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Etocoywyn

‘Eotw E éval pn kevd odvolo. AkolouBia eivan kdBe amekdvion
f:N* — E kouw ovpfolileton w¢ (fp)nen+ N o amhd we (f,). Edikéd av
E C R, téte 1 akorouBia ovoudletan akolovbiot Tpalypotikcdv aptBuov.

MNapatnproselg

@ H akolouBiec amotedodv o 18kt katnyopio amelkovioewy
(ouvaptoewv), otic oToieg To Tedio oplopol eivaw To olvolo Twv
puolkdv oplBucv. Mo to Adyo autd, 1 avedptnTn petaAnTi
ouwviBwe oupPoriletol pe n avti yioe x. EmumAéov, n elkédval tou
TpotiTov n oupBoriletan ouviBwe, Xdpw aAéTNTOG, Me f VTl Yo
f(n), kouw ovopdletan n-ootdg dpog TG akolovbiog.

@ [MoM\éc popéc we Tedio oplopov pLog akolouvbiog opiletan to N avti
yia to N*.
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Etocoywyn

Avadpopikdes (1 avaywrikdg) ToTog pag akohovbiag (a,)
ovopdletan évog TiTOC 0 oToiog kaBopilel Tnv T Tou yevikol épov a,
OUVOLPTNOEL EVOG 1 KOl TLEPLOOSTEPWV TPOTYOUEVWV OpWV TNG
akorouBioc.

Mo topdderypor, n ockohoubiow pe yevikd 6po a, = n! pmopel v oplotel
LloodUVaLOL LECW TOV AVLSPOLKOU TUTIOV

dp = Nap-1,
pe opxik? ouvBhkn a3 = 1.
Toviletow étL M apxikt) ouvBhikm eivan atacpadtnTn yiaw Tov TP

koBoplopd tng akoroubiog, evd omoladfmote oA oyt acuthic aAA& el
telelwg ko TV akolouBial TTou TPoKUTITEL.
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Etocoywyn

ApOpnTikn Ttpdodog: Ovopdleton kébBe akoloubiow Tov tkavoToLel Tov
avadpopkd timo
an+1 = an+ )\7

yia k&Be n € N*, é61ov A € R. Tehikd, mpokimTel 4TL
ap=a1+ (n— 1)\
Mewpetpikn mpdodog: Ovoudletol kdbe akoloubiow Tovu kavoToel Tov

avadpopkd timo
dp+1 = )\am

yiow kéBe n € N*, émov A € R*, XA # 1. Tehkd, pokttel 4tL

a, = a A" L.
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Etocoywyn

Baowkd ofpoiopota 6pwv mpoddwv:
1 1 - )\”“
Z = 104D, Z U

AN\ Borokd abpoioportor:

Z 2 — (n+1)(2n+1) Z 13— n?(n + 1)2
6 , —

5/51



MovoTtoviaw ackolouBioc

Movotovioe: H akolouvbia (a,) sivou:
, 4 .
@ Adéovoa, av ap+1 —a, >0 (1 NURE S Qe ap > 0), v kBe
an
n € N*,
(MTvnoiwg abéovoa, av oL aviodtnteg eivan YvioLeg).
a 7
@ POivovoa, av apy1 — an < 0 (1 gntl <1 kou ap, > 0), yioe k&Be
an
n € N*,
(Mvnolwg @bivovoa, av oL aviodtnreg slvon yvioteg).
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‘Opro akolouvbioc

Optopéc - ‘Oplo akoloubiog

H akolouvBic (a,) ouykAiver oto a € R, omédte ypdpouue a, — a1

lim a, =a"lima, = a, av kol pévo av
n—o0

i k&Be € > 0, vmdpyer ng € N*, tétolo wote, yia k&Bs n > ng, Loydel
lan —a| <e,

1} TILO CUVOTITIKQ,

(Ve > 0)(3ng € N*)(Vn € N*)(n > ng = |a, — a| < €).
H akolouvBio (a,) Sev ouykAiver oto a € R, av ko pdvo av LoxveL to
avtiBeto, dnAadh
uTtdpxel € > 0 Tétolo wote, Yo kdbe ng € N*, umtdpxeL n > ng, Tétolo
wote |a, —al > €,
1} TO CUVOTITIKQ,

(Je > 0)(Vng € N*)(In € N*)(n > ng A |a, — a| > ¢).
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‘Opro akolouvbioc

Mapotnpnoelg:

@ Mo akohouBiol Touv ouykAiver oto 0 ovopdleton ndeviki
okolovBiot.

@ Epunvedovtac Tov oplopd Tng oOykAomng, o akolouBiat ouykAivel
oto a € R av kol Lévo av 1 amdoTooT TV 6pwVv TNG omd To a
(dnAad1) m TroodTNTAL |2, — a|) yiveTow TeAkd (SnAadh amtd kdioto ng
KoL LETA) ooodhmote uikpn (To € propel va eivou évag Betikdg
apBpdc ooodrfimote kovtd oto 0).

@ levikd Aépe 4T o oxéon wg mpog T petaAntyh n € N* woxdel
TeAk&, étav Loybel yio k&Bs n e n > ng, émou ng eivon évolg
otaBepdc pokaboplopévoc pualkde aplBudce.

@ Y MUELOVETHL OTL OTNV EPOPILOYT TOV TOPATIAV® OPLOLOV TNG
oOykAlong M eThoyh Tou ng ouvibwg edaptdrtan ad TV T Tov &,
Yo To Aéyo autd ToANEG Yopéc Ypdypoupe ny = np(e), tovifovtog
ot v e&dpTnom.
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‘Opro akolouvbioc
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‘Opro akolouvbioc

18L6TNTeg opiov akolovbiotg: Av umdipxouv ta lima,, lim by, lim ¢, oto
R, toéte

o lim|a,| = |lima,|.
lim(an)* = (lim a,)%, v k&Be k # 0.
lim(Aa, + pubp) = Aima, + plim b,

lim(a,b,) = lima, lim by,.

e & ¢

(Kpuetipio mapepfolric.) Av lim b, = lim ¢, = a kow b, < a, < ¢p, It
k&Be n > ng, téte lima, = a.

Ewdik1} epintwon kpithplov opepforfig: Av lim b, = 0 ko

|an| < by, Yot k&Be n > ng, téte lima, = 0.

_1 n
Eappoyéc: v/2n3 + 3n2 + 5, (/47 + 37, sin n (2 )"
n ' n?+1
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‘Opro akolouvbioc

Kot ekdoxn obykAion: H akolouvbia (a,) ovykdivel oto +00 av ko
pnovo av

yia k&Be € > 0 vmdpyel ng € N* tétoloc wote n > ng = a, > ¢.
H akolouBio (a,) ouykAivelr o6to —00 v ko puévo av

yiow kéBe € > 0 umdpyel ng € N* tétolog ®ote n > ng = a, < —¢.
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‘Opro akolouvbioc

Baowkd 6pLo:
o1
@ lim— =0, v k&bBe p > 0.
nP

. 0 al <1 , , ,
@ lima" = ’ 4l . (Emméov, av a < —1 téte To HpLo dev
400, a>1

uTtdpxet.)
o limy/a=1, yia kébe a > 0.
o limyn=1
1" &1
olim(l1+—) = —=e
( n> Z n!
n=0
Nevikd, atodelkvieTol 4TL

o0
X\ "N X
I (1 —) P 40 x € R.
im +n > e yioo k&Be x
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TrokolouvBia

Optopdc - TrokolouBia

Mo kdBe yvnolwe awdovoo akoloubia puoikdv apBudv (k,), n (ax,)
ovopdleton vtakoAovdia tng (ay).

Anhadi, m ax, = a(k(n)) eivow 1 odvBeon Twv akorovBiidv

k: N* — N* KoL a:N* = R.

@ M xpriotun tddtnta tng akohoubiog dektmv (k,) eivon 1 e€ng:
kn > n, yio k&Be n € N*

KOLL OLTEOBELKVUETOUL EUKOAOL E ETOLYWYT.

@ Amé tov oplopd tou opiov, TpokimTel dtL (BA. emdpevn doknon)
lima, =a=limay, = a.
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2 nuelo cvoowWPEVONC

Oplopédc - nueio ovoowpevong

To a € R eivouw onueio ovoodpevone e (a,), v ko pévo av

yiat k& >0 ko yiaw kéBe n € N*, undpxer m € N*, ue m> n, tétolog
wote |ap—al < e.

AnAadt, uttdpyouv dmelpol dpol tng akolouBiag oe k&be oocodrmote
MLKPT TtepLox 1} Tou onuelov cLoOWPEVONG a.

Mpétoon

O a € R eivon onueio ovoompevong tng (a,), ov ko pbévo oV uTtdpyeL
vrtakolouwBioe (ak,) pe lim ag, = a.
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dpdypa akorouvbiog

Optopdc - Ppdypo akolouBiog

H akolovBiot (a,)nen+ eiva ppayuévn (looddvopo amoditwe ppa yuévn),
av urtdpyxouvv m, M € R tétoor dote m < a, < M (1oodbvapuo, ov
untdpxet m € R tétolog wote |ay| < m), yia k&Be n € N*.

@ KdbBe ouykAivovoa akohovbBio eivor @parypévn.

@ 'Eotw (a,) mo (tedkd) ad€ovoo akorovbio. Av eivon dvew
pporypévn, téte lim a, = sup a,, alkde lim a, = +o00. (Epappoyéc:
ant1 =18+ T7ap, a1 = 1))

0 ‘Eotw (ap) pa (tehikd) @Bivovoa akohouvbioc. Av eiva kdtw
pporypévn, téte lim a, = inf a,, ad\og lima, = —oo.

o Av (a,) ppoypévn ko (b,) pndevikt, téte lim(apb,) = 0.

sinn (—1)"
E Eq: ——, 4
pappoyeq PR
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dpdypa akorouvbiog

Av (ap) stvon pLae pporypévn akodoubio, téte opilovton ou akoloubieg

Bn = sup am = sup{ap, apt1,...} Ko
m>n

Yp = inf a, =inf{ap, api1,. ..}

m>n
‘Apeoa pokdTTel dtL ou (B,) ko (7,) etvon pporypéveg kow povétoveg (1
(Bn) eivaw @Bivovoa, eved M (7,) eivow ad&ovoa) ko eTumAéov Loy beL 6TL
Yn < an < B
Enopévacg vrtdpyouv ta épia lim 3, ko lim v, ta oot cupfoArifovton
ovTloToly ol e

limsup a, KoL liminf a,.

Av (ap) tvon pae pun ppocypévn akohovbia, téte Tt limsup a, ko
liminf a, opiovtou pe tov idlo Tpdto, aAA& dev eivou atorpaiTnTol
TpoLypoTikol oplBuol.
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dpdypa akorouvbiog

Mpétoon
Ta limsup a, ko liminf a, pog akorovBiog (a,) amotedodv avtiotorxo
To LEYLOTO Ko TO eA&YLOTO onuelo ovoopevong Tng akohovbiog.

To 6pto pag akorovBiag (a,) umdpyer oto R v ko pévo v
limsup a, = liminf a,. Xtnv mepintwon avty elvon
lima, = liminf a, = limsup a,.
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dpdypa akorouvbiog

Mpétoon

Mo kéBe akohoubiow Betikdv dpwv Loy Vel b6TL

. . . 4d .. . . a
lim inf 201 < liminf y/a, < limsup /a, < lim supil
a

dan n

Mpétoon (Bolzano-Weierstrass)

Ké&bBe @porypévn akoloubio éxel onpeio ocvoompevong.

Y Opwval ke TNV TeAevtadal TtpdToio, toodivapa, kdbe pporypévn
akolovbBia éxel poe ouykAivovoal uttokolouBia.

Mo edikd, oydel kTl o woxupd: Kdbe ppaypévn akohovbior éxel Lo
povétovn (dpa kaw ouykAivovoa) uttakolouBio.
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Baowkn akorouBio

Oplopéc - Boowkn okolouBic

H akolouvBic (a,), ovopdleton Borotky av ko pdvo ov

yiow kéBe € > 0, umdpyel ng € N* tétolog wote, v k&Be m, n > ng,
LoXVeL |a, — am| < €.

Mpétoon (Cauchy)

Muow atkolouBiat cuykAivel av ko wévo oy eivor Batotk.

H mponyoluevn mpdtaon eivow tdiaitepa Xpfowm yia Tnv addelén tne
un oOykAong pog akodouBiog, M yraw Tv addeldn tne odykAofc Tng,
otav To 6pLd TN elvoll AyvwoTo.
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Kottfprae o0ykAionc

o Av a, # 0 ko lim |27 = ) < 1, téte lima, = 0.
an
. 4n (_1)nn3
Epappoyéc: T on
@ Av a, # 0 kaw lim Intll )\ e R, téte lim {/[ap] = \.
n

1 n
Epappovéc: V2n® +3n? 45, {/47 +37, \/@ .

o (Stoltz) Av (Ap) o yvnoiwg adéovoa, oxt dvw ppaypévn
+1 — 4n

akolouBia Betikdv aptBudv ko lim Antl 7 _ e R, téte
3 An+1 - An
lim =2 = ¢.
im A
, 1+22433 4 pn
Epapuoyéc: .

nn
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Aoknoelc - Movotoviaw akolovBiog

‘Acknom (Avpévn doknomn 5)
Not pedetnBoldv we Tpog T povotovia oL akolouBiec:

1\" 3n+2
Oén:<].+;) ) 5n: 4n Tn =

| \

Abon

Eivow

(=1)"

n2+5n+2

anp1  [(n+2 it n \" n+1/n+2 n i
a, \n+1 n+1 n n+1 n+1

_n+1 n® +2n n+1_n+1 1
~n \n?242n+1 ~on (n
Egapudlovtac tnv avicdtntar Bernoulli:

=1l
neN,>-1=(14+6)">1+nb, yia 0 =

(12~

—1,

1 n+1
+ 1)2> '

>
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Aoknoelc - Movotoviaw akolovBiog

Nbon (ouvéxeia)

TLPOKUTTEL OTL

Qnt1 n+1 n+1 n+1 1
1-——)=—11-

ap n (n+1)? n n+1

n+1 n

n n+1

Y,

dpa () etvon ad&ovoa.
H akolovBia (5,) eivow yvnoilweg @bivovoa, idt

Bnt1 _ 3n+5 4" _13n—|—5<13n+5n 18_%<1

B, 41 3n+2 43n+2 4 3n 43 3

H akolouBiow (7y,) Sev pmopei va eiva awd€ovoa, oute pbivovoa yrarti
k&Be 2 Sradoyikol bpol éxouv avtiBeto mpdonuo, Snhadr Loydel
TL<72>73<74>": .
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Aoknoeic - ‘Opro akorouvBiac

‘Acknom (Avpévn doknomn 9)

To éplo puac ouykAivovoog akohoubBiog eivor povadikd.

ATddelln.

‘Eotw akolovbia (a,), pe lima, = a € R. Av 1 (a,) ovykAivel kou o€

kdtolov dANov aplbud b # a, téte epapudlovtag 800 Yopéc Tov oplopnd

la—b
2

NG OVYKALONG, TPOKUTITEL OTL YLl € = > 0, umdpxovv ny, np € N¥,

TETOLOL WOTE
n>n =la,—al<e Kow n>n=la,—b| <e.

Emléyovtag ng = max{ny, n2}, oL 8o mapamdvw aviodtntes Loy houv
yioo n > ng. Emopévwe, yioe n > ng, éxoupe

la—bl=|an—b—(an—a)|<l|a,—b|+|ap—a|<e+e=|a—b|

dnAadh |a — b| < |a — b|, To omoio eivaw &toTo. O
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Aoknoeic - ‘Opro akorouvBiac

‘Acknom (Avpévn doknon 12)

Not BpeBolv tat dpLaL Twv Tapakdtw okoAoubidv:

8m +4n2 —5n+7 3m3 +5n%2+6n—2
T And 11002 —6n + 3’ " Ont 4 3m —6n2 11
_2n+4n*—Tn+3
T = En 12

‘Exoupe pnTéc TapaoTdoel e Tpog TN KeToANTH n, ottdte oe kdOe
mepimtwon Bydlovpue kowd Topdyovia Tov peyloToPfdbuio 6po amd
aplBuNTY Kol TTOLPOVORLALOTH.
: . n® 8+4/n—5/n®+7/n3
lima, =lim— -
n® 4+10/n—6/n*+3/n3
8+ lim(4/n) —lim(5/n%) + lim(7/n%) 8

4 +1im(10/n) — lim(6/n2) + lim(3/n3) ~ 4
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Aoknoeic - ‘Opro akorouvBiac
Nbon (ouvéxeia)

3/n+5/n>4+6/n%—2/n* nd
24+3/n—6/m2+11/n* n*

_ lim(3/n) + lim(5/n%) + lim(6/n%) — lim(2/n*) . 1

T 21 im(3/n) — lim(6/n2) + im(11/n%) " n
0. 1

lim g3, = lim

i _2+4/n—7/0*+3/n® n?

M= T 12/ 2
2+ lim(4/n) —lim(7/n?) + lim(3/n%)
N 1 —lim(5/n) + lim(12/n?)

limn

2I' 400
=—limn=
1
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Aoknoeic - ‘Opro akorouvBiac

‘Acknom (Avpévn doknon 21)

Not BpeBolv ta bpLat Twv akoroubidv:

_sin% 8, = 1 n 1 oot 1
=T "T1.373.5 (2n—1)(2n+ 1)

| 5\

Abon

Mo tv akodoubio (), Toportnpoldpe 4t o optBuntiic eivor pio

PPOLYILEVT) TIOLPAOTOLOT, EVE O TOLPOVOULOTNG Telvel oTo +00. ETopévag,

ekTULApe 6TL To 6pLd tng Ba eivor to 0 ko Baw ypmoyoToLjcouvpe To

kptthiplo TN TapepBorfc Yo val To amodei&oupe. Mpdypartt, elvor
_|sin 7| 1 1

= < < —=—=0
jevnl n+1 — n?2+1 - n? ’

emopévwg, o, — 0.
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Aoknoeic - ‘Opro akorouvBiac

Nbon (ouvéxeia)
Mo tv (Bn), pe avdhuon oe amAd kA &opata, Bpiokoupe 6t

1 A N B
(2n—1)2n+1) 2n—-1 2n+1’

émov A=1/2

Kotomiv tovtov, €xoupe OtTL

n n

3 1 3 1/2 1/2
ﬁ”_z(2k—1)(2k+1) _Z<2k—1_2k+1

k=1 k=1
L2k —1 2k +1

k=1 k=1

n n+1
_y 1/2 By /2 _1 12 1
S &2k-1 4Z2k-1 2 2041 "2

~ -B.

)
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Aoknoeic - ‘Opro akorouvBiac

‘Acknom (Avpévn doknon 30)

No BpeBolv tar dprar Twv akohovBov (o) ko (Bn), pe

an:{’/4n3—|—3n2+5n—|—3, B = V4" + 7.

| 5\

Aoon
Oa xpnopomotioouvpe Ta Yvwotd dpia lim v/n = lim y/a = 1, émov
a > 0, kB¢ emione ko to kpLthplo TopepBorfic. Elvou

1< V3<a,=/4m +3n2+5n+3< {/4n3 + 3n3 + 5n3 + 3n3
= V15n3 = V/15(¢/n)® — 1,

dpo lima, = 1.

Opolwe, 7= V71" < B, = VAT 70 < VT + 7" =72 = 1,
&pa lim B, = 7.
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Aoknoeic - ‘Opro akorouvBiac

‘Acknom (Avpévn doknom 26)

No Bpebei to 6pro tng akodovbiog (), pe

9a" — 548"+
ap = W7 a,ﬁ 7é O

Adon
ALokplVOULE TLEPLTITOOELG:

Av |a| < |B], téte lim (%) =0, omote

9a/B)-56 0-55
TP LI R S e

29 /51



Aoknoeic - ‘Opro akorouvBiac

Noon (ouvéxeia)

n
Av |a| > |B], téte lim <é> =0, omote
a

9" —58™1 9 —58(3/a)" 9—0

= = — = 3.
I Y T 3+ (B/a)”  3+0
9-5
Av o = 3, tote ooy = /6.
9 —55(—1)"

Av a = —(, tote )y = #ﬁl)”) ko To 6pLo dev umdpxet, SLdTL £xel 2
uttockohovBiec e Siocpopetikd dpLat, Tig

op = w KoL o _ D499

2n—3+1 2n+1—3_17

ektdg av J = —3/5, omdte eivon oy = 3.
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Aoknoelc - Tokoloubio

‘Aoknon (Avpévn doknon 11.1)

KéBe vrtokohoubBiow g cuykAivouoog akoloubiog cuykAivel oto (Blo
6pLo pe TNV okohouvbBio ccut.

A\

ATédeln.

‘Eotw akolovBia (a,), pe lima, = a. Bdoel tou oplopod tng ovykAhong,
v k&Be £ > 0, umdpyer ng € N*, tétowo wote |a, — a| < &, yia k&Be

n > ng.

Av (ak,) eivon o utakohoubiaw tne (ay,), téte M (ky) eivoun €€ oplopol pia
yvnoiwe adovoa akoloubice Yuolkdv aplbu®v, omdte v k, > n, yia
k&Be n € N*. Emopévwe,

n>ng = kn > kny, > ng = |ag, — al <e,

dnAadn 1 (ak,) tkavototel Tov oplopd tng obykAong, omdte
lim ay, = a. O
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Aoknoeic - Ppdypoar akolouvbioc

‘Acknom (Avpévn doknom 6)

Now atoderyBei étu oL Tapakdtw akohouvbieg sivan pparypévec:

2n _ n?sinn+ 2n
g Cos(n+1), Ba=m27" = (-1)'

pn —

Abon

S
+ ‘
\

Oa ypnowototnfolv oL yvwotég aviodtnTe

|cosx| <1, |sinx| <1, Y kébe x € R.

H tedevtaia mpokimTel we e&hc:

(x—1P2>0=x*-2x+1>0=2x<x*+1=

< 1.
x24+1

Bdaoel twv mapamtdvw, sivor
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Aoknoeic - Ppdypoar akolouvbioc

Nbon (ouvéxeia)

2n 2n
|a,,|:n2—+1|cos(n—|—1)|§n2+ <1 Ko
| |_|n25inn—|—2n|<n2|sinn|—i—2n<n2—i—2n<n2—|—2n2_3
=T 13 ST 243 243 22 2

dpa ot (ap), (yn) eivow ppoypéveg. Mo tnv (5,), etvon

B, 2ntl np T~ 2p ~ 2p

Bny1  n+1 2"_n+1<n+n:17

dpa m (B,) eivow pBivovoa, omédte 0 < b, < by = 1/2, nAad eivou
pporypévn. Evodhaktikd, xpnoyLomotdvtog tnv avicdtnta Bernoulli,
kartaAfiyoupe oto (8o amotédeopar (A& pe peyoditepo dvw ppdypo)
w¢ &M

n n n

|5”|_2n— (1+1/2)" = 1—|—n/2§n—/2:2
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Aoknoeic - Ppdypoar akolouvbioc

‘Acknom (Avpévn doknon 11.2)

Ké&be ouykhivovoa akoloubiat eival @porypLév.

ATédeln.

‘Eotw akolovBia (a,), pe lima, = a € R. Téte, i € = 1, umdpyet
no € N*, tétolo wote |a, — a| < 1, yia k&Be n > ny. Epoppélovrtog tnv
TPLYWVLKT) LVLOOTNTAL:

Ix| = [y < Ix] = |yl < [x £ y| < x|+ yl, x,y € R,

TpokOTTEL Ot |a,| — |a] < ||lan| — |a|| < |an — a] < 1,
apa |ap| < 14 |al, yio k&Be n > ng.

Av MypBei M = max{|ai1], |a2|, |a3 , 14 |al},
(to obvolo auté eivou Temepaopévo, dpa éxel péyloto) TéTE eivor

lan] < M, yioe k&Be n € N*, dnhadh 1 (a,) eivon ppocypévn. O

seees|ang

A\
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Aoknoeic - 6pLo Ppaypévnc Kol povdtovne akoloubioc

‘Acknom (Avpévn doknon 17)

No atodetyBei 6t n akohovbia (ap), pe

a
ai=1 KoLl ant1 = En a4

, yw neN¥,

n

ovyKkAivel ko va BpeBel to dpLd tne.

Abon

Av vrtdpyel To éplo Tng akoroubBicg, SnAadf av lima, = x € R, téte Bt
a2+5 x?+45

etvo x = lim ap11 = lim
2a, 2x

, OMAad O TepéTrel vou eivort

x> =5, onéte x = /5.

(H apvnrikn pifo amoppimreton didéte a, > 0.)

Moportnpovpe étL a3 =1 < ap=3>a3=14/6 > ---.

Ewdloupe Aowmdy éti, yioe n > 2, 1 (a,,) etvow pBivovoor ko kdtw
PPAYéVT aTtd To X = /5, KO OTT) CUVEXELOL TO XTIOBELKVIOUYLE.

- w
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Aoknoeic - 6pLo Ppaypévnc Kol povdtovne akoloubioc

Nbon (ouvéxeia)

MNpdyportt,

apt+5 a2+ x%2—2xa, (an—x)?

ant1 — X = X = = >0, n>1,

2a, 2a, 2a,

dpa n (apt1) eivon kdtw pporypévn (amd o x), kabog emiong ko

it —a :a%—l-S_a :af,+x2—2a,2,:_af,—x2
n " 2a, n 2a, 2a,
:_(a,,—x)(a,,+x)§0’ n>2,
2a,

dpae m (ap41) eivow @Bivovoor.

Katdmv todtwv, n (ap+1) elva ouykdivovoa, omdte to pLd g eivou
AVOLYKAOTIKE To X = /5, cOppwval e TaL Ttponyodpeva, Snhadi
lima, =lima,41 = V5.
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Aoknoeic - 6pLo Ppaypévnc Kol povdtovne akoloubioc

‘Acknom (Avpévn doknon 18)

No atodetyBei 6t n akohovbia (ap), pe

an:\/a—i-\/a—l—'-'—k\/g, iaffoc pulikdv n, a > 0,

ouyKkAivel ko val BpeBel to dpLd Tne.

Abon

O awvadpopikdc ToTog e akoloubBiag eivan o e€Mc:

ant+1 = Va+ ap, 31:\/5~

H akohovbBioe mpoywavie amoteAeiton amd Betikolc dpoug. Av uttdpxel to
6pLo, dnAadnf awv lima, = x € R, téte B pémeL v tvou

x=limapy1 =limva+a,=+va+lima,=+va+x.
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Aoknoeic - 6pLo Ppaypévnc Kol povdtovne akoloubioc

Nbon (ouvéxeia)

1++vV1+4a
> :

aTtoppimreTon dLoTL a, > 0.

Emopévwg, x2 —x—a=0, onwdte x =

1—-+v1+4a
2

Mopatnpolpe étL a3 = /a< a++a<---,

ométe etkdloupe 6t M (a,) eiva wdEovoa ko dvew Ppaypévn omd To x

KOl OTT] CUVEXELOL TO OLTLOSELKVVOULE [LE ETTOLYWYT).

MNpoyavag, a3 < x. ‘Eotw 6tL M oxéomn a, < x LoYVEL Yial KATowo n > 1.

Téte,

H apvnuikd pilo y =

x2—a—a, X — ap

X — a :X_‘/a‘i'a = = >O
e " X+ +/a+ ap X ++/a—+ an

Emopévag, a, < x yia kébe n € N*, dnhad1 (a,) dve pporypévn.
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Aoknoeic - 6pLo Ppaypévnc Kol povdtovne akoloubioc

Noon (ouvéxeia)

EmumAéov,
2

a+ap—a; —(an—x)(an—y)
Al = = Vatan—an = et = — e e >0,
dpa n (a,) eiva ko (yvnoing) ad€ovoo.
Mo Tnv tedevtadla lodtnta, vrevBuuileton 6t 1 e€iowon
ax> + bx+c=0,a#0, étav A = b?> — dac > 0, éxel 2 TPAYLATIKEC
b+ VA
2a
ax® + bx + ¢ = a(x — p1)(x — p2).
Emopévwe, N Tapdotaon a+ a, — a,2, Tou aplBumTy TaLpaLyovToToLEiTo WG

a+ay—a; = —(ap — an —2) = —(an — x)(an — ).

pilec, Tic p12 = , Ko TOTE Loy Vel 6Tl

Katémv tobtwy, 1 akohovbio eivor ouykAivovoa, omédte lim a, = x.
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Aoknoelc - éplo akoloubioc

‘Acknom (Avpévn doknon 34)

Not BpeBolv ta dprat Twv akoroubidv:

o () w3
n n 3n

Oa ypnowotondei to Bookd bplo lime, = e, 6Tov

1\" 1\"
o ()3




Aoknoelc - éplo akoloubioc

Noon (cuvéxewr)

ﬁn:(n;3>"
-(3) (= (5
(5 (=) &= E=HE)E
-—(F 2)361 ( g

1 3.1 1 12'_
e e e e3
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Aoknoelc - éplo akoloubioc

Noon (ouvéxeia)

_(3n—=2\"_ (3n—2\"/3n—1\"

= 3n ~\3n-1 3n
/(30 =2\ (3n—1\*
B 3n—1 3n
(30 =2\*"?/3n—2\? (3n—1\*""'3n 1
-V \3n-1 3n—1 3n 3n
s/ 1 (3n-2)\* 1 3n-1
N €3p—2 3n—1 €3n—1 3n

3 —
Ve l.1.e1.1=¢23
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ACKNOELC - 2 NUELDL CUCTWPEVONG

‘Aoknon (Avpévn doknon 41)

No BpeBolv T onpeio cucowpevong Tng akohovbio:

v, n =3k, k € N*,
an=< (1+3%)", n=3k+1keN,
ol n=3k+2keN,

ko oTn ovvéxelo va BpeBolv ta limsup a, kow liminf aj,.

Abon

Emeld kdBe vmokolovbio pog ackohouvbBiog éxel to i8lo bpLo pe Tnv
akolovBior ccuty, émeTon T

lim as; = Y3k = lim ¥/n=1,

lim
k—00 k—o00 n— 00
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ACKNOELC - 2 NUELDL CUCTWPEVONG

Nbon (ouvéxeia)

k@L%“JZkT&<1+3k+1> :nw&<1+ﬁ> -

3k+3 - n+1 1
023k +2) oo 2n 2

TéXog, ool dev uttdpxouv dAAaL onueiat cuoowpeloews, SLdTL oL 3 auTtég
vrtokoouBieg Stapepilouvv v (a,), émeton bt

I|m d3k+2 = |

limsupa, = max{l,e,1/2} = e

liminfa, = min{l,e,1/2} =1/2.
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Acknoelc - Kpitnprar o0ykAlong

‘Acknom (Avpévn doknom 47)

Not BpeBolv ta dprat Twv akoroubidv:

4n n’ n!
Op = —, /B ( 1)n2n7 nn

Aoon

Il
|

Oa ypnoupotonBei to kpithplo undevikfc akohouvbio:

Sntll N <1=a,—0.
dn
Mo tv (o), elvou
4+l pl 4
rnlf i —0<1,
ap (n+1)14n  n+1

eTMONEVWG vy — 0.
i 25751



Aoknoeic - Kpithpra o0ykAlong

Nbon (ouvéxeia)

3
n
Moe tv (Bn), pe Bn = (—1)"2—n, eivou
Bari| (n+1)32" 1 /n+1 3_} 1,
Bn | 2ntl p3 2 n 2 ’

emopévwe B, — 0.

|
Me Tv (75), He Yn = n_n elvou
n

— (n+1)' nn:< n >n—>%<17

(n+1)"+1 nl n+1

Yn+1
Yn

ETONEVWG Yy — 0.
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Acknoelc - Kpitnprar o0ykAlong

‘Acknom (Avpévn doknom 48)

Not BpeBolv ta dprat Twv akoroubidv:

B CEE J13e@n-1)
o= ol 5”_\/2-5---(3n—1)‘

Aoon

| 5\

Oa ypnowotonBei To kpirhplo tng piCog: ‘a':l — A= {/|an| = A
n
1 n
©étovue ¢, = u Eivou
n!
Copr| _ (n2)"1 ol pgp 2\ e
e | (n+1D)! (n+1)" \n+1 ’

ométe ay = V/|cn| — €.
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Acknoelc - Kpitnprar o0ykAlong

Noon (ouvéxeia)

Oétoupe d,,zé?%Z:B Eivouw
dpia| 1-3.--(2n—1)(2n+1) 2.5.--(3n—1)
dy | 2-5---(30—1)(3n+2) 1-3---(2n—1)
_2n+1 2
_3n+2_>§

ométe B, = \/|da| = 2/3.
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Acknoelc - Kpitnprar o0ykAlong

‘Acknom (Avpévn doknon 50)

Av (xp) eivow ot okolouBiow Betikdv optBudv n ool ouykAivel oo X,
vo attodely el 6t1

lim /x1x0 -+ X, = X.

Abon

©étouvue a, = x1x0 - - - X, > 0. Eivow

antl  X1X2 - - XpXpyl o = 57
- - n
an X1X2 "+ Xn * ’

2 g o . dp+1
ETOEVWG lim /X1 X0 - - X, = lim /a3, = lim 5

an
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Acknoelc - Kpitnprar o0ykAlong

‘Aoknon (Avpévn doknon 52)

No amtodeiyOei 6L

1+vV2+V3+---+n

li ="

Aoon

3
S
|
A\

Oa ypnouotowndei n tpdtaon Stolz:
Av (b,) Yvnolwg ad&ovoa, Betikn ko dxL dvw @parypévn, téte

. apy1—a . a
lim 2Ly~ [im 22 = x.
bn+1_bn bn

Ofttovtac a, =1+ V2 + 3+ + /n xow b, = n, éxoupe 4TL

dn+1 — an vﬂ—i— n41
= vn+1l—1
bn_|_1—b n—|—1—

eTopévwe a,/b, — 1.
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Acknoelc - Kpitnprar o0ykAlong

‘Acknom (Avpévn doknom 53)

Now actoderyBel étu

. 14224334 40n"
lim =1

| :
S
\

Aoon
Oa ypnouotownBei n tpdtoon Stolz.
Oétovtag a, = 1 +22 + 33 + - + n" kou b, = n", éxoupe 6Tt

dn+l —dn (n + 1)n+1 _ 1 -1
bpi1 — by (n+1)rtl —pn - 1 n" ’

(1)t

n" 1 n "_)O 1_O
(n+1)1  pn+1\n+1 e

eTopévwe a,/b, — 1.

dLoTL
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