsewn w ∈ Sn me w−1 = w pou èqoun akrib¸ k stajer� shme�a. To (g) e�nai

h eidik  per�ptwsh k = 0 tou (b).

11. De�xte ìti h lèxh twn gramm¸n tou ∆(j(T )) e�nai isodÔnamh kat� Knuth me eke�nh

tou ∆(T ) kai efarmìste to Je¸rhma 4.3.2.

12. Arke� na de�xoume ìti to sÔnolo twn akera�wn h(x), ìpou to x diatrèqei ta tetr�gwna
th i gramm  tou Yλ, e�nai �so me {1, 2, . . . , µi}r{µi−µj : i < j ≤ r}. Efarmìzoume
epagwg  sto r− i. Gia i = r o isqurismì ma e�nai fanerì, afoÔ gia thn teleuta�a

gramm  to sÔnolo twn akera�wn h(x) e�nai to {1, 2, . . . , λr} kai isqÔei µr = λr. Ja

de�xoume ìti o isqurismì isqÔei gia i = 1, upojètonta ìti isqÔei gia i = 2. Jètoume
p = µ1 − µ2 = λ1 − λ2 + 1 kai sumbol�zoume me h1, h2, . . . , hs tou akera�ou h(x)
gia ta tetr�gwna th deÔterh gramm , opìte

{h1, h2, . . . , hs} = {1, 2, . . . , µ2}r{µ2 − µj : 2 < j ≤ r}.

To epijumhtì sumpèrasma prokÔptei parathr¸nta ìti to sÔnolo twn akera�wn h(x)
gia thn pr¸th gramm  e�nai to {h1 + p, h2 + p, . . . , hs + p} ∪ {1, 2, . . . , p− 1} kai ìti
{µ1 − µj : 1 < j ≤ r} = {p} ∪ {p+ µ2 − µj : 2 < j ≤ r}.

13. 'Estw H(λ) to dosmèno �jroisma kai èstw ìti λ ⊢ n. To zhtoÔmeno e�nai fanerì an

λ = (k, k − 1, . . . , 1) gia k�poio k ∈ N, afoÔ tìte to h(x) e�nai perittì arijmì gia
k�je x ∈ Yλ. Diaforetik� up�rqei tetr�gwno x ∈ Yλ me h(x) = 2. Diagr�fonta

to x kai to tetr�gwno tou Yλ sta dexi�   k�tw tou x prokÔptei diamèrish µ ⊢ n− 2
me H(µ) = H(λ) (exhg ste giat�). To apotèlesma prokÔptei me epagwg  sto n.
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Kef�laio 5

Grammik  �lgebra kai

sunduastik 

'Ena apì tou kÔriou stìqou th algebrik  sunduastik  e�nai h ep�lush dÔsko-

lwn sunduastik¸n problhm�twn me qr sh ergale�wn th �lgebra kai sunaf¸n

kl�dwn twn jewrhtik¸n majhmatik¸n. Skopì ma sto parìn kef�laio e�nai na

de�xoume, mèsa apì sugkekrimèna parade�gmata, p¸ stoiqei¸dei ènnoie kai er-

gale�a th grammik  �lgebra mporoÔn na efarmostoÔn epituq¸ pro aut  thn

kateÔjunsh. Oi efarmogè pou ja d¸soume perilamb�noun mia nèa apìdeixh th

tautìthta (4.1) kai sqetik� probl mata apar�jmhsh perip�twn sto gr�fhma tou

Young, to Je¸rhma tou Sperner, to prìblhma th monotrop�a twn q-diwnumik¸n
poluwnÔmwn kai thn apar�jmhsh dèndrwn se graf mata.

5.1 Graf mata

Sthn par�grafo aut  ja sunoy�soume qr simh orolog�a apì th jewr�a grafhm�twn

kai ja eis�goume k�poia basik� ergale�a apì th grammik  �lgebra, ta opo�a èqoume

prosarmìsei kat�llhla. 'Ena kateujunìmeno gr�fhma or�zetai w m�a tri�da G =
(N,E,ϕ), ìpou N kai E e�nai sÔnola ta stoiqe�a twn opo�wn lègontai korufè kai

akmè, ant�stoiqa, kai

ϕ : E → {(a, b) : a, b ∈ N} (5.1)

e�nai mia apeikìnish. An e ∈ E kai ϕ(e) = (a, b), tìte lème ìti h akm  e èqei arq  a
kai pèra b kai sqedi�zoume (  fantazìmaste) thn e san èna tìxo pou kateujÔnetai

apì thn koruf  a pro thn koruf  b.

Par�deigma 5.1.1 (a) Sto Sq ma 5.1 apeikon�zetai èna kateujunìmeno gr�fhma

sto sÔnolo koruf¸n {a, b, c, d}. ParathroÔme ìti h akm  e3 èqei arq  kai pèra
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c, dhlad  ìti ϕ(e3) = (c, c) (mia akm  th opo�a h arq  kai to pèra taut�zontai

lègetai brìqo   juli�) kai ìti up�rqoun dÔo akmè, sugkekrimèna oi e6 kai e7, me
arq  b kai pèra d.

(b) Sto sÔnolo koruf¸n N × N or�zetai to kateujunìmeno gr�fhma G gia to

opo�o up�rqei m�a akm  me arq  (a1, a2) kai pèra (b1, b2) an e�te b1 = a1 kai b2 =
a2 + 1, e�te b1 = a1 + 1 kai b2 = a2, en¸ diaforetik� den up�rqei akm  me arq 

(a1, a2) kai pèra (b1, b2). ✷

b

c d

a

e

e

e
4

3

e
5

76
ee

2

e
1

Sq ma 5.1: 'Ena kateujunìmeno gr�fhma.

SÔmbash: En¸ epitrèpoume to sÔnolo N twn koruf¸n tou G na e�nai �peiro, sto

kef�laio autì ja upojètoume p�ntote ìti gia k�je a ∈ N , to sÔnolo twn akm¸n

tou G me arq    pèra a e�nai peperasmèno.

'Ena mh kateujunìmeno gr�fhma or�zetai omo�w, me th diafor� ìti h apeikìnish

ϕ th (5.1) pa�rnei timè sto sÔnolo twn uposunìlwn tou N pou èqoun èna   dÔo

stoiqe�a. Ta stoiqe�a tou ϕ(e) lègontai �kra th akm  e. Apì k�je kateujunìmeno
gr�fhma G = (N,E,ϕ) prokÔptei èna mh kateujunìmeno gr�fhma G = (N,E, ϕ̄)
an agno soume thn kateÔjunsh k�je akm , dhlad  an jèsoume ϕ̄(e) = {a, b} gia
e ∈ E me ϕ(e) = (a, b).

5.1.1 Per�patoi

'Estw kateujunìmeno gr�fhma G = (N,E,ϕ).

Orismì 5.1.1 Per�pato m kou n sto gr�fhma G lègetai mia akolouj�a w =
(a0, e1, a1, e2, . . . , an−1, en, an) koruf¸n kai akm¸n, tètoia ¸ste h ei na e�nai akm 

tou G me arq  ai−1 kai pèra ai gia k�je 1 ≤ i ≤ n. H koruf  a0 lègetai arq  kai

h an lègetai pèra tou w. O per�pato w lègetai kleistì an a0 = an.
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Par�deigma 5.1.2 (a) H akolouj�a (a, e2, c, e3, c, e5, b, e6, d, e4, c) e�nai per�pato
m kou 5 sto kateujunìmeno gr�fhma tou Sq mato 5.1 me arq  a kai pèra c.

(b) K�je per�pato sto kateujunìmeno gr�fhma G tou Parade�gmato 5.1.1 (b)

me arq  (0, 0) kai pèra (m,n) èqei m ko m+ n. To pl jo aut¸n twn perip�twn

e�nai �so me

(
m+n

n

)
(exhg ste giat�). ✷

Gia mh kateujunìmena graf mata G, h ènnoia tou per�patou or�zetai omo�w

w mia akolouj�a w = (a0, e1, a1, e2, . . . , an−1, en, an) koruf¸n kai akm¸n, tètoia

¸ste h ei na e�nai akm  tou G me �kra ai−1 kai ai gia k�je 1 ≤ i ≤ n. H koruf 

a0 lègetai arq  kai h an lègetai pèra tou w (oi korufè a0 kai an lègontai kai

�kra tou w). O per�pato w lègetai kleistì an a0 = an. 'Ena gr�fhma G me

peperasmèno sÔnolo koruf¸n lègetai sunektikì an gia opoiesd pote korufè a kai

b tou G up�rqei per�pato sto G me �kra a kai b.

5.1.2 Grammikè apeikon�sei

Se èna tuqa�o sÔnolo N mpore� na antistoiq�sei kane� èna C-dianusmatikì q¸ro

CN , mia b�sh tou opo�ou e�nai to sÔnolo N . Ta stoiqe�a tou CN or�zontai w oi

(tupiko�) grammiko� sunduasmo� ∑

a∈N

λaa

tou N me suntelestè migadikoÔ arijmoÔ λa ∈ C, oi opo�oi e�nai tètoioi ¸ste mìno

gia peperasmènou pl jou a ∈ N na isqÔei λa 6= 0. W sunèpeia autoÔ tou orismoÔ,

sto sÔnolo CN èqoume

∑
a∈N λa a =

∑
a∈N µa a an kai mìno an isqÔei λa = µa gia

k�je a ∈ N . H dom  tou C-dianusmatikoÔ q¸rou sto CN or�zetai apì ti pr�xei

(
∑

a∈N

λaa

)
+

(
∑

a∈N

µaa

)
=
∑

a∈N

(λa + µa)a

th prìsjesh kai

λ

(
∑

a∈N

λaa

)
=
∑

a∈N

(λλa)a

tou bajmwtoÔ pollaplasiasmoÔ, ant�stoiqa, ìpou λ ∈ C kai λa, µa ∈ C gia k�je

a ∈ N . Gia par�deigma an N = {a, b, c, d}, tìte ta u = a+b−c kai v = a−b−2c+d
e�nai stoiqe�a tou CN kai 2u− v = a+ 3b− d.

'Estw t¸ra ìti to N e�nai to sÔnolo koruf¸n enì kateujunìmenou graf mato

G = (N,E,ϕ). Gia x, y ∈ N , ja sumbol�zoume memG(x, y) to pl jo twn akm¸n tou
G me arq  x kai pèra y. Or�zoume dÔo grammikoÔ endomorfismoÔ U,D : CN →
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CN tou C-dianusmatikoÔ q¸rou CN jètonta

U(x) =
∑

y∈N

mG(x, y) · y (5.2)

gia x ∈ N kai

D(y) =
∑

x∈N

mG(x, y) · x (5.3)

gia y ∈ N kai epekte�nonta tou orismoÔ autoÔ grammik� sta stoiqe�a tou

CN sÔmfwna me ti sqèsei U (
∑

a∈N λaa) =
∑

a∈N λaU(a) kai D (
∑

a∈N λaa) =∑
a∈N λaD(a). To �jroisma sto dexiì mèlo th (5.2) (ant�stoiqa, th (5.3)) e�nai

stoiqe�o tou CN diìti, ìpw èqoume upojèsei exarq , gia dosmèno x ∈ N (a-

nt�stoiqa, y ∈ N), ektì apì peperasmènou pl jou y ∈ N (ant�stoiqa, x ∈ N)

isqÔei mG(x, y) = 0. Gia par�deigma, gia to gr�fhma tou Sq mato 5.1 èqoume

U(a) = b + c, U(b) = 2d, U(c) = b + c kai U(d) = c, opìte U(a + d) = b + 2c.
Omo�w isqÔoun D(a) = 0, D(b) = a + c, D(c) = a + c + d kai D(d) = 2b, opìte
D(b−c) = −d. Ja gr�foume UG kai DG ant� gia U kai D, ant�stoiqa, ìtan jèloume

na ton�soume thn ex�rthsh twn endomorfism¸n U kai D apì to G.
Upenjum�zoume ìti gia n ∈ N, h dÔnamh T n

enì endomorfismoÔ T : V → V
tou dianusmatikoÔ q¸rou V or�zetai apì ti sqèsei T 0 = IV (ìpou IV e�nai o

tautotikì endomorfismì tou V ) kai T k = T ◦ T k−1
gia k ≥ 1. H sqèsh twn

endomorfism¸n U kai D tou CN me thn ènnoia tou per�patou sto gr�fhma G g�netai

saf  me thn akìloujh prìtash.

Prìtash 5.1.1 'Estw kateujunìmeno gr�fhma G sto sÔnolo koruf¸n N . Gia tou

endomorfismoÔ U,D : CN → CN pou or�zontai apì ti (5.2) kai (5.3) kai tuqa�o

n ∈ N èqoume ta ex :

(a) Gia k�je x ∈ N isqÔei

Un(x) =
∑

y∈N

cG(x, y;n) · y, (5.4)

ìpou cG(x, y;n) e�nai to pl jo twn perip�twn m kou n sto G me arq  x kai

pèra y.

(b) Gia k�je y ∈ N isqÔei

Dn(y) =
∑

x∈N

cG(x, y;n) · x, (5.5)

ìpou cG(x, y;n) e�nai to pl jo twn perip�twn m kou n sto G me arq  x kai

pèra y.
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Apìdeixh. To (b) prokÔptei efarmìzonta to (a) sto gr�fhma pou prokÔptei apì

to G all�zonta thn katèujunsh k�je akm  pou den e�nai brìqo. Epomènw arke�

na de�xoume to (a). Ja qrhsimopoi soume epagwg  sto n. Parathr¸nta ìti gia

x, y ∈ N isqÔei

cG(x, y;n) =





0, an n = 0 kai x 6= y,
1, an n = 0 kai x = y,
mG(x, y), an n = 1

blèpoume ìti h (5.4) isqÔei gia n = 0 kai n = 1. Upojètonta ìti n ≥ 2 kai ìti h

(5.4) isqÔei gia to n− 1, br�skoume ìti

Un(x) = U(Un−1(x)) = U

(
∑

z∈N

cG(x, z;n − 1) · z
)

=
∑

z∈N

cG(x, z;n − 1) · U(z)

=
∑

z∈N

cG(x, z;n − 1)
∑

y∈N

mG(z, y) · y

=
∑

y∈N

(
∑

z∈N

cG(x, z;n − 1)mG(z, y)

)
· y

=
∑

y∈N

cG(x, y;n) · y

gia x ∈ N , ìpou h teleuta�a isìthta prokÔptei apì ton orismì tou per�patou m kou

n sto G. Autì olokrhr¸nei thn epagwg  kai thn apìdeixh th prìtash. ✷

Gia par�deigma, gia to gr�fhma G tou Sq mato 5.1 èqoume U2(a) = b+ c+ 2d
kai pr�gmati, to pl jo twn perip�twn sto G me arq  a kai pèra a, b, c   d e�nai

�so me 0, 1, 1   2, ant�stoiqa.

Gia peperasmèna graf mata G, to sunolikì pl jo twn kleist¸n perip�twn

dosmènou m kou sto G mpore� na upologiste� apì ton endomorfismì U me ton ex 

idia�tera komyì trìpo.

Pìrisma 5.1.1 'Estw kateujunìmeno gr�fhma G = (N,E,ϕ) me p korufè. An

ω(G, n) e�nai to pl jo twn kleist¸n perip�twn m kou n sto G kai λ1, λ2, . . . , λp ∈
C e�nai oi idiotimè tou endomorfismoÔ U : CN → CN , tìte

ω(G, n) = λn
1 + λn

2 + · · ·+ λn
p . (5.6)
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Apìdeixh. Me to sumbolismì th Prìtash 5.1.1, èqoume

ω(G, n) =
∑

x∈N

cG(x, x;n).

Apì thn Prìtash 5.1.1 prokÔptei ìti oi akèraioi cG(x, x;n), gia x ∈ N , apoteloÔn

ta diag¸nia stoiqe�a tou p�naka tou endomorfismoÔ Un : CN → CN w pro th

b�sh N tou dianusmatikoÔ q¸rou CN . Kat� sunèpeia èqoume

ω(G, n) = tr Un,

ìpou me tr T sumbol�zoume to �qno enì grammikoÔ endomorfismoÔ T : V → V .
ParathroÔme tèlo ìti o Un : CN → CN èqei idiotimè λn

1 , λ
n
2 , . . . , λ

n
p kai sunep¸

isqÔei

tr Un = λn
1 + λn

2 + · · ·+ λn
p .

H zhtoÔmenh sqèsh (5.6) èpetai apì ti dÔo prohgoÔmene isìthte. ✷

Sq ma 5.2: To gr�fhma tou Parade�gmato 5.1.3 gia p = 3.

Par�deigma 5.1.3 'Estw G to kateujunìmeno gr�fhma me p korufè to opo�o èqei

m�a akm  me arq  x kai pèra y, an (x, y) e�nai diatetagmèno zeÔgo diakekrimènwn

koruf¸n tou G, kai kam�a tètoia akm  an x = y. To gr�fhma autì apeikon�zetai

sto Sq ma 5.2 gia p = 3. EÔkola upolog�zetai (p¸?) ìti oi idiotimè tou U e�nai oi

λ1 = · · · = λp−1 = −1 kai λp = p−1 kai sunep¸ ω(G, n) = (p−1)(−1)n +(p−1)n.
✷

An G e�nai mh kateujunìmeno gr�fhma sto sÔnolo koruf¸n N , tìte or�zoume

ton endomorfismì UG = DG : CN → CN apì th sqèsh

UG(x) =
∑

y∈N

mG(x, y) · y (5.7)

gia x ∈ N , ìpou mG(x, y) e�nai to pl jo twn akm¸n tou G me �kra x kai y, kai
epekte�nonta grammik� sta stoiqe�a tou CN . To akìloujo pìrisma e�nai to an�lo-

go th Prìtash 5.1.1 kai tou Por�smato 5.1.1 sthn per�ptwsh aut . ParathroÔme

ìti, gia peperasmèna graf mata G, o endomorfismì UG e�nai ermitianì kai sunep¸

ìle oi idiotimè tou e�nai pragmatikè.
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Pìrisma 5.1.2 'Estw mh kateujunìmeno gr�fhma G sto sÔnolo koruf¸n N .

(a) Gia ton endomorfismì UG : CN → CN pou or�zetai apì thn (5.7) kai tuqa�a

x ∈ N kai n ∈ N isqÔei

Un
G(x) =

∑

y∈N

cG(x, y;n) · y, (5.8)

ìpou cG(x, y;n) e�nai to pl jo twn perip�twn m kou n sto G me arq  x kai

pèra y.

(b) An to pl jo twn koruf¸n tou G e�nai �so me p kai λ1, λ2, . . . , λp ∈ R e�nai oi

idiotimè tou UG : CN → CN , tìte to pl jo twn kleist¸n perip�twn m kou

n sto G e�nai �so me λn
1 + λn

2 + · · ·+ λn
p .

Apìdeixh. JewroÔme to kateujunìmeno gr�fhma G sto sÔnolo koruf¸n N pou

prokÔptei apì to G antikajist¸nta k�je akm  tou G, èstw me �kra x kai y, me
èna zeÔgo akm¸n, h m�a apì ti opo�e èqei arq  x kai pèra y kai h �llh arq  y
kai pèra x. Profan¸ èqoume UG = UG kai cG(x, y;n) = cG(x, y;n) gia ìla ta

x, y ∈ N kai n ∈ N. Sunep¸ to zhtoÔmeno prokÔptei efarmìzonta thn Prìtash

5.1.1 kai to Pìrisma 5.1.1 sto gr�fhma G. ✷

Parat rhsh 5.1.1 'Estw kateujunìmeno gr�fhma G sto sÔnolo koruf¸n N kai

èstw G to ant�stoiqo mh kateujunìmeno gr�fhma sto �dio sÔnolo koruf¸n (¸ste to

G prokÔptei apì to G agno¸nta thn kateÔjunsh twn akm¸n). Gia x, y ∈ N isqÔei

mG(x, y) = mG(x, y) +mG(y, x), ìpou mG(x, y) e�nai to pl jo twn akm¸n tou G
me �kra x kai y. Sunep¸, an U,D : CN → CN e�nai oi endomorfismo� pou or�zontai

gia to G apì ti (5.2) kai (5.3), tìte o D + U taut�zetai me ton endomorfismì UG

th (5.7). Apì to Pìrisma 5.1.2 (a) èpetai ìti

(D + U)n(x) =
∑

y∈N

cG(x, y;n) · y,

ìpou to cG(x, y;n) e�nai ìpw sthn (5.8). ✷

5.1.3 Graf mata me b�rh

5.2 Efarmogè

5.2.1 Per�patoi sto gr�fhma tou Young

Sumbol�zoume me Λ to sÔnolo twn diamer�sewn akera�wn, to opo�o jewroÔme ìti peri-

èqei thn ken  diamèrish ∅. 'Opw sto Kef�laio 4, me Yλ sumbol�zoume to di�gramma
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Young th diamèrish λ. Gia diamer�sei µ, λ ∈ Λ ja gr�foume µ→ λ an µ ⊆ λ kai

to �jroisma twn mer¸n th λ uperba�nei kat� èna tou ajro�smato twn mer¸n th

µ (isodÔnama, an to Yλ prokÔptei apì to Yµ prosjètonta èna tetr�gwno).

Sq ma 5.3: Mèro tou kateujunìmenou graf mato tou Young.

To gr�fhma tou Young or�zetai w to kateujunìmeno gr�fhma Υ sto sÔnolo

koruf¸n Λ, sto opo�o up�rqei m�a akm  me arq  µ kai pèra λ an µ→ λ kai kam�a

tètoia akm  diaforetik�. Mèro tou graf mato autoÔ apeikon�zetai sto Sq ma

5.3, ìpou mia koruf  λ parist�netai me to di�gramma Yλ. Sthn par�grafo aut 

ja qrhsimopoi soume ta ergale�a th Paragr�fou 5.1.2 gia na melet soume k�poia

endiafèronta probl mata apar�jmhsh pou sqet�zontai me per�patou sto gr�fhma

tou Young. Ja sumbol�zoume w λ0 → λ1 → · · · → λn
to (monadikì, an up�rqei)

per�pato sto Υ me diadoqikè korufè λ0, λ1, . . . , λn
. Gia par�deigma, èna tètoio

per�pato e�nai o (2, 1) → (3, 1)→ (3, 2) → (3, 2, 1) → (4, 2, 1).

To akìloujo l mma sundèei thn ènnoia tou Young tampl¸ me eke�nh tou per�pa-

tou sto gr�fhma Υ.

L mma 5.2.1 'Estw diamèrish λ ⊢ n. To pl jo twn perip�twn m kou n sto Υ
me arq  ∅ kai pèra λ e�nai �so me to pl jo fλ

twn Young tampl¸ sq mato λ.

Apìdeixh. 'Estw T èna Young tampl¸ sq mato λ ⊢ n. Apì ton orismì tou

Young tampl¸ prokÔptei ìti gia 1 ≤ i ≤ n, ta ter�gwna tou T pou perièqoun tou
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akera�ou 1, 2, . . . , i sqhmat�zoun ep�sh èna Young tampl¸, to opo�o sumbol�zoume

me T (i). Profan¸ èqoume T (n) = T kai an λi
e�nai to sq ma tou T (i) gia 1 ≤ i ≤ n

kai λ0 = ∅, tìte λn = λ kai

λ0 → λ1 → · · · → λn
(5.9)

e�nai per�pato m kou n sto gr�fhma Υ me arq  ∅ kai pèra λ. Sumbol�zoume

ton per�pato autì me ϕ(T ). Gia par�deigma an n = 6, λ = (3, 3) kai T e�nai

to deÔtero apì arister� tampl¸ tou Sq mato 4.2, tìte ϕ(T ) e�nai o per�pato

∅→ (1)→ (2)→ (2, 1) → (3, 1)→ (3, 2) → (3, 3).
Antistrìfw, an w e�nai èna per�pato m kou n sto Υ, ìpw sthn (5.9), me

arq  λ0 = ∅ kai pèra λn = λ, tìte up�rqei (giat�?) monadikì Young tampl¸ ψ(w)
sq mato λ me thn idiìthta ìti gia k�je i ∈ [n], to stoiqe�o i tou T katalamb�nei

to monadikì tetr�gwno tou diagr�mmato Young tou λi/λi−1
. Gia par�deigma an

n = 6, λ = (3, 3) kai w e�nai o per�pato ∅ → (1) → (1, 1) → (2, 1) → (2, 2) →
(3, 2) → (3, 3), tìte to ψ(w) e�nai to pr¸to apì dexi� tampl¸ tou Sq mato 4.2.

Af noume ston anagn¸sth na bebaiwje� ìti h ϕ e�nai amfimonos manth apeikìnish

apì to sÔnolo twn Young tampl¸ sq mato λ sto sÔnolo twn perip�twn m kou n
sto Υ me arq  ∅ kai pèra λ, me ant�strofh apeikìnish thn ψ. To zhtoÔmeno èpetai

apì thn Prìtash 1.1.1. ✷

JewroÔme t¸ra tou endomorfismoÔ U,D : CΛ → CΛ tou C-dianusmatikoÔ

q¸rou CΛ pou or�zontai gia to gr�fhma Υ ìpw sthn Par�grafo 5.1.2. Gia

par�deigma, an µ = (3, 1) kai λ = (2, 2, 1), tìte U(µ) = (4, 1) + (3, 2) + (3, 1, 1)
kai D(λ) = (2, 1, 1)+ (2, 2). H jemeli¸dh sqèsh metaxÔ twn endomorfism¸n aut¸n

pou perigr�fei h akìloujh prìtash ja pa�xei shmantikì rìlo gia ta apotelèsmata

aut  th paragr�fou.

Prìtash 5.2.1 Gia tou endomorfismoÔ U,D : CΛ→ CΛ isqÔei DU − UD = I,
ìpou I : CΛ→ CΛ e�nai h tautotik  apeikìnish.

Apìdeixh. Exait�a th grammikìthta twn apeikon�sewn U kai D, arke� na de�xoume

ìti isqÔei DU(µ) − UD(µ) = µ gia k�je stoiqe�o µ th b�sh Λ tou CΛ. 'Estw

loipìn tuqa�a diamèrish µ ∈ Λ. 'Estw ep�sh r to pl jo twn akm¸n tou Υ me arq 

µ kai s to pl jo twn akm¸n tou Υ me pèra µ. 'Eqoume

DU(µ) = D



∑

µ→λ

λ


 =

∑

µ→λ

D(λ)

=
∑

µ→λ


µ +

∑

ν→λ, ν 6=λ

ν
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= rµ +
∑

ν,

ìpou sto teleuta�o �jroisma, to ν diatrèqei ìle ti diamer�sei to di�gramma Young
twn opo�wn prokÔptei apì eke�no th µ prosjètonta arqik� èna tetr�gwno kai

diagr�fonta èpeita èna �llo. Akrib¸ an�loga br�skoume ìti

UD(µ) = sµ +
∑

ν,

ìpou sto �jroisma tou dexioÔ mèlou, to ν diatrèqei ìle ti diamer�sei to di�-

gramma Young twn opo�wn prokÔptei apì eke�no th µ diagr�fonta arqik� èna

tetr�gwno kai prosjètonta èpeita èna �llo. ParathroÔme ìti ta dÔo ajro�smata

sti parap�nw ekfr�sei gia ta DU(µ) kai UD(µ) taut�zontai. Apì ta prohgoÔ-

mena sun�goume ìti

DU(µ)− UD(µ) = (r − s)µ
kai sunep¸, arke� na de�xoume ìti r = s+ 1. Pr�gmati, apì ton orismì tou graf -

mato Υ èqoume ìti to r (ant�stoiqa, s) e�nai �so me to pl jo twn (nìtiwn) exw-

terik¸n (ant�stoiqa, eswterik¸n) gwni¸n th µ. Sto Sq ma 5.4 apeikon�zontai

me maÔro qr¸ma oi exwterikè gwn�e kai me gkri qr¸ma oi eswterikè gwn�e th

diamèrish (4, 3, 3, 1). 'Estw µ̃ h diamèrish pou prokÔptei prosjètonta sto Yµ

ti exwterikè gwn�e th µ. Parathr¸nta ìti metaxÔ dÔo opoiond pote diado-

qik¸n exwterik¸n gwni¸n th µ sto notiodutikì sÔnoro tou Yµ̃ up�rqei akrib¸ m�a

eswterik  gwn�a th µ, prokÔptei to zhtoÔmeno. ✷

Sq ma 5.4: Oi diamer�sei µ = (4, 3, 3, 1) kai µ̃ = (5, 4, 3, 2, 1).

W mia pr¸th efarmog  th jewr�a pou èqoume anaptÔxei w t¸ra, ja d¸soume

mia nèa apìdeixh th tautìthta (4.1) pou sundèei tou arijmoÔ fλ
gia λ ⊢ n.

Efarmìzonta thn Prìtash 5.1.1 sto gr�fhma tou Young kai qrhsimopoi¸nta to

L mma 5.2.1 br�skoume ìti

Un(∅) =
∑

λ⊢n

fλ · λ (5.10)
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kai ìti

Dn(λ) = fλ ·∅ (5.11)

gia k�je λ ⊢ n. Apì ti dÔo autè isìthte sumpera�noume ìti

DnUn(∅) =
∑

λ⊢n

fλDn(λ) =

(
∑

λ⊢n

(fλ)2

)
·∅. (5.12)

Arke� epomènw na de�xoume ìti isqÔei DnUn(∅) = n!·∅. Ja d¸soume dÔo apode�xei

th sqèsh aut . Gia thn pr¸th apìdeixh ja qreiastoÔme to akìloujo l mma.

L mma 5.2.2 Gia tou endomorfismoÔ U,D : CΛ→ CΛ kai tuqa�o jetikì akèraio

n isqÔei

DnUn = (UD + I)(UD + 2I) · · · (UD + nI),

ìpou I : CΛ→ CΛ e�nai h tautotik  apeikìnish.

Apìdeixh. Efarmìzoume epagwg  sto n. Gia n = 1 to zhtoÔmeno isoduname� me

th sqèsh DU − UD = I th Prìtash 5.2.1. Upojètonta ìti n ≥ 2 kai ìti h

zhtoÔmenh sqèsh isqÔei gia to n− 1, br�skoume

DnUn = D(Dn−1Un−1)U

= D(UD + I) · · · (UD + (n− 1)I)U

= D(UD + I) · · · (UDU + (n− 1)U)

= D(UD + I) · · ·U(DU + (n− 1)I)

= · · ·
= DU(DU + I) · · · (DU + (n− 1)I)

= (UD + I)(UD + 2I) · · · (UD + nI),

ìpou gia thn teleuta�a isìthta qrhsimopoi same kai p�li th sqèsh DU = UD + I
th Prìtash 5.2.1. Sunep¸ oloklhr¸jhke to epagwgikì b ma kai h apìdeixh tou

l mmato. ✷

Pìrisma 5.2.1 Gia k�je n ≥ 1 isqÔei

∑

λ⊢n

(fλ)2 = n!.

Pr¸th apìdeixh. Apì to L mma 5.2.2 kai th sqèsh D(∅) = 0 prokÔptei ìti

DnUn(∅) = (UD + I)(UD + 2I) · · · (UD + nI)(∅) = n! ·∅.

'Opw  dh èqoume epishm�nei, h zhtoÔmenh tautìthta èpetai apì th sqèsh aut  kai

thn (5.12). ✷
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L mma 5.2.3 Gia tou endomorfismoÔ U,D : CΛ→ CΛ isqÔei

Dp(U) = p′(U) + p(U)D

gia k�je polu¸numo p(x) ∈ C[x].

Apìdeixh. Lìgw th grammikìthta twn U kai D, mporoÔme na upojèsoume ìti

p(x) = xm
gia k�poio m ∈ N. 'Eqoume dhlad  na de�xoume ìti

DUm = mUm−1 + UmD, (5.13)

ìpou kai ta dÔo mèlh th isìthta aut  e�nai �sa me D gia m = 0. H sqèsh (5.13)

isoduname� me th sqèsh DU−UD = I th Prìtash 5.2.1 giam = 1. Efarmìzonta
epagwg  sto m kai upojètonta ìti h (5.13) isqÔei gia to m, br�skoume

DUm+1 = DUmU = (mUm−1 + UmD)U

= mUm + UmDU = mUm + Um(UD + I)

= (m+ 1)Um + Um+1D,

dhlad  ìti h (5.13) isqÔei kai gia to m+ 1. ✷

DeÔterh apìdeixh tou Por�smato 5.2.1. Me qr sh th (5.13) kai th D(∅) = 0
br�skoume

DnUn(∅) = Dn−1 ·DUn(∅) = Dn−1(nUn−1 + UnD)(∅)

= nDn−1Un−1(∅) +Dn−1Un ·D(∅)

= nDn−1Un−1(∅),

opìte me epagwg  sto n prokÔptei ìti DnUn(∅) = n! ·∅. 'Opw parathr same kai

sthn pr¸th apìdeixh, h teleuta�a sqèsh kai h (5.12) d�noun to zhtoÔmeno. ✷

AkoloÔjw d�noume mia algebrik  apìdeixh tou apotelèsmato th 'Askhsh 4

tou Kefala�ou 4.

Pìrisma 5.2.2 Gia k�je diamèrish µ tou n− 1 isqÔei

∑
µ→λ f

λ = nfµ
.

Apìdeixh. Apì ti sqèsei (5.10) kai (5.13), kaj¸ kai apì thnD(∅) = 0, prokÔptei
ìti

DUn(∅) = (nUn−1 + UnD)(∅) = nUn−1(∅) = n
∑

µ⊢n−1

fµ · µ.

Ep�sh, apì thn (5.10) kai ton orismì tou endomorfismoÔ D prokÔptei ìti

DUn(∅) =
∑

λ⊢n

fλ ·D(λ) =
∑

λ⊢n

fλ
∑

µ→λ

µ.
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Exis¸nonta tou suntelestè tou µ sti dÔo ekfr�sei gia to DUn(∅) sti opo�e
katal xame, prokÔptei to zhtoÔmeno. ✷

Me qr sh th (5.13) br�skoume ìti (D+U)2 = U2+UD+DU+D2 = U2+2UD+
D2+I kai, ergazìmenoi parìmoia, ìti (D+U)3 = U3+3U2D+3UD2+D3+3U+3D.

Oi parathr sei autè genikeÔontai apì thn akìloujh prìtash.

Prìtash 5.2.2 Gia tou endomorfismoÔ U,D : CΛ → CΛ kai tuqa�o m ∈ N

isqÔei

(D + U)m =
∑

i + j + 2k = m
(i, j, k) ∈ N

3

m!

2ki!j!k!
U iDj. (5.14)

Apìdeixh. QrhsimopoioÔme epagwg  sto m. H zhtoÔmenh sqèsh epalhjeÔetai eÔko-

la gia m = 0   1. 'Estw ìti isqÔei gia ton akèraio m ≥ 1. Pollaplasi�zonta

(me thn ènnoia th sÔnjesh grammik¸n apeikon�sewn) thn (5.14) apì arister� me

D + U , pa�rnoume

(D + U)m+1 =
∑

i+j+2k=m

m!

2ki!j!k!
(D + U)U iDj.

SÔmfwna me thn (5.13) èqoume

(D + U)U iDj = U i+1Dj +DU iDj = U i+1Dj + U iDj+1 + iU i−1Dj

kai sunep¸

(D + U)m+1 =
∑

i+j+2k=m

m!

2ki!j!k!
(U i+1Dj + U iDj+1 + iU i−1Dj)

=
∑

i+j+2k=m+1

m!

2k(i− 1)!j!k!
U iDj +

∑

i+j+2k=m+1

m!

2ki!(j − 1)!k!
U iDj +

∑

i+j+2k=m+1

m!

2k−1i!j!(k − 1)!
U iDj

=
∑

i+j+2k=m+1

(i+ j + 2k)
m!

2ki!j!k!
U iDj

=
∑

i+j+2k=m+1

(m+ 1)!

2ki!j!k!
U iDj .
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Epomènw h (5.14) isqÔei kai gia ton akèraiom+1 kai h epagwg , �ra kai h apìdeixh

th prìtash, e�nai pl rh. ✷

'Estw Y to mh kateujunìmeno gr�fhma pou antistoiqe� sto Υ. To akìloujo

pìrisma th Prìtash 5.2.2 afor� perip�tou sto Y . Gia par�deigma, up�rqoun trei
tètoioi per�patoi m kou 4 me arq  kai pèra ∅.

Pìrisma 5.2.3 Gia k�je diamèrish λ tou n kai akèraio m ≥ n, to pl jo twn

perip�twn m kou m sto mh kateujunìmeno gr�fhma Y tou Young me arq  ∅ kai

pèra λ e�nai �so me

{(m
n

)
(1 · 3 · 5 · · · (m− n− 1)) fλ, an m ≡ n (mod 2)

0, diaforetik�.

Edikìtera, to pl jo twn kleist¸n perip�twn m kou 2k sto Y me arq  (kai pèra)

∅ e�nai �so me 1 · 3 · 5 · · · (2k − 1).

Apìdeixh. Apì thn Parat rhsh 5.1.1 sumpera�noume ìti to zhtoÔmeno pl jo e�nai

�so me to suntelest  cλ th λ sto an�ptugma

(D + U)m(∅) =
∑

µ

cµ · µ.

Apì thn Prìtash 5.2.2 prokÔptei ìti

(D + U)m(∅) =
∑

i+2k=m

m!

2ki!k!
U i(∅) =

∑

i+2k=m

m!

2ki!k!

∑

µ⊢i

fµ · µ.

Apì ta prohgoÔmena sumpera�noume ìti an den up�rqei k ∈ N me n+ 2k = m, tìte

cλ = 0 en¸ an n+ 2k = m, tìte

cλ =
m!

2kn!k!
fλ =

(
m

n

)
(2k)!

2kk!
fλ =

(
m

n

)
(1 · 3 · 5 · · · (2k − 1)) fλ.

H teleuta�a prìtash sth diatÔpwsh tou por�smato e�nai h eidik  per�ptwsh λ = ∅

(opìte n = 0) kai m = 2k. ✷

5.2.2 To Je¸rhma tou Sperner

5.2.3 Monotrop�a twn q-diwnumik¸n suntelest¸n

5.3 Apar�jmhsh dèndrwn

Sthn par�grafo aut  ja asqolhjoÔme me to prìblhma th apar�jmhsh orismènwn

dèndrwn pou e�nai upograf mata enì dojènto (kateujunìmenou   mh) graf mato
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se èna peperasmèno sÔnolo koruf¸n. To kÔrio ergale�o ma ja e�nai o p�naka mia

parallag  tou endomorfismoÔ U th Paragr�fou 5.1.2 (p�naka Laplace).
Ja sumbol�zoume me G (ant�stoiqa, G) èna kateujunìmeno (ant�stoiqa, mh kateu-

junìmeno) gr�fhma (N,E,ϕ), gia to opo�o ja upojètoume p�ntote ìti e�nai pepera-

smèno (dhlad  ìti ta N kai E e�nai peperasmèna sÔnola).

5.3.1 Par�gonta dèndra

'Estw (peperasmèno) kateujunìmeno gr�fhma G = (N,E,ϕ). Upogr�fhma tou G
lègetai èna kateujunìmeno gr�fhma H = (M,D,ψ) ìpou M ⊆ N , D ⊆ E kai

ψ e�nai o periorismì th ϕ sto sÔnolo D (dhlad , to H e�nai èna kateujunìmeno

gr�fhma pou prokÔptei apì to G diagr�fonta k�poie apì ti korufè kai akmè

autoÔ). An M = N , tìte to H lègetai par�gon upogr�fhma tou G (kai prokÔptei

apì to G diagr�fonta k�poie apì ti akmè autoÔ).

Orismì 5.3.1 'Estw peperasmèno sÔnolo M kai v ∈ M . 'Ena kateujunìmeno

gr�fhma T sto sÔnolo koruf¸n M lègetai prosanatolismèno dèndro me r�za v, an
gia k�je u ∈M up�rqei monadikì per�pato sto T me arq  u kai pèra v.

An epiplèon to T e�nai par�gon upogr�fhma tou G (opìte M = N), tìte to T
lègetai par�gon prosanatolismèno dèndro tou G me r�za v.

1 4

5

9

6

8 3

2

7

Sq ma 5.5: 'Ena èna prosanatolismèno dèndro me r�za.

Sto Sq ma 5.5 apeikon�zetai èna prosanatolismèno dèndro sto sÔnolo koruf¸n

[9] me r�za to 5. Sthn 'Askhsh 3 d�nontai di�foroi qarakthrismo� twn prosana-

tolismènwn dèndrwn me r�za, oi opo�oi ja qrhsimopoihjoÔn sthn apìdeixh tou kÔ-

riou apotelèsmato (Je¸rhma 5.3.1) aut  th paragr�fou. Ja sumbol�zoume me

τ(v,G) to pl jo twn paragìntwn prosanatolismènwn dèndrwn tou G me r�za v. Gia
par�deigma, gia to gr�fhma G tou Sq mato 5.1 èqoume τ(a,G) = 0, τ(b,G) = 2 kai

τ(c,G) = τ(d,G) = 4. Ta dÔo par�gonta prosanatolismèna dèndra tou G me r�za b
èqoun sÔnola akm¸n {e1, e4, e5} kai {e2, e4, e5}.
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Gia èna (peperasmèno) mh kateujunìmeno gr�fhma G = (N,E,ϕ), h ènnoia tou

par�gonto upograf mato or�zetai akrib¸ ìpw kai gia kateujunìmena graf -

mata. 'Ena mh kateujunìmeno gr�fhma T lègetai dèndro (blèpe Sq ma 3.2 tou

Kefala�ou 3) an gia k�je zeÔgo (u, v) koruf¸n tou T (pijan¸ me u = v), up�rqei
monadikì per�pato (pijan¸ m kou mhdèn) sto T me arq  u kai pèra v. Gia

basikè idiìthte twn dèndrwn parapèmpoume sto Kef�laio 3 tou [1℄. 'Ena dèndro

to opo�o e�nai par�gon upogr�fhma tou G lègetai par�gon dèndro tou G.

5.3.2 O p�naka Laplace

Gia koruf  u tou G, sumbol�zoume me degG(u) to pl jo twn akm¸n tou G pou den

e�nai brìqoi kai èqoun arq  u. O p�naka Laplace enì kateujunìmenou graf mato
or�zetai w ex .

Orismì 5.3.2 'Estw kateujunìmeno gr�fhma G me korufè v1, v2, . . . , vp. O p�-

naka Laplace tou G e�nai o p× p p�naka L = L(G) me stoiqe�a

Lij =

{
degG(vi), an i = j
−mij, an i 6= j,

(5.15)

ìpou mij = mG(vi, vj) e�nai to pl jo twn akm¸n tou G me arq  vi kai pèra vj .

Gia par�deigma, gia thn ar�jmhsh (v1, v2, v3, v4) = (a, b, c, d) twn koruf¸n tou

graf mato G tou Sq mato 5.1 èqoume

L(G) =




2 −1 −1 0

0 2 0 −2
0 −1 1 0

0 0 −1 1


 . (5.16)

Parat rhsh 5.3.1 (a) O p�naka L(G) exart�tai apì thn ar�jmhsh (anadi�taxh)

v1, v2, . . . , vp twn koruf¸n tou G pou epilèxame, ìqi ìmw kat� ousiastikì trìpo.

K�je �llh ar�jmhsh twn koruf¸n antistoiqe� se mia met�jesh w ∈ Sp kai metab�llei

ton p�naka L(G) metajètonta ti grammè tou kai ti st le tou sÔmfwna me th w.
Autì, gia par�deigma, de metab�llei ti timè twn prwteuous¸n upoorizous¸n tou

L(G) dosmènou megèjou, gia ti opo�e kur�w ja endiaferjoÔme.

(b) Me to sumbolismì tou OrismoÔ 5.3.2 èqoume

degG(vi) =
∑

j 6=i

mij

gia 1 ≤ i ≤ p, dhlad  oi st le tou p�naka L(G) ajro�zoun sto mhdenikì di�nu-

sma. Kat� sunèpeia oi st le tou L(G) e�nai grammik¸ exarthmène, opìte isqÔei

det L(G) = 0. ✷
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O p�naka Laplace L(G) enì mh kateujunìmenou graf mato G me korufè

v1, v2, . . . , vp or�zetai an�loga, jètonta

Lij =





∑

j 6=i

mij , an i = j

−mij, an i 6= j,

ìpou mij = mG(vi, vj) e�nai to pl jo twn akm¸n tou G me �kra vi kai vj. Sthn

per�ptwsh aut  o L(G) e�nai summetrikì p�naka. To �jroisma twn sthl¸n (�ra kai
twn gramm¸n) tou L(G) e�nai �so me mhdèn kai sunep¸ isqÔei kai p�li det L(G) = 0.

5.3.3 To Je¸rhma P�naka�Dèndrou

To kÔrio apotèlesma aut  th paragr�fou e�nai to akìloujo je¸rhma.

Je¸rhma 5.3.1 'Estw kateujunìmeno gr�fhma G me korufè v1, v2, . . . , vp. An

1 ≤ i ≤ p kai Li(G) e�nai o p�naka pou prokÔptei apì ton L(G) diagr�fonta thn i
gramm  kai thn i st lh autoÔ, tìte det Li(G) = τ(vi,G).

Gia par�deigma, gia to gr�fhma G tou Sq mato 5.1 upolog�zoume ìti

τ(a,G) = det




2 0 −2
−1 1 0

0 −1 1


 = 0

kai

τ(d,G) = det




2 −1 −1
0 2 0

0 −1 1


 = 4.

Prin d¸soume thn apìdeixh tou Jewr mato 5.3.1 ja sun�goume w pìrisma thn

an�logh prìtash gia mh kateujunìmena graf mata (gnwst  w Je¸rhma P�naka-

Dèndrou) kai ja perigr�youme dÔo efarmogè.

Pìrisma 5.3.1 (Je¸rhma P�naka-Dèndrou) 'Estw mh kateujunìmeno gr�fhma G
me korufè v1, v2, . . . , vp. An 1 ≤ i ≤ p kai Li(G) e�nai o p�naka pou prokÔptei

apì ton L(G) diagr�fonta thn i gramm  kai thn i st lh autoÔ, tìte h or�zousa

det Li(G) e�nai �sh me to pl jo twn paragìntwn dèndrwn tou G (kai sunep¸

anex�rthth tou i).

Apìdeixh. JewroÔme to kateujunìmeno gr�fhma G sto sÔnolo koruf¸n tou G
pou prokÔptei antikajist¸nta k�je akm  tou G me èna zeÔgo akm¸n, ìpw sthn

apìdeixh tou Por�smato 5.1.2. Qrhsimopoi¸nta thn �dia ar�jmhsh v1, v2, . . . , vp
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gia ti korufè tou G, èqoume L(G) = L(G). Ep�sh, gia k�je de�kth i up�rqei
mia emfan  1�1 antistoiq�a apì to sÔnolo twn prosanatolismènwn paragìntwn

dèndrwn tou G me r�za vi sto sÔnolo twn paragìntwn dèndrwn tou G. Epomènw,

to zhtoÔmeno e�nai �mesh sunèpeia tou Jewr mato 5.3.1. ✷

'Opw sunhj�zetai sth bibliograf�a, ja sumbol�zoume me L0(G) (ant�stoiqa,

L0(G)) ton p�naka pou prokÔptei diagr�fonta thn teleuta�a gramm  kai st lh

tou L(G) (ant�stoiqa, L(G)), ìtan to pl jo p twn koruf¸n tou G (ant�stoiqa, G)
den pa�zei idia�tero rìlo.

Par�deigma 5.3.1 (TÔpo tou Cayley) 'Estw t(p) to pl jo twn dèndrwn sto

sÔnolo koruf¸n [p], ìpou to sÔnolo twn akm¸n enì tètoiou dèndrou ([p], E, ϕ)

taut�zetai me to ϕ(E) ⊆
([p]

2

)
. Gia par�deigma èqoume t1 = t2 = 1, t3 = 3 kai

t4 = 16, ìpou ta tr�a dèndra sto sÔnolo koruf¸n {1, 2, 3} e�nai aut� me sÔnola

akm¸n {{1, 2}, {1, 3}}, {{1, 2}, {2, 3}} kai {{1, 3}, {2, 3}}.
Ja de�xoume ìti isqÔei t(p) = pp−2

gia k�je jetikì akèraio p. 'Estw G to (mh

kateujunìmeno) gr�fhma sto sÔnolo koruf¸n [p] to opo�o èqei

(
p
2

)
akmè, m�a me

�kra i kai j gia k�je zeÔgo koruf¸n 1 ≤ i < j ≤ p. O p�naka Laplace tou G
e�nai o p× p p�naka

L(G) =




p− 1 −1 · · · −1
−1 p− 1 · · · −1
.

.

.

.

.

.

.

.

.

.

.

.

−1 −1 · · · p− 1


 . (5.17)

ParathroÔme ìti ta dèndra sto sÔnolo koruf¸n [p] e�nai akrib¸ ta par�gonta

dèndra tou G. Epomènw, apì to Pìrisma 5.3.1 prokÔptei ìti t(p) = det L0(G), ìpou
L0(G) e�nai o (p − 1) × (p − 1) p�naka pou prokÔptei diagr�fonta thn teleuta�a

gramm  kai st lh tou L(G). Prosjètonta ìle ti grammè tou L0(G) ektì th

pr¸th sthn pr¸th gramm  kai prosjètonta èpeita thn pr¸th gramm  tou p�naka

pou prokÔptei se kajemi� apì ti upìloipe grammè, br�skoume ìti

t(p) = det




1 1 · · · 1

0 p · · · 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 · · · p


 = pp−2,

ìpw to uposqej kame. ✷

Par�deigma 5.3.2 'Estw G to mh kateujunìmeno gr�fhma sto sÔnolo koruf¸n

{1, 2, . . . , p, 1′, 2′, . . . , q′}, to opo�o èqei m�a akm  me �kra i kai j′ gia k�je zeÔgo
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koruf¸n 1 ≤ i ≤ p kai 1 ≤ j ≤ q (¸ste to pl jo twn akm¸n tou G e�nai �so me

pq). Sto Sq ma 5.6 apeikon�zetai to gr�fhma G kai èna par�gon dèndro tou gia

p = 3 kai q = 4. O p�naka Laplace tou G e�nai o (p + q)× (p+ q) p�naka

L(G) =

(
qIp −J
−J pIq

)
,

ìpou me Ik sumbol�zoume ton k×k tautotikì p�naka kai me J ton p�naka katall lwn

diast�sewn, k�je stoiqe�o tou opo�ou e�nai �so me 1. 'Estw t(p, q) to pl jo twn

paragìntwn dèndrwn tou G. Apì to Pìrisma 5.3.1 pa�rnoume t(p, q) = det L0(G),
ìpou L0(G) e�nai o (p + q − 1) × (p + q − 1) p�naka pou prokÔptei diagr�fonta

thn teleuta�a gramm  kai thn teleuta�a st lh tou L(G). Prosjètonta ìle ti

grammè tou L0(G) ektì th pr¸th sthn pr¸th gramm , br�skoume ìti

t(p, q) = det




1 1 · · · 1 0 0 · · · 0

0 q · · · 0 −1 −1 · · · −1
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 · · · q −1 −1 · · · −1

−1 −1 · · · −1 p 0 · · · 0

−1 −1 · · · −1 0 p · · · 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

−1 −1 · · · −1 0 0 · · · p




.

Afair¸nta thn pr¸th st lh tou p�naka tou dexioÔ mèlou apì kajem�a apì ti

st le 2, . . . , p kai anaptÔssonta thn or�zousa pou prokÔptei kat� ta stoiqe�a

th pr¸th gramm , katal goume ston tÔpo

t(p, q) = pq−1qp−1

gia to pl jo twn paragìntwn dèndrwn tou G. ✷

Erqìmaste t¸ra sthn apìdeixh tou Jewr mato 5.3.1. 'Estw kateujunìmeno

gr�fhma G sto sÔnolo koruf¸n N = {v1, v2, . . . , vp}.

L mma 5.3.1 An to mh kateujunìmeno gr�fhma pou antistoiqe� sto G den e�nai

sunektikì, tìte det Li(G) = 0 gia k�je 1 ≤ i ≤ p.

Apìdeixh. Metajètonta kat�llhla ti korufè tou G, mporoÔme na upojèsoume

ìti up�rqei akèraio 1 ≤ k < p tètoio ¸ste kami� akm  tou G na mhn èqei arq 
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Sq ma 5.6: 'Ena gr�fhma kai èna par�gon dèndro.

se èna apì ta sÔnola {v1, . . . , vk} kai {vk+1, . . . , vp} kai pèra sto �llo. Me thn

upìjesh aut  èqoume

L(G) =

(
L(H1) O
O L(H2)

)
,

ìpou H1 kai H2 e�nai upograf mata tou G sta sÔnola koruf¸n {v1, . . . , vk} kai

{vk+1, . . . , vp} kai me O sumbol�zetai o mhdenikì p�naka katall lwn diast�sewn.

Sunep¸ o p�naka Li(G) èqei mplok diag¸nia morf , me èna apì ta diag¸nia mplok

�so me L(H1)   L(H2). AfoÔ apì thn Parat rhsh 5.3.1 (b) èqoume det L(H1) =
det L(H2) = 0, èpetai ìti det Li(G) = 0. ✷

Apìdeixh tou Jewr mato 5.3.1. Upojètoume qwr� bl�bh th genikìthta ìti i = p
(opìte jèloume na de�xoume ìti det L0(G) = τ(vp,G)) kai ìti den up�rqei akm  tou G
me arq  vp (tètoie akmè den ephre�zoun ton p�naka L0(G)   ton akèraio τ(vp,G)).
Efarmìzoume epagwg  sto pl jo, èstw m, twn akm¸n tou G, diakr�nonta dÔo

peript¸sei.

Upojètoume pr¸ta ìti m ≤ p − 1. An to G den e�nai to �dio prosanatolismèno

dèndro me r�za vp, tìte apì thn 'Askhsh 3 (a) prokÔptei ìti τ(vp,G) = 0 kai ìti

e�te degG(vi) = 0 gia k�poio i ∈ [p − 1], e�te to mh kateujunìmeno gr�fhma pou

antistoiqe� sto G den e�nai sunektikì. Se k�je per�ptwsh isqÔei det L0(G) = 0 (�ra

kai h zhtoÔmenh isìthta): sthn pr¸th epeid  h i gramm  tou L0(G) e�nai mhdenik 

kai sth deÔterh lìgw tou L mmato 5.3.1. 'Estw ìti to G e�nai prosanatolismèno

dèndro me r�za vp, opìte τ(vp,G) = 1. Ja de�xoume ìti det L0(G) = 1 me epagwg 

sto p, ìpou h isìthta aut  epalhjeÔetai eÔkola gia p = 2. Apì thn 'Askhsh 3 (a)

prokÔptei (exhg ste p¸) ìti up�rqei i ∈ [p − 1], tètoio ¸ste h koruf  vi na mhn

e�nai pèra akm  tou G. Diagr�fonta apì to G th vi kai th monadik  akm  tou G me
arq  thn koruf  aut , prokÔptei èna prosanatolismèno dèndro T me p− 1 korufè

kai r�za vp. AnaptÔssonta thn or�zousa tou L0(G) kat� ta stoiqe�a th st lh i
(h opo�a èqei stoiqe�o �so me 1 p�nw sthn kÔria diag¸nio kai ta upìloipa stoiqe�a

th �sa me 0), br�skoume ìti det L0(G) = det L0(T ). H upìjesh th epagwg 

oloklhr¸nei thn apìdeixh sthn per�ptwsh aut .
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'Estw t¸ra ìti m ≥ p. Sthn per�ptwsh aut  up�rqoun dÔo toul�qiston akmè

tou G me koin  arq , èstw vi gia k�poio i ∈ [p− 1]. 'Estw e mia akm  tou G me arq 

vi kai èstw H1 (ant�stoiqa, H2) to gr�fhma sto sÔnolo koruf¸n N pou prokÔptei

apì to G diagr�fonta thn akm  e (ant�stoiqa, ìle ti akmè tou G me arq  vi

ektì th e). Apì thn kataskeu  twn grafhm�twn aut¸n, oi p�nake L0(G), L0(H1)
kai L0(H2) diafèroun mìno w pro th gramm  i. Ep�sh, h gramm  i tou L0(G) e�nai
�sh me to �jroisma twn gramm¸n i twn L0(H1) kai L0(H2). Apì thn idiìthta th

polugrammikìthta twn orizous¸n prokÔptei ìti

det L0(G) = det L0(H1) + det L0(H2).

Ep�sh, w sunèpeia th 'Askhsh 3 (a) èqoume

τ(vp,G) = τ(vp,H1) + τ(vp,H2).

Tèlo, parathroÔme ìti to pl jo twn akm¸n kajenì apì taH1,H2 e�nai mikrìtero

tou m. Kat� sunèpeia, apì thn upìjesh th epagwg  èqoume det L0(H1) =
τ(vp,H1) kai det L0(H2) = τ(vp,H2). Apì ta prohgoÔmena sumpera�noume ìti

det L0(G) = τ(vp,G). ✷

5.3.4 To Je¸rhma P�naka�D�sou

Sthn par�grafo aut  ja d¸soume mia gen�keush tou Jewr mato 5.3.1. JewroÔme

tuqa�o (peperasmèno) kateujunìmeno gr�fhma G se èna sÔnolo koruf¸n N .

Orismì 5.3.3 'Estw peperasmèno sÔnolo M kai mh kenì uposÔnolì tou S. 'Ena
kateujunìmeno gr�fhma F sto sÔnolo koruf¸nM lègetai prosanatolismèno d�so

me sÔnolo riz¸n S, an gia k�je u ∈M up�rqei monadikì per�pato sto F me arq 

u, to pèra tou opo�ou an kei sto S.
An epiplèon to F e�nai par�gon upogr�fhma tou G (opìte M = N), tìte to F

lègetai par�gon prosanatolismèno d�so tou G me sÔnolo riz¸n S.

IsodÔnama, to F e�nai prosanatolismèno d�so sto sÔnolo koruf¸nM me sÔno-

lo riz¸n S an up�rqei diamèrish {M1,M2, . . . ,Mk} tou M , ìpou k e�nai to pl jo

twn stoiqe�wn tou S kai, gia k�je 1 ≤ i ≤ k, prosanatolismèno dèndro Ti sto

sÔnolo koruf¸n Mi me r�za stoiqe�o tou S, ètsi ¸ste to F na e�nai h ènwsh twn

T1,T2, . . . ,Tk. Sto Sq ma 5.7 apeikon�zetai èna prosanatolismèno d�so sto sÔnolo
koruf¸n [11] me sÔnolo riz¸n {2, 7, 10}.

Ja sumbol�zoume me τ(S,G) to pl jo twn paragìntwn prosanatolismènwn

das¸n tou G me sÔnolo riz¸n S. Gia par�deigma, gia to gr�fhma G tou Sq -

mato 5.1 kai S = {c, d} èqoume τ(S,G) = 4, ìpou ta ant�stoiqa d�sh èqoun sÔnola
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Sq ma 5.7: 'Ena èna prosanatolismèno d�so me r�ze 2, 7 kai 10.

akm¸n {ei, ej} me i ∈ {1, 2} kai j ∈ {6, 7}. ParathroÔme ìti h or�zousa tou 2 × 2
p�naka pou prokÔptei apì ton p�naka Laplace (5.16) tou G diagr�fonta ti dÔo

teleuta�e grammè kai ti dÔo teleuta�e st le, e�nai ep�sh �sh me 4. To gegonì

autì exhge�tai apì to akìloujo je¸rhma, to opo�o taut�zetai me to Je¸rhma 5.3.1

sthn eidik  per�ptwsh sthn opo�a to S èqei èna mìno stoiqe�o.

Je¸rhma 5.3.2 'Estw kateujunìmeno gr�fhma G me korufè v1, v2, . . . , vp kai mh

kenì sÔnolo S ⊆ {v1, v2, . . . , vp}. An LS(G) e�nai o p�naka pou prokÔptei apì ton

L(G) diagr�fonta thn i gramm  kai thn i st lh gia k�je de�kth i me vi ∈ S, tìte
det LS(G) = τ(S,G).
Apìdeixh. MimoÔmaste thn apìdeixh tou Jewr mato 5.3.1, efarmìzonta epagwg 

sto pl jom twn akm¸n tou G, diakr�nonta ti peript¸seim ≤ p−k kaim > p−k
kai qrhsimopoi¸nta to mèro (b) th 'Askhsh 3 ant� tou (a). Oi leptomèreie

af nontai ston anagn¸sth. ✷

'Estw (peperasmèno) mh kateujunìmeno gr�fhma F se èna sÔnolo koruf¸n M
kai mh kenì sÔnolo S ⊆M me k stoiqe�a. To zeÔgo (F, S) lègetai d�so me sÔnolo
riz¸n S an gia k�je u ∈M up�rqei monadikì per�pato sto F me arq  u, to pèra

tou opo�ou an kei sto S. IsodÔnama, up�rqei diamèrish {M1,M2, . . . ,Mk} tou M
kai, gia 1 ≤ i ≤ k, dèndro Ti sto sÔnolo koruf¸n Mi me mia diakekrimènh koruf 

(r�za) pou an kei sto S, ètsi ¸ste to F na e�nai h ènwsh twn T1, T2, . . . , Tk. An

to F e�nai par�gon upogr�fhma enì mh kateujunìmenou graf mato G, tìte to

(F, S) lègetai par�gon d�so tou G me sÔnolo riz¸n S. Oi r�ze twn das¸n pou

apeikon�zontai sto Sq ma 5.8 parist�nontai me �spre kouk�de.

To akìloujo je¸rhma (gnwstì w Je¸rhma P�naka-D�sou) apotele� to an�-

logo tou Jewr mato 5.3.2 gia mh kateujunìmena graf mata kai genikeÔei to Pìri-

sma 5.3.1.

Pìrisma 5.3.2 (Je¸rhma P�naka-D�sou) 'Estw mh kateujunìmeno gr�fhma G
me korufè v1, v2, . . . , vp kai mh kenì sÔnolo S ⊆ {v1, v2, . . . , vp}. An LS(G) e�nai
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Sq ma 5.8: Ta d�sh sto sÔnolo koruf¸n {1, 2, 3} me dÔo r�ze.

o p�naka pou prokÔptei apì ton L(G) diagr�fonta thn i gramm  kai thn i st lh
gia k�je de�kth i me vi ∈ S, tìte to pl jo twn paragìntwn das¸n tou G me sÔnolo

riz¸n S e�nai �so me det LS(G).

Apìdeixh. ProkÔptei apì to Je¸rhma 5.3.2 akrib¸ ìpw proèkuye to Pìrisma

5.3.1 apì to Je¸rhma 5.3.1. ✷

Par�deigma 5.3.3 'Estw fk(p) to pl jo twn das¸n sto sÔnolo koruf¸n [p] me
k r�ze, ìpou to sÔnolo twn akm¸n enì tètoiou d�sou (F, S), me F = ([p], E, ϕ),

taut�zetai me to ϕ(E) ⊆
([p]

2

)
. Gia par�deigma èqoume f2(3) = 6, ìpou ta ant�stoiqa

d�sh apeikon�zontai sto Sq ma 5.8. Qrhsimopoi¸nta to Pìrisma 5.3.2, ja de�xoume

ìti isqÔei

fk(p) = k

(
p

k

)
pp−k−1 =

(
p− 1

k − 1

)
pp−k

(5.18)

gia 1 ≤ k ≤ p. ParathroÔme ìti to fk(p) e�nai �so me to pl jo twn paragìntwn

das¸n tou graf mato G tou Parade�gmato 5.3.1 me k r�ze. Up�rqoun

(p
k

)
epi-

logè gia to sÔnolo S twn riz¸n enì tètoiou d�sou kai det LS(G) epilogè gia to

d�so, gia sugkekrimèno sÔnolo S. Apì ta parap�nw kai thn (5.17) sumpera�noume

ìti

fk(p) =

(
p

k

)
det LS(G) =

(
p

k

)
det




p− 1 −1 · · · −1
−1 p− 1 · · · −1
.

.

.

.

.

.

.

.

.

.

.

.

−1 −1 · · · p− 1


 ,

ìpou h or�zousa pou emfan�zetai sthn prohgoÔmenh sqèsh èqei di�stash p − k.
Upolog�zonta thn or�zousa aut  ìpw to pr�xame sto Par�deigma 5.3.1 gia thn

per�ptwsh k = 1, prokÔptei o tÔpo (5.18) gia to fk(p). ✷

5.4 Ask sei

1. 'Estw peperasmèno kateujunìmeno gr�fhma G sto sÔnolo koruf¸n N kai

µ1, µ2, . . . , µp ∈ C, ìpou p = #N . An gia to pl jo ω(G, n) twn kleist¸n
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perip�twn m kou n sto G isqÔei

ω(G, n) = µn
1 + µn

2 + · · ·+ µn
p

gia k�je jetikì akèraio n, de�xte ìti µ1, µ2, . . . , µp e�nai oi idiotimè tou en-

domorfismoÔ UG : CN → CN .

2. De�xte ìti gia tou endomorfismoÔ U,D : CΛ → CΛ th Parafr�fou 5.2.1

kai tuqa�ou mh arnhtikoÔ akera�ou m,n isqÔei

DnUm+n = Um (UD + (m+ 1)I) (UD + (m+ 2)I) · · · (UD + (m+ n)I) ,

ìpou I : CΛ→ CΛ e�nai h tautotik  apeikìnish.

3. 'Ena kateujunìmeno gr�fhma lègetai �kuklo an k�je kleistì per�pato sto

gr�fhma autì e�nai tetrimèno (dhlad , èqei m ko mhdèn).

(a) 'Estw T kateujunìmeno gr�fhma sto sÔnolo koruf¸n M kai v ∈ M .

De�xte ìti ta akìlouja e�nai isodÔnama:

(i) To T e�nai prosanatolismèno dèndro me r�za v.
(ii) To T e�nai �kuklo kai isqÔei

degT (u) =

{
0, an u = v
1, an u ∈Mr{v}. (5.19)

(iii) To mh kateujunìmeno gr�fhma pou antistoiqe� sto T e�nai sunek-

tikì kai isqÔei h (5.19).

Eidikìtera, to pl jo twn akm¸n opoioud pote prosanatolismènou dèn-

drou me p korufè e�nai �so me p− 1.

(b) 'Estw kateujunìmeno gr�fhma F sto sÔnolo koruf¸n M kai mh kenì

sÔnolo S ⊆M me k stoiqe�a. De�xte ìti ta akìlouja e�nai isodÔnama:

(i) To F e�nai prosanatolismèno d�so me sÔnolo riz¸n S.
(ii) To F e�nai �kuklo kai isqÔei

degF (u) =

{
0, an u ∈ S
1, an u ∈MrS.

(5.20)

(iii) To mh kateujunìmeno gr�fhma pou antistoiqe� sto F èqei akrib¸

k sunektikè sunist¸se kai isqÔei h (5.20).

Eidikìtera, to pl jo twn akm¸n opoioud pote prosanatolismènou d�-

sou me p korufè kai k r�ze e�nai �so me p− k.
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4. (a) 'Estw A èna p× p p�naka, to �jroisma twn gramm¸n kai to �jroisma

twn sthl¸n tou opo�ou e�nai �sa me to mhdenikì di�nusma. An Aij e�-

nai o p�naka pou prokÔptei apì ton A diagr�fonta thn i gramm  kai

th j st lh autoÔ, de�xte ìti o suntelest  tou x sto qarakthristikì

polu¸numo det(A− xIp) tou A e�nai �so me (−1)i+j−1 p det(Aij).

(b) 'Estw mh kateujunìmeno gr�fhmaG me p korufè kai èstw µ1, µ2, . . . , µp

oi idiotimè tou L(G), ìpou µp = 0. De�xte ìti to pl jo twn paragì-

ntwn dèndrwn tou G e�nai �so me

1
p µ1 · · ·µp−1.

5. De�xte ìti to pl jo twn p × p pin�kwn me stoiqe�a 0   1, ìle oi idiotimè

twn opo�wn e�nai �se me 1, e�nai �so me to pl jo twn apl¸n, �kuklwn kateu-

junìmenwn grafhm�twn sto sÔnolo koruf¸n [p].
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Upode�xei - LÔsei

1.

2. Efarmìste epagwg  sto m kai mimhje�te thn apìdeixh tou L mmato 5.2.2.

3.

4.

5.
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