1m AIAAE=H
AIANTXZMATIKOI XQPOI

o Baowkol oplopoi ko ovupoiiopoi

poLiLk6G cUVEVOLOIOG

Mpotupikty B1jkn
Fpoypky ccvelaptnoio
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TU elvol duavuopa;

vi = (1,2,3,4)

v = (2,0,1,-5)
vi+vo=(3,2,4,-1)
2vi = (2,4,6,8).
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TU elvol duavuopa;

vi = (1,2,3,4)
vo = (2,0,1,-5)
Vi + Vo = (3,2,4, —1)
2vi = (2,4,6,8).

1 2
AL=l3 g

2 0
=i Y

3 2

AL+ Ay = [4 _1]

2 4
2A, = [6 8]
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TU elvol duavuopa;

V] = (1,2,3,4)
vy = (2,0, 1, —5)
Vi + Vo = (3,2,4, —1)
2vi = (2,4,6,8).

1 2
A= 3 g

2 0
wlr 5

3 2

A1+A2—|:4 _1:|

2 4
2A1 = 6 8

pi(x) =x3+2x°* +3x + 4

pp(x) =23 +x-5=2-x3+0-x>+3-x—-5
p1(x) + p2a(x) =3x3 +2x% +4x — 1

2p1(x) = 2x3 + 4x% + 6x + 8
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TU elvol duavuopa;

vi = (1,2,3,4)

vo = (2,0,1,-5)

Vi+ Vv = (3’274’_1)

2v; = (2,4,6,8).

f(x) = cos x + 2sin x + 3e* + 4e*

g(x) =2cosx+ e —5e>* =2.cosx+0-sinx+1-e<—5-e>
f(x) + g(x) = 3cos x + 2sin x + 4eX — 1 - e

2f(x) = 2cos x + 4sin x + 6 + 8>
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Arovuopotikol Xwpol

‘Eotw éva un kevd obvolo V' oto omoio éxoupe opioel poe ouvdptnon
+:V xV = V v onoia ovopdlovue TpdoBeon + ko o
ouvdptnon - : R x V — V tnv omola ovopdloupe TTOANATTALOLOLOWLO
pe mpoypotikd apltdud (amd to optotepd) -. To obvolo V poli pe
g 800 autég mpdelg ovopdleton (TPog TaL aPLoTEPE) TPOLYIALTIKOG
SLoevuopatikdg X@pog (1 YPORILKOG XDPOG) av Ko udvo av
O Tl kB x,y,z € V woxdouv:
» x+(y+2)=(x+y)+ z (npooetaipion).
> x+y=y+x (avtuetdBeon).
> Trdpxel otoxeio Touv V to omoio cupPorileton pe 0 dote
x + 0 =0+ x = x (ovdétepo otoiyeio).
» N k&Be x € V umdpyer x' € V dote x +x' =x'+x=0
(ouppetpikd otoukeio).
@ M kéBe A\, i1 € R ko x,y € V woxdouv:
(i) A-(x+y)=X-x+ Xy (empépon).
(i) A+ p)-x=X-x+ p-x (empépion).
(i) (A-p) -x=A-(u-x) (mpooetaipion).
(iv) 1-x = x (kotvovikéTmTa).
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Arovuopotikol Xwpol

@ To cdvoro V pali pe T Tpdelc + ko - ebvon éval Torpddetypol
aAveBpikiic Sopng kou Ba oupBoriCetan ko we (V, +, ).

@ To otouxeia Tou cuvdhou R ovopdlovtal TeENEOTEG Kol
onuet@vovTol pe eEAANVIKE ypdppatoe (ouvhbBug ta «, 3,7, Kk, A, 1),
eve taL otoleioe Tov V' ovopdlovton Stoviopotor Ko
onueEL@VoVTOL pe Atk ypdppota (ouvibwg Ta X, Yy, z, u, v, w).
Mot vl v uTtdpyel o0yxvom, To dtaviopoto O Sidovtow pe évtovn
ypoupt) (dTwe poaveTo kol GTOV OPLORS TOU BLLVUOULALTIKOU XMPOL).

© O moMamlaoctoopds dloviopotog emi Tpoypotikd oplBud
ovopdleton Babpwtde (1 apBuntikédc) ToramAaotoopds. o
emdpeva, Ba tapadeimeton to ouBolro - Tou Pabuwto
ToMamAaotoopol, Snhadh yia A € R ko x € V, Ba ypdpoupe Ax
ovTl A - X.

Q@ Mmopolue vo opicoupe avddoyo TOAATAACLAOUS ETL TP YLOLTIKS
aptbud kol mpog to SedLd.
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Arovuopotikol Xwpol

MopdBerypa 1: O Siovvopatikde xodpog R2

H Sopn (R?,+,-) émov yia kdBe x,y € R? pe x = (x1,x), ¥y = (y1,2)
ko Yo kéBe A € R opiCoupe

x+y=(x1,%)+ (y1,y2) = (x1 + y1,x0 + y2)

KoL
/\X = /\(X1,X2) = ()\Xl, )\Xz)

elvoll TTPALYUALTIKOG SLOLVUOUALTIKOG XDPOG.
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ALOVUOPOTLKOC XWPOC

MNapaderypor 2: O Savuopotikdg xwpog R”

Fevikétepa, M Sour (R”, +, ) 6Tov Yo k&be x,y € R? pe
X = (x1,%2,..,%Xn), Y = (¥1, Y2, -, ¥n) KoL YLt K&Be A € R opiloupe

x+y=(x1,%2 - Xn) + (y1,¥2,- -, ¥n) = (1 + y1,%2 + y2,- .-, Xn + ¥n)

KO
Ax = A(x1, X2, .- -, Xn) = (Ax1, Ax2, ..., Axp)

elvoll TPALYUALTIKOG SLOLVUOUALTIKOG XWPOog e pundevikd otolxelo To
0=(0,0,...,0).
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Arovuopotikol Xwpol

Mpduypoctt, yio kébe x,y,z € R” pe x = (X1, x2, ..., Xp),
y=(1,y2,---,¥n) kou 2 = (21, 22, ..., 2zp) LOYOeL 6TL

x+y=(x1+y,x+Yy2. s Xn+ ¥n)
=(y1+x1,y2+x2,. ., ¥Yn + Xn)
=y + x (AvtiuetdBeon)

x+(y+z)=(a,x,....%) + (1t 21,02+ 22, Yo + 2n)
=+ +z), 2+ 2 +2). X0+ (Ya+ 2n))
=((a+y1)+2z,02+y2) + 22, (X0 + Yn) + 2n)
=(x1+y, %+ Y2 Xn+Yn)+ 2

= (

x +y) + z (Mpooetaipion)
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Arovuopotikol Xwpol

X+0:(X17X2,...,Xn)+(0,0,...,0)
=(x1+0,%+0,...,x,+0)

= (x1,%2,...,%n) = x (Oudétepo otoixeio)
(Xl)X2) s 7Xn) + (_Xla X2y, _Xn)
= (Xl —X]_,X2—X2,.-.,Xn—Xn)

=(0,0,...,0) = 0 (Xuppetpikd otoixeio)

Omére, to (—x1, —X2, ..., —Xp) €lvow To avtiBeto tou x = (X1, X2, .. ., Xp)-
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Arovuopotikol Xwpol

Emumhéov, av A\, 1 € R, eivou

)\( +y) = )\(Xl + Y1, X0+ Yo, ..y Xn +yn)
= (Aoa +x1), A + )/2) s AM(Xn + ¥n))
( X1+ Ay1, Axo + Ayo, ... ,/\X,, + )\yn)
= (Ax1, Ax2, .., Axn) + (Aya, A2, - oo, AYn)
= Ax + Ay (Empépion)

A+ p)x = (A + p)xe, A+ p)xe, o (A + p)xn)
= (Ax1 + pxy, Ao + pxo, .oy AXp + pixp)
= (Ax1, Ax2, ..oy AXn) + (X1, X, - .y piXn)
= Ax + pux (Empépion)
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Arovuopotikol Xwpol

(Ap)x = ((A)xe, (Ap)xz, - -, (A)xn)
= (AMpx1), A(2x2), - -, AMpxn))
= Mpuxy, pxa, . .., 11Xn)
= A(ux)
Ix = (Ixg, 1xo, ..., 1x,) = (X1, X2, - - -, Xp) = X

Apat, n doun (R7,+, -) elvorl évorg TPALYUOALTIKOG SLALVUCLOLTLKOG XWPOG.
pa, M
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Arovuopotikol Xwpol

MNapaderypor 3: O Savuopatikdg xwpog Mo
3 to ouvolo My SAwv Twv 2 X 2 untpdv ue otoiyeiot oto R, Snhad1 tng

HLOoPYNG [: ?] , éTov «, 3,7, 0 € R, opifovtal oL Ttopakdtw 500 Tpdéelg

[061 ,Bl] n [az ﬁz] _ [al +ax 1 +ﬁ2]
Y1 01 Y2 O Y1+v2 O01+0

KoL
NE Bl _ [Aa A8
v 8 My A
H oty (Mo, +, ) eivan évog Ttpayportikdg SLoevuopotikdg Xmpog pe
pndevikéd otoiyeio tnv witpa Os.
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Arovuopotikol Xwpol

Mpdypartt, Yo Tnv Tpd&n + Tov My givou

[041 /81:| n [042 ﬁz} _ [a1 + az ﬁl-l-ﬁz]
Mmoo Y2 02 [ 71t+72 61+ 62

_ |2t B2+t /31]
|72 +71 G2+ 01

_ e 52] N |:041 51]
72 02 Mno01]’

omédte 1 TPd&n eivor avtipeTobeTiky.
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Arovuopotikol Xwpol

o+ (]

,81:| n [az +az [+ /33]

(651
171

- (5

-Oé]_ + o
|71+ 72

az B asz [z
V2 52]+{’Y3 53])

Yo+v3 02403

a1 + a4+ a3 i+ P2+ B3
|1 +72+73

(51+52+(53:|

B1 +/32] + [063 /33]
01 + o2 73 03

B1 az az B3
51] * [’Yz 52]) + [73 53] ’

otméte M mPd&n + elvon TpooeToUPLOTIKY.
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Arovuopotikol Xwpol

5l o=l )

. , 0 0] , , .
omdte 1 uiTpoL 0 0 elval to undevikd otouxeio Tou My wg Tpog TNV

EmumAéov,

TP&En +.
Emunpbdofeta, emeldn

el R el -k g

v 6 v 00 vy+v 040 00
o = -«
atad =p+pf =y+9=6+0=0 f=-5
= =7+7 =0+0=0s49,
v =—y
§y==6

—a -8

; ; [ « ; ; ;
émeton OTL kOe ? € M, éxeL avtifBeto otoiyeio To I
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Arovuopotikol Xwpol

Emumhéov, yia A, 1 € R eivow

(B A [2 )0l 22

[’Yz 7 +y2 01+ 02
|: (Oq + a /\(,31 + ,32):| |:)\a1 + dan  AfBL+ /\,32:|
71 +72)  A(01+02) A1+ A2 Ao+ Ada

[)\041 AB1 +[)\Oé2 )\52] [041 51] [042 ﬁﬂ
A1 Aoy A2 Ao 7 01 Y2 62|’

aﬁ]

(A+p) [7 S [(” He (A+u)ﬁ] _ [Aaﬂm A,Bﬂﬂ

A+wu)y (A+p)d My+uy  Ad+ud
A A8 poe pBl o B a f
_[M M%[m M]_A{v 5%“[7 5}’
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Arovuopotikol Xwpol

e ) =0 - B 26
[ty Gl =em[s 7]

SRR i

‘Apat, 1 Sopn (M2, +, ) eivou évalg TPAYHATIKOG SLALVUOHOTIKOG XWPOG.

KOtL
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Arovuopotikol Xwpol

MNoapaderypor 4: O SLavuopotikds Xopos M ,x,

MevikdTepal, amodelkvieTol 4Tl TO GUVONO SAWV TPALYILOLTIKOV TwV m X N
pntpav, n, m € N*, epodiaopévo pe tig mpdéelc tne tpdobeong kaw Tou
BoBuwtod oA aTAcoLoLopo TPV, eivor dvorg SLovuopoTikdg Xmpog.
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Arovuopotikol Xwpol

MNopdderypor 5: O Sravuopatikde xwpog P,

‘Eotw P, To 00voAo TwV TOAVWVILWY, LE TIPOLYILOTIKOUC CUVTEAEOTEC,
BoBuol pkpdtepov 1 icou pe n. To cdvoro P,, spodiacuévo pe Tig
akélovbeg pdelg opilel mpaypatikd Sravuopatikd xopo: ‘Eotw
p(x), g(x) € Pp, pe

p(x) = apx"+ ap_1x" 14 4 aix + ag

KoL
q(x) = bpx" + bp_1x" 1 4 -+ + bix + bo.

Téte, oL mpdelc e Tpdobeone kaw Tou Pabuwtod ToAaTAdCLACLOD
opilovtou avtiotolya amd Tig akdlovbeg oxéoelg:

(,D + q)(X) = (an+bn)xn+(an—1+bn—1)Xn_1+' 0 '+(31+b1)x+ao+bo

(Ap)(x) = Aapx" + Aap_1x"L 4 4 daix + dag, A € R
Avaxvuopotikol xdpot 2022 — 2023 19 /109




Arovuopotikol Xwpol

MNoapaderypor 6: O SLALVUOUATIKOG XWDPOG TWV CUVEXWDV CUVAPTHOEWV

ATtodelkvieTon OTL TO COVONO TWV CUVEXDV CUVAPTNOEWY EPOBLOLOWEVO e
Tic Tpdelc e Tpdobeone ko Pabuwtod ToAATAACLALOMOU elvau
SLLVUOATIKOG XWPOG.

To (8o Loxlel ko yLal TIC TTAPAYWYIOYLEG CUVAPTNOELG, TG KATA
TufuoTaL ouveyeic ovvaptioelg, Tig ouvaptioelg ekBetiknc Tééne a, Tig
duvayooelpéc, Tic TEPLOBIKEG OUVALPTNOELS, TIG PPALYMEVEG TUVALPTNHOELG,
K.O.K.
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Arovuopotikol Xwpol

MopdBerypor 7: O SLatvuooTLKOC XWDPOS TwV AVOEWV €VOC
OJLOYEVOUC CUOTHLALTOC

Ké&bBe opoyevéc m x n ypopuuikd ovotnuo AX = Opx1 €XEL TOUAALXLOTOV
ptoe Ao (Tnv pundevik).

To obvolo Twv ANioewv Tou CUoTHUOTOC, aTtodelkvisTol, 4Tl elvolt
dlavuopatikdg X®pog.

Av X1, X5 eivon 800 Aoelg, téte X1 + Xo eivau emione Adon:

A(X1+X2):AX1+AX2:@+@:@

kol AXy etvon emiong Aoom:

AAX1) = AAX; = A0 = O
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Arovuopotikol Xwpol

MNopaderypor 8: O SLavuopatikdg XWpog Twv dtavuopdtwv  mod k

ATtodeikviston 6tL To oUvoro dAwV Twv N-ddwv pe Yuotkolc oplBu.oic
atd 1o 1 éwg to k — 1 epodioopévo pe tig akdbhouBeg mpdetg opilet (un
TPAYRATIKS) Storvuopatikd xopo: ‘Eotw

X = (X1,X2,...,%n)
y=(1,Y2-Yn)
émov x;,y; € {0,1,..., k — 1} pe

x+y=((x1+y1) modk,(x2+y2) modk,...,(xn+yn) mod k)

Ax = (Axy mod k,A\xa mod k,...,A\x, mod k), émov A\ € Z
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I8L6TNTEC BLAVUOUATIKOV XWOPWV

‘Eotw (V,+,-) évag Tpatypatikdg SLatvuopatikdg Xwpog. Téte, yia kabe
A u€ER, x,y € V, woxbouv ta akdbrouBoc:

AN =0, 6Ttov 0 c V.

O0x =0, 6mov 0 € R

Av ix=0,téte A\=09x=0.

A(—x) = —(Ax).

(=N)x = —(Ax).

(—1)x = —x.

(=MN)(—x) = Ax.

Av X\ € R*, téte Ax = Ay = x =y. (Nbpog daypoptrc yLa Toug
teheoTéc.)

© 000000O0CO0C

Av x € V' \ {0}, téte Ax = ux = A = u. (Népog daypophc yaw Tat
Slovdopota.)

A(x —y) = Ax — My.

(A — p)x = Ax — px.

Avavuopatikol Xdpot 2022 — 2023 23 /109
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[ewpeTplkn avatoapdotoon Ttpdobeonc ko Babuwtov
TIOAATIAXLOLALOOV:

(-Du 2u

X u
Mapdaderypo Av x = (1, —3,5) kow y = (7,3,2) téte x +y = (8,0,7) kou
2. x = (2,-6,10).
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[ €WUETPLKT) AVATIOPAOTAOT SLALPOPAE BLOLVUOUATWY

H Siotpopd x — y 800 Siavuopditwv opileton we to &bpolopa tou
x + (—1)y. J

Mapdaderypo ‘Eotw x = (1,—3,5) kou z = (8,0,7) va Ppebei ddvuopa y
wote X +y =2z

To {ntovuevo y Looltol pe TV Soupopdl

y=z—x=(8,0,7) — (1,-3,5) = (7,3,2).

H yewpetpikn avamapdotaon tTng dlopopdc X — Yy €lvoll To Sidvuopa e

apxh To TéAog Tou y kol TéAog To TENOC TOu X.
x-y
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[ potpiLkoc cuvduaoudc

‘Eotw (V,+, ) Slavuopatikdg XOpog Ka X1, X2, ..., X, € V.
Ké&bBe otouxeio x € V mov pmopei va ypapel otn popyn

X = A1X1 + AoXo + - -+ + ApXp,

6mov A1, Ao, ..., Ap € R, ovopdletal YpOUILKOG CUVEVALOIEG TWV
X1,X2,...,Xq.
Ou tedeotéc A1, Ao, ..., A, ovopdlovTon GUVTENECTEG TOU YPOLLLLKOV
OUVEVALOWLOV.

v
Mpoyavme, kéBe ypoupkdc cuvduaopdc Twv X1, Xa, . . ., X, elvou otolxelo
Tou V.
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[ potpiLkoc cuvduaoudc

Mopdderypo

‘Eotw 0 Tpaypatikdg Stavuopatikdg xwpog (R3, +, ).
No e€etaobel av to Sidvuopa x = (10, —5,5) € R3 eivow ypouupukdg

ouVOVOLOOG TWV BLOLVUOUETWY

x1=(3,-1,2), x2=(1,0,4), x3=(—1,1,1).
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[ potpiLkoc cuvduaoudc

Oa e€etdooupe av VTLAPYXOLV A1, Ao, A3 € R, e x = A\1x1 + AoXo + A3xs.
Eivow

= A1X1 + AoXo + A3Xx3
<:>(1 —5,5) = \1(3,—1,2) + X2(1,0,4) + \3(—1,1,1)

(10, -5,5) = (3A1, =A1,2A1) + (M2,0,4X2) + (— A3, A3, A3)
<:>(10 -5 5) (3)\1 4+ X — A3, — A1+ A3,2A1 + 400 + )\3)

3M+ A2 — A3 =10 3 1 1] [\ 10
<49 A+ A3=-bH < (-1 0 1 X| =[5
2M1 +4X + X3 =5 2 4 1 A3 5

Emihbovtac To Topattdve cvoTnue, TtpokiTTel 6Tl Ay = 2, A» = 1 ko
A3 = —3, omoTe

X = 2X1 + Xo — 3x3

KO ETCOLEVWG TO X €lVOll YPOUUMLKOG OUVBVAOMOG TWV X1, X2, X3.
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okt BMkn cuvolov

‘Eotw (V,+, ) Slavuopatikdg Xdpog kaw é0tw S = {X1,X2,...,X,} éva
TieTepaLopévo uTtoohvolo tou V.
To cOvolo SAWV TWV YPOUULKOV GUVEUOLOIGOV TWV X1, X2, - . . , Xp

ovopdlleton ypoppiks 0Mkn (1 amAd 84kn) tov S ko cupforileton pe
<S>\ <Xg,X,...,X, >, ONAadN

< X1,X2,...,Xp >= {)\1X1+/\2X2+"'+/\,,X,,Z)\l,/\l,...,/\,,ER}.

Av U =< x1,X2,...,X, >, Téte Aépe 6tL To cvvolo U mapdyeton 1
YeEVVATOUL ATL T BLVOOPAT X1, X2, . . . , X, (1) amd To obvoro S). M
AT Loodbvaun ékppoon eivo 4TL TaL BLoeviopaTa X1, X2, - - - , X, (1) TO
olbvolo S) Ttapdyouv 7 Yevvoiv to obvolo U.
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okt BMkn cuvolov

Mopdderypo: poupikty 0hkn otov R”

Y tov mparypotikd Sravuopatikd xwpo (R”, +, ) v

e; =(0,0,...,0,1,0,...,0), i€[n],

1

téte KéBe x € R" eivou ypouptkdg ouvduaopdc twv e, ey, ..., e,.
v
Mpdyportt v X = (X1, %2, . .., Xp), TOTE

x=x(1,0,0,...,0) + x2(0,1,0,...,0) 4+ --- + x»(0,...,0,1)
= x1e1 + xpez + - - - + Xpep.

Apat, loxvel 6t R" =< ej,ep,...,e, >.
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Mpouppitkty avedoptnoto

‘Eotw (V,+, ) Slavuopotikdg Xopog.

Ta Sraviopota X1, X2, ..., X, € V elvow Ypopplk®deg e§aptnuéva dtov
KALTIOLO OLTEO OLUTAL, YLOL TEOLPALBELYLOL TO X1, €IVOLL YPOUMLKOG CUVEUXLOIOG
TwV VToAoiTwy, dNAadh vtdpyouwv Ao, ..., A, € R, tétola wote

X1 = /\2X2 qF oo /\,,X,,.
Av Ta X1,X2, ..., X, dev elvor Ypopuukadg s€aptnuéval, dnAadh kovéva

atd avtd dev sivall YpoppLlkdc cuvduaopdc Twv vTtoloitwy, Téte sivar
YPOILKGDG otveE &pTrToL.

lood0voua, ToL X1, Xo, . .., X, EVOL TPOLILKADG oLveEdpTNTOL OV Kol Ldvo
av, vioe k&Be A1, Ao, ..., A, € R, woyder

AX1+XXo+ -+ A Xxp=0=> A1 =X =--- =)\, =0.
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Mpouppitkty avedoptnoto

MNopdderypor 1

To Sraviopoto
e =(0,0,...,0,1,0,...,0), i € [n],

tou Stavuopatikol xwpov (R 4+ ) eivou ypoppikdg aveEdptnra.

Mpdtypott, Yot k&Be A1, Ao, ..., A, € R, sivow

Aer +Xoer + -+ Ape, =0

< A(1,0,0,...,0)4+22(0,1,0,...,0)+---+X,(0,...,0,1)=(0,0, ... ,0)
< (M1,0,0,...,0) +(0,X2,0,...,0) +---+(0,...,0,X,)=(0,0,...,0)
< (A, A2, ..., A0) = (0,0,...,0)

SA=Xl=---=),=0.
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Mpouppitkty avedoptnoto

MNopdderypo 2

Ta Saviopata

x; = (2,-1,0), x»=(-5,2,2), x3=(-1,0,2)

Tov Stavuopatikol xwpou (R3, +, ) etvow ypoupikdg e&aptnuéva.

Mpdypatt, woxdel 6Tt
—2x1 — 1xo +1x3 =0

OTOTE TO X1 YPAPETOUL W YPOUUMIKOS TUVEVAOIOC TWV UTIOAOITIWVY.
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Mpouppitkty avedoptnoto

MNopdderypo 3

To Sraviopoto

x1=(2,-1,0), x2=(1,3,1), x3=(-1,0,2)

Tou Slavuopatikoy xdpov (R34, ) eivow ypoukdg aveEdptnTa.

Mpdyportt, yia kéBe A1, Az, A3 € R, woyxdel bt
A1X1 + Aoxo + A3x3 =0
©A1(2,-1,0) + A2(1,3,1) + A3(—1,0,2) = (0,0,0)
(201, A1, 0) + (A2, 3)2, \2) + (=3, 0,2)3) = (0,0, 0)
201+ A2 — A3 =0
S =A+30=0
A +2X3=0
A=A =A3=0.
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Mpouppitkty avedoptnoto

MNopdderypo 4

Ta Saviopata

x1=(2,4,—1), x =(1,1,1) x3=(6,12,—3)

Tou Stavuopatikod xwpou (R3, +, ) etvow ypoupikdg e&aptnuéva.

MNpdypatt, woxel 6Tt
—3X1 + 0X2 + 1X3 =0

OTOTE TO X1 YPAPETOL WC YPOUUMIKOS TUVEVAOIOC TWV UTIOAOITIWVY.
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I8L6TNTEC YporuuLkTC aveéaptnotog

Mopatnpnoets:

@ Av kdtolo atd TaL SLoviopaTa X1, X2, . . . , X, €ivor oo pe 0, TotTe
ALUTA Vol YPOUULKOG e&apTnUévaL.

Mpdyportt, av yia Tapdderypo X, = 0, téte civor
Ox; +0xo +---+1x,=0
Ko eTeldn uTdpyeL un undevikdg ouvvtedeotic (oTnv mepittwon outy, To

1) kdiotov amd Tt x; (oTNV TEPiTTWON QAUTY, TOV X, ), TpokOTLTEL dTL TaL
X1,X2,. .., X, EVOL YPOUMULKAOC eEapTNUévaL.
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I8L6TNTEC YporuuLkTC aveéaptnotog

@ Av tal SLaviouaTO X1, X0, . . ., X, EVOLL YPOUMIKGDG aveldpTnToL TOTE
ototadfirote m (ue m < n) amd ovtd Bat eivor YPOUULKOG
aveldpTnTaL.

Mo Topddetypal, ToL SLOLVOOULOLTO X1, XD, . . ., X EVOL YPOULILK®G
aveldpTnTa, aou yiow k&Be A1, Ao, ..., Ay € R eivau

A1X1 + Aoxo 4+ -+ Apxm =0
SAX1+ Aoxo + -+ ApXm + 0Xppyp1 + -+ 0x, =0
SA=X=---= ), =0.
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I8L6TNTEC YporuuLkTC aveéaptnotog

@ To SLotviopaTal X1, Xo, . . . , X, EVOLL YPOUUILKOC eEapTNULEVAL ALV KOl
KOVO oV éval TOUAALYLOTOV aTtd aluTd aLviKeL OTNV Ypoyuky B1km
TIOU TLaLP&YOUV TOL LTLOAOLTICL.

Mpdyportt, oV X1, X2, . . ., X, £Vl YPOUMLKOG e&apTtnuéva, B uTtdpyxouv
A1, Ao, .., A € R, by bhol 0, dote

A1X1 + Aoxo + -+ Apx, = 0.

Av yia topdderypa Aj # 0, 6mov i € [n], téte o) vouv oL Lodhvoypeg
oxéoelg:
AiXi = —A1X1 — AaXa — -0 — Aji1Xj—1 — Ai1Xit1 — - — AnXp
xi = (A7 IA)xs A (AT A)xo 4 - (AN L)X
+ (A A )X+ A (AT )X,

Omédte Xj €< X1, X0, -+« 3 Xj—1, Xjt1, - -, Xp >.
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I8L6TNTEC YporuuLkTC aveéaptnotog
Avtiotpopa, av
Xi €< X1, X2, o vy Xj 1, Xidt 1y -+ 5 Xp >,
Yo k&mowo i € [n], Téte vmdpyouv
AL A2 A1 Aty - o2 A € R,
e
Xj = A1X1 + AaXo + -+ Aim1Xj—1 + AjpaXit1 + o+ ApXp,
omote

A1x1 + doxo + - HAim1xi—1 + (= 1)% + AjpaXip1r + -+ Apxy, = 0.

ATtS TNV TPONYOUMEVT LOSTNTA, LYoV OL CUVTEAECTEC TWV X1, X, ..., Xp
dev eiva éhou iool pe 0, TpokUTTEL 6TL TAL X1, X0, . . ., Xp EVOLL YPOULMLKDC
e€opTnpéval.
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I8L6TNTEC YporuuLkTC aveéaptnotog

Moo eivor 1 “omuocial’” tne ypaupkfc aveaptnotog; J

Mpétoon 1 (Bootkn t8dtnTar ypoppukii ave&aptnotio)

‘Eotw (V,+, ") mpayuatikée Stavuouatikds xwpoc Kat vi, Va, .. .,
v, e V.

e Av ta Staviouata Vi,Va,...,V, eval ypapuuikoe aveédptnta kat

V= A1vi + Aovo + - + Apvp,

TOTE TA A1, A2, ..., Ap € R elvatr povadikd.
e Evd, av ta Siaviouata vi,Vo,...,V, cvat ypauuikac eCaptnuéva
Kat

V= A1v1 + Aovo + - -+ Apvp,

TOTE Ta A1, A2,..., A\p € R Bev eivat povabikd.

V.
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I8L6TNTEC YporuuLkTC aveéaptnotog

Mpdypoctt,
o '‘Eotw 46T

V=A1vy + Aovo + - + Apv,
Kol

V = K1V1 + KoV + - - + KpVp
Toéte AMqvi + dovo + - + Apvyy = K1V1 + KoVo + - + KpVjp
1, Looduvaua,
()\1 — /il)Vl + ()\2 — H2)V2 + -+ ()\n — /ﬁn)Vn =0.
Emeldn to v, Vo, ..., Vv, elvol Ypopuk®de oveEdptnro, émeton 6Tl

)\1—/11:)\2—I€2:"':)\n—1€,,:0.

Apat, A1 = K1, A0 = K2, ..., Ay = Kp, ONAadN M ékppoLom Tov Vv wg
YPOULULKOG OUVBVALOWOC TWV V1, V2, ..., V, glvol Lovadiki).
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I8L6TNTEC YporuuLkTC aveéaptnotog

o '‘Eotw 46T
V= A1vi + Aova + -+ Apvp.
Aol TaL Vi, Vo, ..., V, elvol Ypopkade eEopTnuéval, VTLdpYOULV
K1,K2, ..., kKn, OXt OAa 0, Gote
K1V1 + KoV + -+ + kv, = 0.
Emopévag, yia k&Be a € R woxveL 6TL
a(kivi + Kovo + -+ Kpvy) = 0.
AT Tal TpoMYoUUEV TIPOKUTITEL OTL
v=v+0
= Av1 + Aova + o + ApVn + a(k1ve + Kova + o+ KpVi)
= (M +ar1)vi + (A2 + ara)va + -+ + (Ap + akn)vp, Va e R

AnAadh, To v YPAPETOL WC YPOUMLKOC CUVBVALOWOC TWV V1, Vo, ...,
V, pe ouvteleotég kdBe n-dda tng wopwhg (A1 + aki, A2 + aka, ..
An + akp), Yio kéBe a € R.

Yupmépoopo: TTdpYouv ATELPOL TPOTOL VAL EKPPELOOVUE TO V WG
YPOUUULKS CUVBVOLOUS TWV V1,V2, ..., V,.
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‘Acknon 1
Na eéetaotei av ta Saviouata x; = (0,1, -3), xo = (—2,1,2),
x3 = (4,1,0) eivar ypapuuikde aveédptnra.

Mo A1, Az, A3 € R, eivou

A1X1 + Aoxo + A3x3 =0
<A1(0,1,-3) + \2(—2,1,2) + A3(4,1,0) = (0,0,0)
<(0, A1, —3A1) + (—2X2, A2, 2)X2) + (423, A3,0) = (0,0,0)
S(=2X2 +4X3, M1 + A2 + A3, —3X\1 +2)2) =(0,0,0)

—2X +4X3=0
SN+ o+ i3=0 S A=l =XA3=0.
—3X1+2X =0

Apat ToL SLOLVOOPOLTOL X1, X2, X3 EIVOLL YPOLILKOC aveEdpTnTaL.
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‘Acknon 2

Na eéetaotel av ta Saviouata x; = (2,1, -1), xo = (—1,2,3),
x3 = (4,7,3) evar ypapuuikde aveédptnra.

Mo A1, A2, A3 € R, etvan
A1X1 + Aoxo + A3x3 =0
<A1(2,1,-1) + Xo(—1,2,3) + A3(4,7,3) = (0,0,0)
<(2A1, A1, = A1) + (—A2,2X2,3)2) + (4X3,7A3,3X3) = (0,0,0)
S(2M1 — A2 +4X3, A1 + 200 + 7A3,— A1 + 32 + 3)3) = (0,0,0)

201 — A2+ 4X3=0 201 — A2 +4X3=0 A= 3
SN F+20+T7X3=0 S A= =33 {)\2 ~ o
A1 +30+3X3=0 Ay = —2)3
Av tebel, \3 = 1, téte Ay = —3, Ay = —2, omdte woyleL bTL

A1X1 + AoXo + A3x3 =0 x1 —3x, —2x3 =0

Emeldd oL ouvtedeotéc Twv X1, Xo, X3 Sev eiva HAol 0, TpokUTTel 6TL ToL
SraviopaTo X1, X2, X3 €lvoll YPOUMIKAOC eEapTnéval.
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‘Aocknon 3
Na eéetaocbei av ta Saviouata vi = (1,2,3), vo = (0,1,2) kat
vz = (4,1,2) eivar ypapuuikds aveédptnra 1 éxt.

Ocwpoipe TNV e&iowon
A1vi + dovo + A3vz = 0
1, LloodVvopa,
A1(1,2,3) + \2(0,1,2) + A3(4,1,2) = (0,0,0)
1, LloodVvapa,
(A1 +4X3,201 + A2 + A3,3A1 + 22 + 2)3) = (0,0,0),
T’ OTLOV TPOKUTITEL TO CUCTMLOL
A1 +4X3=0

201+ A2+ A3 =0
3A1+2X + 223 =0.
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Avtikabiotovtac A\ = —4)\3 otn deltepn elowom, TPokUTTEL TO
LloodUVaLo cUoTNUOL

A +4X3=0
A —TX3=0
3A1+2X + 223 =0.

AvtikaBiotovtog A\ = —4A3 ko Ap = 7A3 otnv tpitn edlowon,
TLPOKUTITEL TO LOOSUVOLLO oVOTNUA

A +4X3 =0
A —TX3=0
43 = 0.

Apa, A1 = Ay = A3 = 0, eopévwg tal SLavOopOTAL V1, Vo, V3 €lvoll
YPOUUMLKOC aveE&pTnTaL.
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‘Acknon 4
Na eéetaocbei av ta Siaviouata wi = (1,2,3), wo = (0,1,2) kat
w3 = (5,3,1) eivar ypapuuikadc aveldptnra 1j dxe.

Ocwpoipe TNV e&iowon
A1wi + Aows + Azwsz =0
1, LoodVvopa,
A1(1,2,3) + X2(0,1,2) + A3(5,3,1) = (0,0,0)
1, LloodVvopa,
(A1 + 53,201 + A2 + 3X3,3A1 + 22 + A3) = (0,0,0),
T’ OTLOV TPOKUTITEL TO CUCTMLOL

A1 +5X3=0
201+ A2+ 3X3 =0
3A1 +2X + A3 =0.
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AvtikaBiotovtog A1 = —5A3 otn debtepmn e&lowon, TpokuTTEL TO
LloodUVaLo cUoTNUOL
A1 +5A3=0
A —T7A3=0
3A\1+2M 4+ XA3=0

AvtikaBiotovtag A1 = —5A3 kot Ap = 7A3 otnv tpitn ediowon,
TLPOKUTITEL TO LOOSUVOLO oVOTNUA

A1 +5A3=0
A —TX3=0
0=0.

Emopévwe, To obotnua eivo adploto ko oL Avoelg Tou eivor dAec oL
tpLddeg (A1, A2, A3) = (—5A3,7A3, \3), édmou A3 € R.
Emopévwe, av yio Topdderypa Az = 1, éxoupe 6tL

—bwy + 7wy + 1wz =0

ETOMAVWC, TO SLOLVOOOLTOL W1, Wo, W3 £Vl YPoUKAC e€opTnpévar.
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‘Acknon 5

Na Bpebei t0 a € R, dote 0 x = (—1,0,5,a) va eivar ypauuikée
owbvaoudc twv x; = (1,2,—1,0), xo = (1,0,—1,3), x3 = (0,—1,1,1).

Eivow
X = A1X1 + AoX2 + A3X3
<(-1,0,5,a) = A\1(1,2,—-1,0) + A2(1,0,—1,3) + A3(0,—1,1,1)
&(—1,0,5,a) = (A1 + X2,201 — A3, —A1 — Ao+ 23,300 + A3)

A+ A=-1
201 — A3 =0

-~
A1 — X+ A3=5
3+ X3=a

Emldovtag o choTnua Twv TPLOV TPOTwY atd TIC TApATéV®
elo®oslg, TPOKUTITEL 6TL A1 = 2, Ay = —3, A3 = 4. Omdre sivou
a=3)\+ A3 =-b5
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2m AIAAE=H
AIANTEIMATIKOI XQPOI

o Bdaon kou Sidiotaon SLovuopoLtikov X®pov
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

‘Eotw (V,+, ") Tpaypotikdg SLavuopotikdg Xmpog.
‘Eva. utooovoro S = {x1,Xz,...,X,} Tou V ovopdleton Bdon tov V av
KO [LOVO oLV

@ 10 S mapdyel Tov V, SnAadh V =< xq,Xo, ..., X, >, Kol

@ TOL X1,X2, ..., X, EVOLL YPOLULMIKGDG otveEdpTnTOL.

Katd ouvétela, kdBe Sidvuopa tou V ypdpetol e povadikd tpdtmo we
YPOULULKOG OUVBVALOWOC TWV X1, X2, . . . , Xp.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNopdderypor 1: Baon tov R”

To obvolo S = {ej,ey,...,e,} pe

e; =(0,0,...,0,1,0,...,0), i€ [n],

1

elvow e Bdom Tou mporypartikod Stoevuopatikod xopov (R”, +, ).
H B&omn autn ovopdletan kavoviks Béon tov (R”, +,-).
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNopdderypor 2: Baon tov P,

To obvoro S = {1,x,x2,...,x"} elvor o Béom Tov TP YRATIKOD
Sloevuopatikol X@pov (P, +, ) 6Awv Twv Toduwvipwy Babuo
pLkpdTepov 1 {00V TOV N e TPAYUATIKOVC CUVTEAEOTEC.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Mopdderypoe 3: Bdomn tov M,

5={lo o o o [ o s 3P

eivou e Béom tov Stavuopatikod xwpov (Mo, +,-), SAwv twv 2 X 2
MNTPDV UE TPOLYRLOLTLKAL OTOLYELL.

To ocVvolo
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNapatnproslg:

o Asgydpoote 6TL 0 undevikdg XDpog, dNAadH 0 XOpog e popéa To
V = {0} éxeL w¢ Pdon to kevd obvoro.

@ 'Evog Siavuopatikde xwpog Tov éxel pua Bdon S, Bo éxer ko dAeg
Béoeic.

Mo topdBetypa, ov S = {x1,X2,...,%X,} ko A € R\ {0,1}, téte to
oOvoro S; = {Ax1, Ax2, ..., AX,} Ba givou e @AY Bdom tov
dlavuopatikol Ywpov.

o Av (V. +,) elvon Stavuopatikdg xdpog ko S = {x1, X2, ..., Xp}
pee Bdon tou V, téte Aoyw TG Ypoppikic aveaptnoiac Twv
X1,X2,...,X, k&Be ddvuoua x € V ypdeton KTt povedikd
TPOTO WG YPAUUMULKOG TUVEVALOWOC TWV X1, X2, ..., Xp.

Kotomv toltwy, av X € V e x = A1xy + AoXo + -+ 4+ ApX,, OL
TedeoTéc A, Ao, ..., Ay € R ovopdlovtol ouvteAeoTéG TOV X WG
mpocg tn Bdon S.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Mpétoon 2 (Luppikvwon oe Bdon)

‘Eotw (V,+,-) eivat évac Stavvouatikés xdpoc. Av yia ta Staviouata
X1,X2,...,Xm € V toxUet ét1

V =< x1,X0,...,Xm >,

Téte umdpyel pita Bdon Tou xwpou avtol, N omoia amoteAsital amé
kdmota amé ta Siaviouata Xi, X2, ..., Xm.

‘Evag Stavuopatikde xwopog (V, +, ) ovopdletal TemepoLopLévng
dldtotoeong, dtav Topdyetal and Temepacpuévo TABoc Savuopdtwy.

v

Mpowavie, amd Thv Tponyoluevn TpdtooT, TpokiTTel 6Tl Kdbe
BLOLVUOLLALTIKOC XOPOC TIETEPAOHEVNC BLAOTOLONG EXEL HLOL TOUALYLOTOV
Béon.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Emumthéov, toxdouv oL emdueveg Tpotdoeig.
Mpétoon 3 (Eméktaon oe Béon)

Av (V,+,) eivar éva¢ memepaouévne Stdotaons Stavuouatikés xWpog
kat ta diaviouata Xi,Xs,...,X, € V elvar ypauuikde avedptnra,
téte umtdpyel fdon Tou V mou mepiéyel Ta Saviouata avtd.

Mpétoon 4 (AptBude YPoppukdv aveEApTNTwY SLavuopdTwy)

‘Eotw (V,+,-) évag un undevikée Stavvouatikds xdpog, o omoiog Exel
uta Bdon ue n otoxeia. Av ta Saviouata Xi,Xo,...,Xm € V evat
ypappikae aveldptnra, téte m < n.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Ao TV TponyoUpeVn TIPOTALOT, TIPOKUTITEL OTL

e AVo Bdoeig evdg Slorvuopartikol xopou éxouv to (8to TABog

oTtolxelwv.
Mpdypott, av S = {vi,va,..., v} ko S = {X1,X2, ..., Xm} 800 Pdosig
Tou Savuopatikol xwpov, téte Bewpdvtag to S wg Pdon (ue n
otouxeial) Ko €TELdN T X1, X2, .. ., Xm EVOL YPAMKADG aveEdpTnTa (wg
otowxeia Tng Pdong S1), mpokiTtel 6t m < n. Amd TV &AAn,
Bewpdvrtag o S1 wg Pdon (ne m otouxeio) kow emeldn T v, Vo, ...,V

elvou yporppukde avedptnto (wg otowela Tng Bdone S), mpokbmrer bt
n < m. Omnéte tehkd m = n.

To mTA\iBo¢ Twv otolxeiwv o Bdong evdc Temepoopévng didotaong
Slavuopartikol xdpov (V, +, ) ovopdleton Sidotoon tov
SLavuopatikol xwpou ko oupBoAiletal pe dim V.

Mpogavag eivow dim V = 0 av ko pdévo av V = {0} (undevikde
Slovuopatikdg XOpog).
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNopdderypor 1. Baon ko didotaon tov R”

Mo Tov Tparypoctikd Stavuopatikd xwpo (R7, +, ) woxder 6t dimR” = n,
oupo¥ 1 kawvovikt Tov Pdom éxel n otouyeio.

Mopaderypo 2: Baon ko Sideotoon tov P,
Mo tov Tporypatikd Stavuopatikd xopo (Pp, +, ), dAwv twv
TIOAVWVORGV BaBol pikpdtepov 1 ioov pe n, toxvel étL dim P, = n+ 1,
apoV To 6UVOAo

{1,x,x%, ..., x"}

stva o Bdom tovu.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNopdderypor 3: Baon ko didotaon tov M,

Mo Tov Tporypatikd Stavuopotikd xopo (Mo, +, ), dSdwv twv 2 X 2
MNTPQV, Lo Vel étL dim Mo = 4, apol to olvolo

5= (o o [o o [ ol-lo 3]

etvai ot Bdom tovu.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

ATo TIG TPONYOULEVEC TIPOTAOELG, T(POKUTITOUV OL ETLOWLEVEG
TOLPOALTNPNOELG:
Aidotoom, Mpoppiky aveaptnoto ko Moparywy

Mo évav emepoopévng Sidotoong Stavuopatikd xopo (V,+,+), ot
emépevol Loxvuplopol etvor Looddvauol:

i) dimV = n.
i) To péyloto mANB0g Ypopkdg aveEdptntwy Stovuopdtwy tou V
givow n.

iii) To ehdytoto TAN00¢ Sravuopdtwy Touv Ttapdyouv to V eiva n.

Avcvooparmcel xbpot 2022 — 2028 61/100



Bdomn ko Sidotoon SLaevuopatikod Ywpov

Mpétoon 5 (Koatowokeuh Baong Stavuopotikod xdpov didotoong n)
‘Eotw (V,+,-) évac un undevikée Stavvouatikés xdpog, pe dim V = n.
@ Avta x1,X2,...,X, € V elvar ypauuikae aveédptnta Saviouarta,
T6Te TO OUVOAO {X1,X2,...,Xp} €lvat wa Bdon touv (V,+,-).
e Avta Xx1,X2,...,X, € V mapdyouvv tov (V,+,-), téte To olvolo
{X1,X2,...,Xn} eivar a Bdon tov (V,+,").
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Epoppoyn 1

No artoderyBel 6tL Tow SLaviopota

x=(21,-3), y=(3,2-3), z=(1,-1,1)

amotehobv Bdon Tou TP YLaTIkoD Stavuopatikod xwpou (R3, +, ).
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Eneldn dimR3 = 3, apkel va amodeixBel 611 T Siaeviopata X, y, z iva
YPOULMLKAC LVEEAPTNTAL.

Ax+ Ay +A3z=0
SA1(2,1,-3) + Aa(3,2,-3) + As(L, —1,1) = (0,0,0)
(M1 43X 4 Az, A+ 200 — A3, —3M1 — 3Xs + A3) = (0,0,0)
2201+ 3 4+ A3 =0
S AAL+F20—A3=0
—3A1—3X+A3=0
A1 =X = A3 =0.

Apat, T X, Y, Z elVOll YPOULILKAOC OVeEAPTNTAL KOl ETOUEVAC ALTLOTEAOVV
Bdom tou xpov.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Epappoy 2

Now BpeBei pia Bdon Tou mpaypatikod Stavuopatikod xwpou (R4, +, )
TLOV TEEPLEXEL TOL SLALVOOLOLTOL

x=(-1,1,0,0), y=(0,0,2,1).
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Eneidr) dimR* = 4, apkel va BpeBovv 800 Saviopata z,w € R*, tétola
ote To ouvolo {X,y,z,w} va eivow Bdon Tou xdpou. Ta Sioviopoto
z,w B avaldntnBolv petadd twv otouxelwv TN kavovikhg Bdong.
Apxikd, eNEYYETOL 1) YPOUMLKT atveEopTnolol Twv SLtvuopdTwy X, Y, e;.
Etvou

A1X+ Aoy + Aze; =0

= A1(—1,1,0,0) + A2(0,0,2, 1) + A3(1,0,0,0) = (0,0,0,0)
:>(—)\1 + A3, A1, 20, )\2) = (0,0, 0,0)

—A1+X3=0
=<\ =0 =A1=X=X3=0
A =0

Apat, T SLoviopaToL X, Y, €1 eivoll YPOUUMLKOS oveEdpTnToL.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Y tn ouvéxelo, EAEYXETOL M YPOUIKY avelaptnoia Twv dlavuopdtwy
X,y,e1,e. Elvou

A1X + Aoy + Aze; + e =0
=A1(—1,1,0,0)+X2(0,0,2,1)+A3(1,0,0,0)+A4(0,1,0,0)=(0,0,0,0)
=(—=A1 4+ A3, A1 + A1, 2)2, A2) = (0,0,0,0)

A +23=0
=AM +X4=0 = A3 =A1, = —A1, A =0.
A =0

Emeld to mopamdve ocvotnua éxel dmelpeg un undevikéc Adoelg,
TPOKUTTEL OTL TAL SLOLVUOLOLTOL

X,y,€1,€

elvol YpoUpka¢ e€opTnévar.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Kotdmv tovtou, eNéyxetal 1M Ypouppiks ove€optnoio Twv Slovuoudtwv
X,y,e1,es3. Elvou

A1X+ A2y + A3ze; + Mqe3 =0
—A1(=1,1,0,0)4A2(0,0,2, 1)+ A3(1, 0,0,0)+A4(0,0,1,0) = (0,0,0,0)
=(—A1+ A3, A1,2X2 + A, A2) = (0,0,0,0)

—AM+X3=0

A =0

! =AM =X =)=\ =0,
20+ 24 =0

Ao =0

Apa, TAL SLLVOOUOTO X, Y, €1, €3 E£IVOLL YPOULMLKDS oveEApTNTOL KO
ETOPEVWC AToTEAOUV pLa Bdom Tou XWpov.

Avcvooparmcel xbpot 2022 - 2023 68/100



31 AIAAE=H
AIANTXZMATIKOI XQPOI

o Tméxwpol

o Mpd&elg YPOLRAOV KoL VLY WpPOL
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ALotvuoPOTLKOL VTTOY WPOL

(H évvola TG KAELOTOTNTALG OTOUG SLOLVUORLOALTIKOUG X DPOVG)

Av (V,+,) eivou évag (Tporypartikde) Savuopatikde xopog kol W éva
un kevd utoovolo touv V tétolo ote

x+y€e W v k&be x,y € W

KoL
A-xe Wy kdbe x c W, A€ R

téte M Sop) (W, +,-) ovopdleton Sroevuoportikdg (1) YpoLppLkog)
VOXwpog (1 amhd vréxwpog) tou (V,+, ).
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ALotvuoPOTLKOL VTTOY WPOL

o Kébe diavuopotikdg xopog ptopet vaw Bewpnbel wg vtdxwpog Tov
galutol Tov.

e H dopf ({0}, +, ) elvow urdywpog tov (V, +,-) kow ovoudleton
KNndevikdG VOX WPOG.

o Kdbe popéag vroyxwpov (W, +,-) mepiéxet to 0, opot yiae x € W
elvan 0 =0x € W.

@ Yta emdpeva, yLo Adyoug amAdtnrac, B tautiloupe Tov @opéal
evdc VLY WPOL e Tov LT wpo, dnAadt B ypdyoupe W vrtdywpog
tou (V,+,-) avtl W gopéac vroxaopov tou (V, +,-).
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ALotvuoPOTLKOL VTTOY WPOL

MNpétaom 6
‘Eotww (V,+,-) Stavvouatikds xdpoc emi Tov kar W éva un kevé
vrtooUvodo tou V. Térte, Ta mapakdtw civatr tooSvvaua:

Q@ 10 W eivar vréywpog tou (V,+,-).

Q@ e W, katx+ye W, ria kd6s A € R kat x,y € W.

Q@ M+puye W, nia kdbe A\, u € R kat x,y € W.

Q Mx+yeW, yia kdfe A € R kat x,y € W.
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ALotvuoPOTLKOL VTTOY WPOL

MNopdderypor 1

Oewpolpe Tov Stavuopatikd xdpo (R3, +, ) ko Tow ohvoda
Wy = {(x1, %2, x3) € R3: 2x; — 4x; + 2x3 = 5}

KoL
W2 = {(X17X27X3) € R3 : 3X]_ - 2X2 — 4X3 = O}

Oa peAeTHOOUUE TTOLAL ALTES TOL TTOLPATIEVG GUVOAQL £fvall SLOLVUCUALTLKOL
umdywpol tou (R3, +, ).
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ALotvuoPOTLKOL VTTOY WPOL

Wy = {(X17X27X3) e R3: 2x1 — 4xo + 2x3 = 5}

Apyikd, Taportnpolpe 6Tl To pmdevikd otoryeio (0,0,0) tou (R3, +) Sev
avikel oto Wi, apod 2-0—4-0+2-0=0#£5, ondte to Wi Sev eivon
uméxwpog tou (R3, 4+, ).

Egoappoopévn dAyeBpo Avaxvuopotikol xdpot 2022 — 2023 74 / 109



ALotvuoPOTLKOL VTTOY WPOL

Avtifeta, (0,0,0) € Wy, ontéte Wy # (. ETumhéov, av A\, 1 € R ko
X,y € Wa, pe x = (x1,x2,x3), Y = (y1, 2, y3), To1¢

3x; 4 2x0 — 4x3 = 0 Kol 3y1+ 2y, —4y3 = 0.

MNoMamAaotdlovtag Tig Topamdve 800 LoSTNTEG e A Kol f1 avTioToL ol
kol TpooBéTtovTog Tig LodTNTEC IOV TIPOKUTITOUY, £TtETOl OTL

A(3x1 + 2x2 — 4x3) + 11(3y1 + 2y2 — 4y3) = 0,

ométe
3(Axt + py1) +2(Ax2 + py2) — 4(Axs + py3) =0

KOl ETIOUEVWG,

AX 4 py = (Axq + py1, Axo + py2, Axz + py3) € Wa,

dpat, Béoel tng Mpdtaong 6, To Wa eivow umdxwpog tou (R3, 4+, -).
Avaxvuopotikol xdpot 2022 — 2023 75 /109



ALotvuoPOTLKOL VTTOY WPOL

MNopdderypo 2

‘Eotw (Ma,+,) 0 TPAYROATIKOG BLALVUOHATIKOG XDPOE TV 2 X 2 UNTpidv
E TLPOLYMUOLTIKA oTolyelol Kol

Wl:{|:20; _]_IB:|}7 W2:{|:io,; 366:|}7 a,B,vy ER

Oa peleTHooupe TOLA ATd TOL TOLPATIAVW CUVOAAL eivor LTTOXWPOL To
(M2, +,).
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ALotvuoPOTLKOL VTTOY WPOL

Nopoctnpovue 6t to pndevikd otouxeio [ ] dev avikel oto Wi, omote

00
to W 8ev elvau umdxwpog tov (Mo, +, ).
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ALotvuoPOTLKOL VTTOY WPOL

Avtifeta, [8 8] € Wh, ométe Wh £ ().

EmumAéov, av [4&1 3&] , [4042 3ﬁ2] € Wh kou A, p € R, téte elvon
-n 0] [=2 O

4oy 351] [4042 3ﬂ2] [4)\041 3)\ﬁ1} [4M042 3M52]
[—’Yl 0 Ml o -1 0 —py2 0
_ [4()\a1+ua2) 3()\ﬂ1+,uﬂ2)] W,
— (M +p2) 0 '

Apa, BdoeL tng Mpdtaong 6, to W eivon vrdxwpog tov (Mo, +, ).
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okt BMkn cuvolov

Boaowkég L8LéTNTEG

@ To obvolo < X1,X2,...,X, > eivow vtdxwpog tov (V,+,-), apol
Yo A, i € R ko

X = A1X1 + AoXo + - -+ 4+ ApXp,
y = p1X1 + paXo + - + fnXp,
To otolxelo
AX A+ py = (A1 + ppn)xs + (Ao + ppo)xo + -+ (AXg + fofin)Xn

oViKEL 0TO < X1,X2,...,X, >.
e EmumMéov x; €< X1,X2,...,X, >, Ylot kK&Be | € [n], aupo

X; = 0xg + -+ 0x;—1 + 1x; + 0xj41 + - - - + 0x,.

e Téhog, av W vndxwpog tov (V,+,-), pe x; € W, vy k&Be i € [n],
éte < X1,X2,...,Xn >C W, oupod kd&Be ypopupikdg ouvduoopdc amd
otouxeia evdg Stavuopotikod xopou (tou W) eivouw otouxeio tov.
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okt BMkn cuvolov

Amé Tal TponyoUeEva TIPOKUTITEL 1) €TLOMEVT TLPOTALOT.

MNpdétaon 7
H ypapuuikn O1kn < x1,X2,...,X, > €ivat o utkpdtepog tavuoua tikég
XWPOC OV TTEPLEXEL TA X1,X2, . .., Xp.

Mopatipnon: And tTnv TPoNyoUpeVT TIPOTALOT TIPOKUTITEL OTL oLV TOL

diaviopata y1,Y2, ..., Y, elvor ypoyputkol ocuvduaopol Twv Stavuopdtwy
X1,X2, ... ,Xpn, TOTE LOYVEL OTL
< X1,X2,...3,Xn, ¥1,Y2, ..., ¥n >=<X1,X2,...,Xp > .
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‘Acknom 6

Na e&etaobel mota amé ta mapakdtw vrootvola Tou R? eivai vmdywpol
Tou mpa yuaTikol Siavuouatikol xwpou (R,

Wi = {(0,0)}.
W, ={(1,1)}.

Ws = {(x,y) € R?: x > 0}.
We = {\(1,2) : X € R}.

Wz = {a(1,
Ws = {a

il

®A0000000O0CO0

Wio = {

(
Wi = {(x,y) € R?: y = 2x}.
Wy = {(x,y) e R?:y =2x +1}.

(1,2) + b(2,1) : a, b € R}.

(1,2) +(2,1) : a € R}
We = {a(1,2) + (2,4) : a € R}

(x,y) € R? : x| + |y| < 10}.

+,):
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Y e dha TaL TToLpokdiTw, sivor Xpfouun 1 Tapatipnon 6t To undevikd
Budvuopa Tpémel va aviikel oe k&Be kdbe vdxwpo evdg davuopatikold
xwpov. E8G to undevikd ddvuopa eivon to Ledvyog (0, 0).
@ To W eivow umdywpog tou (R?, +,-).
@ Emedh (0,0) ¢ Wh émeton ém Wh Sev eivon umdywpog tou (R2, +, ).
© Mpoyavag, Wi # () apot (0,0) € Wa (86t 0 =2-0).
‘Eotw vi,vo € Wa pe vi = (x1,y1) ko vo = (x2,y2). Téte oydel
Y1 = 2x1 KO Yo = 2Xp.
Mo kéBe a, b € R éxovue 611

avy + bvy = a(x1,y1) + b(x2, y2) = (ax1 + bxo, ay1 + by»).

Mo va etvow avy + bvy € Ws mpémer ayy + by, = 2(axy + bxo).
MNpd&ypott, amd Tic oXEoElS ¥1 = 2X7 KAl Yo = 2Xxp TPOKUTTEL OTL

ay; = 2axy xot by, = 2bxp.
MpooBétwvtag katd WwéAn éxoupe bTL
ay; + bys = 2(ax1 + bxz).

‘Apat, avy + bva € W3, Snhadt to Wi eivow vdxwpog tou (R?, +,-).
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© Emedd (0,0) ¢ Wa, apod 0 #2-0+ 1, émeton 6t Wi ev ivou
uméxwpog tou (R?), +, ).

© Mpoyavdg, Ws # ), opob (0,0) € Ws. ‘Ouwg to Ws Sev eivou
KAeLoTo wg Tpog TG Tpdelg + kow -, Mpdypatt, eved (1,1) € Wh
woyoel (—1)-(1,1) = (—1,-1) ¢ Ws. Apa to Ws Bev eivon
uméxwpog tou (R2, 4+, ).

O Mpoyavig, We # 0, apod (1,2) € We.
‘Eotw vi,vy € We. Téte umdpyouv A1, A2 € R dote v = A(1,2)
ko Vo = Ao(1,2).
Mo k&Be a, b € R éxovpe bTL

avy + bvy = a)\l(l, 2) + b)\z(]., 2) = (a)\l + b)\z)(]., 2) e Ws.

‘Apa, To Ws eivan udxwpog tou (R?, +, ).
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@ Mpoyavag, Wy # ), apod (1,2) € Wh.
‘BEotw vi,vo € W7, Tote umdpyouv a1, b1, ax, br € R cote
vi = a1(1,2) + b1(2,1), kou vo = ax(1,2) + b2(2,1).
Mo k&Be K, A € R éxoupe 611
KV1 + Avp = H(al(l, 2) + b1(2, 1))
= Ma2(1,2) + b2(2,1))
= (ka1 + Aa2)(1,2) + (kb1 + A\b2)(2,1) € Ws.
‘Apat, To W5 eivan umdxwpog tou (R?, +,-).
@ loybel 6t (0,0) ¢ Ws. Mpdypate, éxoupe bt
a(1,2) + (2,1) = (0,0)
1, LoodvvauaL,
(a+2,2a+1)=(0,0)
1, LoodOvoua,
a+2=0
2a4+1=0,
To omolo eivow adivato. Apa To Wy Sev sivaw umdyxwpog tou R2.
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Q loxvel 6w a(1,2) + (2,4) = a(1,2) + 2(1,2) = (a+2)(1, 2).
Eropévag, epyoaldpevol dttwe otnv mepittwon (6), sdkoho
TpokUTTEL 6TL To Wy elvart utdxwpog Tov (Rz, +,-).

@ To olvolo Wig Bev eiva kAewotd w¢ Tpog Tic Tpdielc + Kol -.
Mpoyavag, (1,1) € Wig ool |1] + [1] < 10, adh&

6-(1,1) = (6,6) ¢ Wio, apot |6| + |6] > 10. Apa, to Wig dev eivau
umdywpog tou (R?, +,-).
Amé Ta TponyoUpeva TapadelyorTal TTPOKUTITEL OTL OL [LOVOL YVHioloL
umdywpol Tou (R?, +, ) eivaw 1 apyt) twv a&bévawv, kabog ko dAeg ol
eubeiec Tov Buépyxovton amd tnv apx Twv agdvwv.
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‘Aocknon 7

Na eéetaotel mold ané ta mapakdtw ovvola eivatl véxwpoL Tov
mpa yratikol Siavuouatikol xopou (R34, -):
— 3.,2, 2 2
Wi = {(X17X27X3) eR IX] X+ x5 < 1}
Wsr = {(X1,X2,X3) & R3 t4x1 — 2x0 + X3 = O}

To undevikd otoixeio (0,0,0) tou R3 aviiker otow Wi, Wha, ool
0°+0%2+0°<1 ke 4-0—-2-0+0=0,

dpat Tow oGvora Wi, Wh eivor un kevd.

Nopatnpodpe 6t (0,0,1) € Wi, apod 02 + 02 +12 < 1, evdd

2(0,0,1) = (0,0,2) ¢ Wi, 86t 0% + 0% + 22 = 4 > 1. ‘Apa, T0 GUVONO
Wi Bev eivou kAelotd we poc TV PN - ko eTtopévwe Bev sivaul
umdywpog tou (R3, +, ).
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‘Eotw A, i € R3 kow (x1,x0,x3), (y1,y2,y3) € Wa. Térte, eivan
4x;1 —2x0 +x3 =0 kouw 4y; —2y> +y3 =0.

MoMamAaoidlovtac Tic 800 autéc Lodtnreg e A ko o avtioTolyel, Kot
mpoaBétovtac Tic LodTnTec OV TPokUTTTOVY, éTeTOn OTL

Adx1 — 2x2 + x3) + p(4y1 — 2y2 + y3) =0,

omdte
4(Ax1 + py1) — 2(Axo + pyo) + (Axs + py3) = 0,

KO ETCOMLEVWG
A(x1, X2, x3) + p(y1, 2, ¥3) =(Ax1 + py1, Axo + pys, Axz + pys) € Wo.

‘Apa, B&oe tng Mpdtaong 6, To Wh eivon umdywpog tou (R3, +, -).
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‘Aoknon 8

‘Eotw o mpa yuaTikés Siavuouatikés xapos (RR, 4 .), dmov R eivar to
obvolo twv ouvaptiicewv ané o R oto R kat o mpd Eeic +, - opifovrat
we e¢rig:

(f +8)(x) = f(x) + &(x) kar (Af)(x) = Af(x),
yia kdBe f,g € RF kat A € R. Na eéetaotei moid amé ta mapakdtw
obvoda eivat vmdywpor tov (RE, 4, -):

Wi = {f e R® : f napaywyiowun, }

W, ={f € RR : f TepLTTI]},

Ws = {f e RR: f(1) + 2f(2) + - -- 4 9f(9) = 10}.
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Emeudd, yio k&Be A, 1 € R ko f, g € RE, 1ox0eL

f, g mopoywyloweg (avt. mepttéc)

= A + ug mopoywylown (avt. meprrty),

émeton 6TL T oOvohar Wy, Wh eivou vdyxwpot tou (RE, +-).
AvtifBeta, To W3 dev sivaw utdxwpog, dLétL n undeviky ouvdptnom dev
oviikeL og auTd.
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Mpdéelc ypoupv

‘Eotw vi, va, ..., v, Slaviopata tov R” ke W =< vy, v, ..., vy, > 0
XOPOG OADV TWV YPOLIKOV CUVBUOLORAOV TWV V1, V2, ..., V.
Nopoctnpriote 4T

o av eval&oupe ta v;, v; 8ev adhalel o xwpog W.
o av moMamhactdooupe To v el A € R* 8ev adhdlel o xwpog W.
e av mpocbécoupe oto v; To Av; dev alNdlel o xdpog W

Me &M Aéyra, oL pd&elg Ypappdv dev alAdlovv tov xwpo W
TOV TAPAYOUV TA Vi, V2, ..., V.
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Mpdéelc ypoupv

‘Eotw An m X n pufitpo e YPOUUpEG T V1, V2, ..., V.
o KdBe pufitpa B mov eivai R-1.o080vaun pe tnv A dniadh A iy
TepLEXEL eTHONG YPOpLULEG TTOV Ttap&youv Tov YXwpo W.
o Ou pn pndevikég ypappéc pag (vroBobuiopévng) kApakwtic
MATPOC Elvall YPOUMIKAOG aveEdpTnTeC.
o Av AR B 6mov B sivau (urtoPoBuiopévn) kKhpokwth pitpa, téte oL
un undevikéc ypoupée Tne B etvou Bdom tov W.

@ H Sidotaiomn Tou Xwpou Tou Top&YOouV T V1, Vo, ..., Vpy LOOUTOL [LE
To TAH00C TWV [N UNSEVLK®OV YPAU®OVY TS R-1lo080vaung
kKApakwtic pitpog B (8nAadt eivau iom pe to rank tng A).
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4m AIANE=H
AIANTXZMATIKOI XQPOI

o Topq SLAVVOUOLTIKOV XOPWV
o ADpolool SLALVVOUOTIKOV XDP®WV
o [Nvépevo SLAVVOROLTIKOV XOPWV

0 OegpeAlDdbelg VTIOXWPOL LG WHTPOS
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Topn SLLVUOUATIKGV LVTTOYWPWV

H tour 800 1| Tteploodtepwv VTTOXDOPWV evOG SLLVUCLALTIKOU XWPOL elvort
UTtOX WPOG.

Yuykekpiéve, av Vi, Vs eivan utdyxwpol tou (V, 4+, ), téte Vi N V; eivon
umdxwpog tov (V, +,-).

Mpdyportt, emeldn) 0 € Vi ko 0 € V5, émeton 6tL 0 € Vi N V5, omtdte
VinV, #£ 0.

Av A\ € Rkauw x,y € V1N Vo, tote emedn) tae Vi, Vo elvon umtdywpot ko
X,y € Vi kou x,y € V,, émeto 6tL

AX+py € Vi ko Ax+ py € V.
Ométe, Ax + py € Vi N Vs ko odpgpwve pe tnv MNpdtaon 6, Emeton btu

V1NV, givow vrdxwpog tov (V, 4+, ).
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‘Eveon SLotVUoUATLKGV UTIOXOPWV

H évwon 8§00 1 teploodTepwv UTTOXWPWV €VOG SLALVUOUALTIKOU YXWPOV Sev
elvow ev yével utOXwPOG.

Yuykekpipéve, av Vi, Vo eivan utdxwpot tou (V, 4+, ), téte Vi U V, eivon
urtdxwpog tov (V,+,-) av ko pévo av Vi C Vo 4 Vo C V.

Mpdypatt, av Vi U Vs, elvou urdywpog tou (V,+, ) kow Vi & Vs, Ba
amodexBel 611 Vo C V4. ‘Eotw, x € V. Enedh Vi € Vo, B umdpyxel
ye Vi, pey ¢ Vo, Emeldf x,y € Vi U Vy, émeton du x+y € Vi U Vo,
ométe x+yece ViNx+ye Vo Avx+ye V), tote emeld) —x € V)
(apod x € Vy), émeton 6Ly = —x + (x +y) € V2, To omoio eivaw &tomo.
Apa, x +y & Vo, odte x +y € Vq kou emedn) —y € Vi (ool y € V1),
émetaw 6t x = (x +y) + (—y) € Vi. Apa, Vo C V.
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‘ABpolopar SLAVUOOLTLKGV LVTTOXWPWV

To &Bpolopa 500 1 TeploodTEPwV VTLOXWPWVY EVOS SLOLVUCHALTLKOU XWOPOU

elvou uTtdXWPOG.

Yuykekpéve, av Vi, V5 eivan vrtdxwpot tov (V, +, ), téte To obvolo
i+ V= {Xl +x2:x3 € Vi, % € Vz}

ovopdletan &Bpolopa twv voxwpwv Vi, Vo ko elvor vtdyxwpog tou

(V,+,).

Mpdypartt, emed 0 € Vi ko 0 € Vo, émeton 61 0 =0+ 0 € Vi + V>,
ométe Vi + Vo # (0. EmmAéov, av A\, 1 € R kow x,y € Vi + V5, téte

X =X + X2 KAL Y = Yy; + Y2, OTov X1,y1 € Vi kot Xp,y2 € VL. Emeldn ou
Vi, Vo elvon utdyxwpot, €meton 6tL

Ax1 +py1 € Vi KOLL AXo + pys € Vo.
Tote Opwe, emeld
AX + py = A(x1 +x2) + p(y1 +y2) = (Ax1 + py1) + (Ax2 + py2) € Vi + Vo

kol oUppwve pe tnv lNpdtoon 6, émeton otL Vi + Vo etvou umtdywpog.
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ABpoLopal BLOVUOUATIKOV LTTOX DPWV

> nuetdvoupe 6tL Vi U Vo C Vi + Vs, J

Mpdyportt, emedn yiow k&be x € Vi woxlet dtu x =x+0 € Vy + Vs,
émeton 6tL V1 C Vi + Vo

Opoiwe amodeikvoeton étL Vo C Vi + Vo, omtdte Tehikd

ViuVo, CVy+ Vo
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

MNpdtoom
Av (V,+,) eivou évag emepaopévng Sldotaong un pndevikdeg
TPXLYLOTLKOG SLotvuopoTikog Xwpog ko Vi, V5 800 uttdyxwpol tov, téte
LOY V0LV TOl TLOLPOLKALTW:
(I) Vi€ Vo =dimV; <dim V.
EmumAéov, av Vi C Vs, téte dim V4 = dim V5 av kow pévo av
Vi = VW,
(i) dim(Vh + Vo) =dim V4 +dim V, —dim(V; N Va).
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Epappoy 3
Aitvovtol ot Staevuoportikol utdxwpot Vi, Vo Tou Tpoypatikou
Slocvuopatikol xdpov (R3, +, ), e

Vi={(x,y,2) ER¥: x+y+2z=0}
sz{(X,y,Z)ER?)ZX:y}.

No BpeBoiv oL Slaotdoelc Twv VTtoXWpwV

Vi,Vo,Vin Vo, Vi + Vs

ko vau atodetyBel 6t V4 + Vo = R3.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Av v =(x,y,z) € Vi, tdte eivou
X+y+z=0&x=—y—z,
omote
v=(-y—2zy,z)=(-y,y,0)+(-2z,0,z) = y(-1,1,0) + z(—1,0,1).

Apa, Vi =< (—1,1,0), (- 1,0 1) >
ErumAéov, T (—1,1,0),(—1,0,1) eivon ypoppikddg ave&dptnror, SLdtL yiow
A, € R etvor

A(—=1,1,0) + u(—1,0,1) = (0,0,0)
=(=A— A u)=(0,0,0) = A= p=0.

‘Apa o obvoro {(—1,1,0),(—1,0,—1)} amotedei o Bdon tou Vi kou
ovveTtog dim Vq = 2.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

o tov utdxwpo Vo €xouue

v=(x,y,z) € Vo & v=(x,x,2)
v =x(1,1,0) + 2(0,0,1).

apa, Vo =< (1,1,0),(0,0,1) >.

ErumAéov, ta (1,1,0),(0,0,1) eivow yporppkadg avedptnroe, SLdtL yiow
A, € R etvort

A(1,1,0) + 1(0,0,1) = (0,0,0) = (A, A\, 1) = (0,0,0)
= A=pu=0.

‘Apa to obvoro {(1,1,0),(0,0,1)} amotelel pa Pdon tou Vo ko
ovvertog dim Vo = 2.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Mo tov vmdxwpo Vi N Vo, av v = (x,y,z) € R3, ox0eL 611

IS eV = —X—-
VEV]_ﬂV2<:> (XyZ) ! 54 z XY
(X,y,Z)EVQ X=Yy

—2
@{Z Y av=(y.-2y) ev=y(1,1-2)
x=y

Apa, V4N Vo =< (1,1,-2) > kou emopévwg to ovvoro {(1,1,—2)}
arotelel o Pdon tov Vi N Vo, Apa, dim(Vi N V) = 1.
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Bdomn ko Sidotoon SLaevuopatikod Ywpov

Emumhéov, and tnv wponyolduevn Mpbtoon mpokimtel éTL

dim(V4 + Vo) =dim V; 4+ dim V, — dim(V1 N V,)
=242—-1=3.

TéNog, emedf o Vi + V> eiva umtdyxwpog Tou SLatvuopatikod Xwpov
(R?” =+, ) Ko
dim(V4 + V) = dimR3 = 3,

amd v Tponyolpevy Mpdraon wpokimrel étu Vi + Vo = R3.
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[lvOUEVO SLAVUCLATIKDV XWPWV

Av (Vi,+,-), (Vo,+,), ..., (Vi +,9),  n > 2, elvan Tporypactikol
Stavuopatikol ywpot, téte oto cbvoro V = Vi X Vo X -+ X V,,
opilovtou oL pd&elc

(XlaX27---7xn)+(YI7Y2a~~~aYn) - (X1+YI,X2+Y27~--7xn+Yn)

KO
A(X1,X2, ..., Xp) = (AX1, AX2, ..., AXp),

émov A € R kou x;,y; € V;, yia kéBe i € [n].

Amodeikvietan 6t m Sopn (V, +, ) eivaw mparyportikdg Stowvuoportikde
X0poc, o omoiog ovopdleTol SLLVUCILOLTIKOG XDPOG YIVOUEVO TWV
Srovvopatikav xopwv (Vi, +,-), i € [n].
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[lvOUEVO SLAVUCLATIKDV XWPWV

Mpdtaon 8

[a Tov Stavuouatikd xwpo ywiuevo (V x W, +,-), 8o Stavvouatikdv
xopwv (V,+,-) kat (W, +,-) menepaouévne Stdotaong, toxvet o Tomoc

dim(V x W) =dim V +dim W.
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[lvOUEVO SLAVUCLATIKDV XWPWV

MNpdyportt, av
{X]_,X2, s 7Xn} Ko {Y1,Y2, cee 7ym}

elvau Bdoeig Twv xopwv (V,+, ) kou (W, +,-) avtiotoya, tdte edkola
atmodelkvieTal 6TL To oOVOAO

S= {(Xl,O), (X27 0)7 B (Xm 0)7 (OaY1),(0,Y2)a cey (Ovym)}
eivou Baon tov (V x W, +, ), omdte
dim(Vx W)=|S|=n+m=dimV +dimW.

[NevikdTepal, ATOSELKVIETOL ETALYWYLKA O TUTIOG

dim(Vy x Vo x -+ x V) =dim Vi +dim Vo + - - + dim V. J
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OeueAddelc UTOXWPOL [LOC PATPOLC

Y e k&Be m x n pftpar A opilovtan ol Topokdtw 4 BepeAicddeic
Stavuopatikol ytoxwpol tov R™ ko R,

o Xwpog twv ypoppdv tg A: row(A) 1 r(A).
Etvow To ohvolo 6AwV TwV YPOUULKDOV CUVEVOLOUMV TWV Y P OOV
Rl, R2, PENN Rm ™m¢ A.

I‘OW(A) =< Ry,R,...,Ryn >C R"

Eivow vmtdxwpog tou R”.

o Xwpog twv oTtnA®dv tng A: col(A) 4 c(A).
Etvow To ohvolo SAwv Twv Ypapuk®v cuvduoou®v tTwv otniov Gy,
G, ..., G, ¢ A

col(A) =< G, G, ..., C, >CR™
Eivowr vtoxwpog tou R™.
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OeueAddelc UTOXWPOL [LOC PATPOLC

o Mndevoxmpog 1 muprvag tng A: null(A) 1 ker(A).
Eivaw to obvoro dhwv Twv davuopudtwy X € R” ~ M1 yio to

oTola
A X = 0
e e N
mxn nx1 mx1

Av X, Y € null(A) téte kX + AY € null(A) apod
AKX + AY) = kAX + AAY =0+ 0 = O.

Eivow vmtdxwpog tou R”.
o Apiotepdg pndevox®pog 1 Tuprvag tng A: leftnull(A).
Etvow to ohvoro 6Awv Ttwv Stavvopdtwv X € R™ ~ My, o ta

omola
X A =0
NN
Ixm mxn 1xn

Eivorr vtoxwpog tou R™.

Egoappoopévn dAyeBpo Avaxvuopotikol xdpot 2022 — 2023 107 / 109



OeueAddelc UTOXWPOL [LOC PATPOLC

Ou 4 Bepelmddel xwpol Tng witpag A ouvdéovtal pe ToAoUG TpdTOUG.
" otutoUg Lo bouv oL TTapakdTw L8LOTNTEG:
@ Ou mpdielg Ypappov dev HeTtafAANOUVY TOV XMPO TOU TALPALYOUV OL
YPoppéG pLoe m X n pitpog A. Apa, av A g B, téte
row(A) = row(B).
@ O SLoloTdoELg TWV XOPWVY TWV YPOUUMOV Kol OTNAGV TG witpag A
etvou loec.
dimrow(A) = dimcol(A) = rank(A) (< min{m, n})
o (Oepehddec Oedpnpo Mpopptkig AlyePpacg) Av n A éxel
Slocotdoeic m X n toTE
dimrow(A) +dimnull(A) = n
rank n—rank

dim col(A) + dim leftnull(A) = m

rank m—rank
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OeueAddelc UTOXWPOL [LOC PATPOLC

Ou 4 Bepeldde xwpor tne witpag A ouvvbéovton pe ToAolg TpdTOUG.
[ otutoUg Lo VoUV OL TTALPAKATW LBLOTTTEG:

@ Av m = n téte

Mpoppéc ko YthAec

Mpoppikdc AveZdptnrec & rank(A) = n < det(A) #0

o Av m # n téte
oL ypoupéc N oL oTHAec elvar otyoupal Ypouupkae e€aptnuévec
(avédoyo pe to av m < nHh m > n).
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