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Awvicétnta Cauchy - Schwarz

Norm &iavvopdatwv

wvia Stavvopdtev
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

‘Eotw V = (V,+, R) évog Tpayportikdg SLotvuoportikdg Xmpog Ko
() Vx VR
H amekdvion () ovopdleton ecwTeplkd Yvopévo emi touv V av ko pudvo
av yio k&Be x,y,z € V ko v kéBe a € R oxdel 6T
QO (x,x) >0,
x)=0&x=0,

Q (x
@ (x,y) = (y,x),
Q@ (ax+y,z) =a(x,z) + (y,z).
2 TNV TEPITTWON LUTH EXOVUE €Vl TPOLYHOLTLKS SLOLVUOLOLTLKSG Y DpO
pe £0WTEPLKS YVOUEVO Kou Ypdypoupe (V, +, g, ().
Av eTunthéov, o V eivou Temepoopévng dLdotaong, o Sltovuopatikdg
xopoc Aéyetau EvkAeidelog xdpog.
Mepikég popéc avti yia (X,y) xpnouysomoteiton ko 0 cupPfolopde x - .
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mopaderypa 1
Mo tov Stavuopatikd xdpo (R7 4+, r) n anewdwion () : R” x R” — R
étou yia k&Be x,y € R” pe x = (x1,x2,...,%,) Ko Y = (y1,¥2,- -, ¥n)
optloupe

(%,y) = xay1 + xay2 + - + Xn¥n
slval éval eowtepLkd Ywopevo Tou Aéyeto oOvnbeg eowTeplkd
Twopevo etii Tov R.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mpdypott, éotw X = (X1,...,%n), Y = (V1,---,¥n), 2= (21,...,2n) Ko
a € R. Tore,

o
(X,X) = x1x1 +  Xpxp = X2 4+ -+ x2 > 0.

2]

X,x) =0 x2+---+x2=0
Sxp=--=x,=0
< x=(0,0,...,0).
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

(3]

(x,¥) = x1y1 + xay2 + * + Xn¥n
=y1x1 tYoXo + -+ YnXp
=(x,y).

Qo

(ax+y,2) = (alxt; - xn) + (1, -, ¥n) (21, -+, 2n))
((axt, ..y axp) +(y1,-- -5 ¥n), (21, -+, Zn))
((ax1 + y1,--.,axn + Yn), (21, .., 2n))

= (axl + Y1)Zl +-+ (aXn + Yn)zn

ax1zy + -+ axXpZp + Y121 + -+ YnZn
a(x1z1 + -+ Xxnzp) + (121 + - + Ynzn)
a(x,z) +(y,z).
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mapotnpnoelg:
Q O mapamdve Stoevvopatikds xwpog eivaw Eukdeidetog, opol
dimR" = n kou 1 amewkdvion () opilel ecwtepkd ywduevo eTi Tov
R".
@ ‘Eoww A = [aj] € Myxn, B =[bjj] € Mpxm k. C = [c;j] = AB.
n

‘Omwe givaw Yvwato, cj = > ajy - byj.

A=1
Ou ypapupéc tnc A: Ry, Ry, ..., Rk kaw ou othhec e B: G, G, ...,
Cn wmopouv va Bewpnbolv otoiyeioe Tov R”,

ométe ¢j = (R;, Cj), 6mov ( ) o obvnbeg ecwtepikd ywdpevo tov R”.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Y tov Stavuopatikd xwpo (R3, 4, ) pe to ouviBeg eowtepikd ywoduevo
() : R3 x R® — R éxoupe
((x1,x2,x3), (Y1, ¥2,¥3)) = xay1 + xay2 + x3y3.
‘Etou,
o ((2,1,-2),(~3,1,0)) = —6+1+0= 5.
o ((1,2,3),(4,5,6)) =4+ 10+ 18 = 32,
e Eoww x=(—1,2,-1),y=(2,2,0), z= (-5,-1,2). Téte

(3x+vy,z) = (3(-1,2,-1) + (2,2,0),(—5,—1,2))
= ((—3,6,—-3) +(2,2,0),(-5,—1,2))
=((-1,8,-3),(-5,-1,2)) =5—-8—-6=—9

3(x,2) + (y,z) = 3((—1,2,—1),(=5,-1,2)) + ((2,2,0), (—5,—1,2))
=35-2-2)+(-10-240)=3-1-12= -9,

(emoAnBevovtag Tnv 8téTNTAL 4 TOu OPLOOV).
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mopaderypo 2

‘Eotw (V,+,) 0 TporypattikdG SLALVUOHOLTIKOG XDPOG TWV TUVEXQV
ouvvaptioewv Tov opilovton oto [a, b], a < b. H amekbévion

<>: V? 5 R yio Tnv ool

b
(f,g) :/ f(x)g(x)dx, vy xdde f,g e V
a

elvall éval e0WTEPLKO YLVOMEVO €Tl Tou V.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mpdypartt, ¢otw f,g,h € V ko A € R. Tére
b b
Q (f,f)= / F2(x)dx > / 0dx = 0.
a a
b 2 f ocuvexrc
) (f,f>:0<:>/ £2(x)dx = 0 " "2 £ _ g,
a

b b
9 (f.q) = / F(x)g(x)dx = / g(x)F(x)dx = (g, 7).
Qo

b
OF + o) = [ (W) + g0x)hlx)de

b b
Y / F(x)h(x) + / £(x)h(x)dx
=A<f,h>+<g,h>

O Buavvopatikde xwpog V dev eiva Eukeidelog.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

MNopdderypor 3

‘Eotw (M, +,-) 0 Ttpayportikdg SLovuopotikdg Xmpog Twv n X n
pntpdv. H amewkdwion () : M, x M, — R ywa tnv omoia

(A, B) = tr(ABY)

stvaul éval eowteplkd ywopevo ettt Tov M,,.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mpdypatt, éotw A, B,C € M,. Av R, R>,..., R, eivaw oL ypappéc g
witpog A kaw Ry, R), ..., R}, ou ypoyupég tne pitpog B téte, dmwg
avapépbnke oe mponyoluevn Tapatipnon, av Bewphoouue 6TL
Ri, R € R" ywa k&Be i € [n] téte

o

(A A) = tr(AAY) = (R1, Ry) + (Ro, Ro) + - + (R, Ry) > 0,

émov (R;, R;) eivouw to odvnBeg eowtepikd ywodpevo tov (R7 +,-),
Yo to omoio yvwpiloupe 6Tl yia k&Be x € R” givon (x,x) > 0.

Q
(A,A>:0<:>(Rl,Rl>+<R2,R2>+"'+<Rn,Rn>:0
& (R, R1) = (R2, R2) = -+ = (Rp, Ry) =0
<:>R]_:R2:"':Rn:(070,...70)ERH
<:>A:On><n.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

o

(A, B) = t(ABY)
= (R1, R1) + (Ra, Ry) + -+ + (Rn, Rp)
= (Ri,R1) + (Rp Ro) + -+ + (R, Ra)
= tr(BA") = (B, A).

Q@ Eotw A € R. Tbére,

(MA+ B, C) = tr((AM + B)CY)
— tr(MAC® + BCY)
= tr(AAC?) + tr(BC")
= Mr(ACY) + tr(BCY)
= XA, C) + (B, C).

O Swavuopatikdg xwpog M, eivan Euvkdeidelog, apotd dim(M,) = n.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

MNpétoon 1

Eotw V = (V,+,) évac mpayuatikéc Slavuouatikés XWpog e
eowteptkd ywouevo (). Tore,

(ax,y) = (x,ay) = a(x,y).

(ax, ay) = a% (x,y).

(0,x) = (x,0) = 0.

x# 0 < (x,x) > 0.

(ax + by,z) = a(x,z) + b(y,z).

(@a1x1 + -+ anXn,y) = a1 (x1,y) + -+ + an (Xn,y).
(x,ay + bz) = a(x,y) + b(x,z).

(ax + by, ax + by) = a2 (x,x) + 2ab (x,y) + b (y,y).

© 0000O0O0O0

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 13 /185



ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mpétoon 2 (ouvéxeia)

o <Z apXp; D bqu> = apbq (Xp, ¥q)-
pe[n] qe[m] (psq)€ln]x[m]

@ (x,y) =0« (ax, by) = 0.

(X, y> — O g <ax,y) = O'
(x,y) =0« (x,ay) =0.
@ (x,2) = < z) & (x—y,z) =0
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

(Mo to ouvnBeg eowtepikd ywoépevo oto R3)

@ loxbe 6T
(2(17 2, 3)7 (_17 -1, 5)> = <(27 4, 6)7 (_17 -1, 5)> = (_2) + (_4) +30 =
KOL

2((1,2,3),(=1,-1,5)) = 2((—1) + (-2) + 15) = 212 = 24,

(emoAnBevovtag Ty WéTnTar 1).

@ loxvbel 6T

(2(1,3,5),2(1,3,5)) = 4((1,3,5),(1,3,5)),
(emoAnBevovtag Ty WBéTnTaL 2).
Mpaypoctt,
2(1,3,5),2(1,3,5) =((2,6,10),(2,6,10)) = 4 + 36 + 100 = 140,
Ko
4((1,3,5),(1,3,5)) = 4(4 + 9 + 25) = 4 - 35 = 140.
© loxbel 6T
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mpétoon 3 (Avieétnta Cauchy - Schwarz)
‘Eotw (V,+,-) évac mpayuatikds 1a vVUOUATIKOS XWDPOS [LE ECWTEPLKS

ywéuevo (). Tére,
|<X’y>‘ < v <X?X> "V <y?y>

émov |a| eivar n ambéAvrn Tyur Tov a. H wodétnra toxvel pwévo av ta X,y
elva ypauuikac eEaptnuéva.

MNapatipnon: H avicdétnta Cauchy - Schwarz Bewpeitan arnd tig o
onuovtikéc aviodtnteg. Me tn PoriBeld tne, propolv va aodetyBodv
TOANéC dAAeC aviodTnTEC.
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Mopaderypa

Mo k&Be X1, X0, ..., Xn, Y1, V2, - -, ¥n € R 1oxleL 611

Cayit -+ xnyn)’ SO+ +x)E + -+ 7).

ATtddelln. Ttov R"” pe to ovvnbec sowtepikd yvduevo, ov
X = (X1,X2,...,Xn) KoL Y = (y1,¥2,...,Yn), TOTE £XOUpE OTL

n
(X,¥) =xay1+ o+ Xnyn = D XV
k=1

1
n 2
(x,x) = /X2 4 +x2 = (Zxﬁ)

<
<
I
o
+
_|_
%o
I
-~
(]
o
~
SIS
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ALVUOPOTLKOL XWPOL e ECWTEPLKS YIVOUEVO

Emopévwg,

N =

n n % n
3| < (z) (z) 7
k=1 k=1 k=1

1, Llooduvapa, vPovovTac oTo TETPAYWVO,

(ayi+ -+ xayn)? SO+ + X305 + -+ ¥7).
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Epappoyn tne avicétntog C-S
Now SeuxBel 6T yio k&Be a, b € R woxveL 6t a% + b? + (1 — a — b)? > % J

NVoon Atd tnv mponyoluevn aviodtnTa Yyl x; = a, xp = b,

x3=1—a—bkouwy; =1, yp =1 ko y3 =1 1oxVeL 6T

(@ 1+4b-14+(1—a—b) 1)< (P+b>+(1—a—b)?) (12 +1%2+1?)
12 <(P+b+(1-a—b)?)-3

1

g§32+b2+(1—a—b)2

H wétnta toxver av ko pdvo av ta Stovoopata (a, b, 1 — a — b) kow
(1,1,1) eivou ypoppukds e€aptnuéva, dnAadh étov a = b
=1—a— b= Xy kdmowo A € R, emopévwg

1
A=1-A- A& A= 3
&po, M odtnTa Loxvel étav a = b = % MNpdypatt, Loxel 6t

1 1(1)1(1_1_1)2_1
3 3 3 3) 3
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Epappoyn tne avicétntog C-S
Now Bpebet m eNdixiotn Tyuh Tng Tapdotoong

(x+1)> 4+ (y — 2)® + (2x + 3y — 8)?

Noon Av tebel x = (x + 1,y — 2,2x + 3y — 8) téte
(x,%) = (x + 1)* + (y — 2)* + (2x + 3y — 8)*.

Mpokelévou va epappdooupe Thv Tpomyolpevn 8éo avalntoldue
Sidvuopa y = (c1, ¢, c3) € R3\ {0} étor dote n mapdotaon M émov:

M= <X7y> = <(X + 1’y - 272X + 3y - 8)7 (Cla @, C3)>
=cal(x+1)+ a(y —2)+ a(2x+ 3y — 8)
VoL Unv TepLéxel x ko y. loyvel 6t

M= (c+2c)x+ (c2+3c3)y +c— 2, — 8cs.

c1+2c3=0 N 1= —2c
o +3c3=0 o= -3¢
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Apa, av eThéEoupe yia TapdSerypa c3 = —1 éxouvpe 6tL ¢ = 2, ¢ = 3,
y=1(2,3,-1)kauM=2-2-3-8-(-1) =4
Mot Stavdopoata x = (x + 1,y —2,2x +3y — 8) kow y = (2,3, —1) amd
v avicdtnta Cauchy - Schwarz mpokdmeer 6t

(x,y)2 < (x,x) (y,y) &
2x+1) +3(y —2) + (—-1)(2x +3y — 8))* <
((x+ 12+ (y — 2> + (2x+ 3y — 8)*)(2° + 32 + (1))
1, Loodvvaoa

42 < ((x+1)2+(y -2+ (2x+3y —8)?) - 14

apo,
16
(x+1)%+(y —2)* + (2x +3y — 8)* > T
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H woétnta toxdel av ko wévo av tal Staviopata
x=(x+1y—2,2x+3y —8) kow y = (2,3, —1) eivorr ypOoppLIKOG
e€aptnpéva, dnhadh dtav x = Ny, yia kdmowo A € R, dnladt

x+1=2\

y—2=3\

2x+3y —8=(-1)A
omdte

4=(x,y) = (Ay,y) = A{y,y) = 147

ETIOUEVWC A = ﬁ &pa
6 4%
100 Y1

Toue (x+ 12 = (2 8)7, (¥ =22 = (3- ), (2x+ 3y — 8 = ()’
KoL

X =—

824+12°+4> 644144416 16
142 - 142 14
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ALotVUoPOTLKOL XWPOL e norm

‘Eotw V = (V,+, R) évog Tpayportikdg SLotvuoportikdg Xmpog Ko

I:V—=R.
H amewdvion || || Myetow norm (4 pkog) emi tov V av ko pévo av o
k&Be x,y € V kou yiow k&Be a € R woxveL 611

Q x| =0,

Q |x|=0&x=0,
Q [x+yl < x|+
Q [lax|| = [a] [[x]I
O pn apvntikde, Tparypotikdg optBude ||x|| ovopdletow norm (1 pikog)
Tov SLOLVOOMOLTOG X.
To (V, ] ||) Myetou TpatyhottikdG SLOLVUOROLTIKOG XDPOG e norm.

lyll (tprywvikn oviodtntar),
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ALotVUoPOTLKOL XWPOL e norm

Mopdderypor 1

H amewoévion || || : R" — R émov, av x = (X, ..., X,), TOTE

X[l = Pxaf 4 - -+ |xal

givaw e norm et tov (R7, +,-).
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ALotVUoPOTLKOL XWPOL e norm

Mpdypott, v X = (X1,...,X%n), Y = (V1,- -, Y¥n), TOTE
o
X[l = [xa| 4 -+ + |xn| = 0.
(2
X[ =0 x|+ + x| =0
Sxp=--=x,=0
< x=(0,...,0)=0.
(s

Ix+yll = (x4 y1,- -, xa + ya)ll
=|x1+y1|+ -+ X0+ yal
< Pl + il + -+ |xal + [ynl
= (Pal+-+[xal) + (vl + -+ [yal)
= [Ix[| + [yl -
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ALotVUoPOTLKOL XWPOL e norm

llax|| = [la(xt, ..., xn)[| = [[(ax1, ..., axn)]]
= |axy| + -+ + axa| = |a| xa| 4 - + |a] | xn]
= lal (x| + -+ |xal) = [al [Ix] -
Mopatipnon: H norm awt ovopdleton 1-norm ko cuvifuwg

ovuPorileton pe || ||;. Mpopavade, autd To Tapdderypa yiow n =1
aodelkviel 4Tl M adAutn T eiva norm oto R.
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ALotVUoPOTLKOL XWPOL e norm

MNopdderypo 2

H amewoévion || || : R" — R émov, av x = (X, ..., X,), TOTE

[[x[] = max{|xc|, ..., xal}

eivaw e norm et tov (R7, +,-).
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ALotVUoPOTLKOL XWPOL e norm

Mpdypott, v X = (X1,...,X%n), Y = (V1,- -, Y¥n), TOTE
o
IIx|| = max{|x1|,...,|xnl} > 0.
(2]
IIx|| =0 < max{|x1|,...,|xn|} =0
Sx|=-=|x]=0

< x=(0,...,0)=0.

Ix +yll = 1(x1 + y1, s X0+ ya)l

= max{|x1 + y1|, -+, |[xa + ynl}
max{|x1| + |ya|, -, [Xn| + |ynl}
max{|x1|,...,|xn|} + max{|y1],...,|yal}
= [Ix[[ + [yl -
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ALotVUoPOTLKOL XWPOL e norm

(%]
lax|| = flaCx, -, xn)]
= ||(ax1,...,axn)||
= max{|axi|, -, |axn|}
= max{lal x|, + |al [xa}
= [almax{x1|,---, xal}
= [al [l -

Moportipnon: H norm awuth ovopdleton max norm ko cuvhdwg

oupBohriCeton pe || ||

Egoappoopévn dAyeBpo

Ecwtepikd ywduevo
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ALotVUoPOTLKOL XWPOL e norm

MNopdderypo 3
Amodeikvietan (&oknon) 6t n amekdvion || || : R” — R émov, av
X = (X1, X2,...,Xpn), TOTE

1
x| = (x1|P + |xalP + - + |xal?) P

émov p € N* givow o norm emi tov (R, 4, -), n omoio ovopdleton
p-norm ko ovuPoAiCeton pe || || ,.
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ALotVUoPOTLKOL XWPOL e norm

Mopaderypo 4
H amewédvion || || : V — R 6mov (V,+, ) To odvoro twv cuvexodv
ouvvoptioewv Tov opilovtou? oto [a, b] ko av F € V tdte

Il = max{|f(x)| : x € [a, b]},

elvor pow norm emi tov V.

*'Ké&Be ouvextfic ouvdptnon opiopévn oe kKAeloTd Sidotnuo eivo @porypév.
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ALotVUoPOTLKOL XWPOL e norm

Mpdypart, av f, g € V téte

(1]
If]] = max{|f(x)| : x € [a, b]} > 0.
Q
Ifll = 0 < max{|f(x)|: x € [a,b]} =0
< |f(x)] = 0 v x&de x € [a, b]
& f(x) = 0y xdde x € [a, b].
(3]

1 + gl = max{[f(x) + g(x)| : x € [a, b]}
< max{|f(x)| + |g(x)| : x € [a, b]}
< max{|f(x)| : x € [a, b]} + max{|g(x)| : x € [a, b]}
= Ifll + gl -
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ALotVUoPOTLKOL XWPOL e norm

o
||af || = max{|af(x)| : x € [a, b]}
= max{|a| [f(x)| : x € [a, b]}
= |a| max{|f(x)| : x € [a, b]}

= [al ]
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ALotVUoPOTLKOL XWPOL e norm

Mo g norm gdkoAal ATodekvioVTaL OL TIOLPOKETK LBLdTNTEG:
MNpétaon 4

‘Eotw V = (V,+, F) évac mpayuatikéc Stavuouatikés XWpog (e norm.
Tére,

Q [0 =o0.
Q@ x#A0< |x]| >0.
Q [[—x| =[xl

Q x1+x2+ -+ xall < [xall + lIx2ll + - + |Ixall
© | [Ixl =iyl | < llx+yll.
Q | [Ix|| iyl | < llx —yll.
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ALotVUoPOTLKOL XWPOL e norm

Moportipnon: Emeds opilovton téoec ToAAéc norm ot éva
Slovuopatikd xopo V (v apddetypo otov R” opilovton dtmelpeg to
TA8o¢ norm) tibetou To epdTNHA KATA OGOV OL BLALPOPETIKEG Norm
elvo oupPatéc petald touc. To embduevo amotéeopa pog eEaoparilel
6TL og éval BLovuopotikd X0Opo Temepaopévng didotoomng dAeg oL norm
elvor kaLtd kAToLo TPOTO LoOBUVALEG.

Mpdtaon 5

Av || I, kat || ||, eivat 860 norm oe éva Siavvopatiké xwpo
nemepa opévne Stdotaong, téte urtdpyouvv otaBepéc m, M € R tétolec
wote yia kdBe x € R" va woxvet 6t

m[x[|, < [|x[l, < Ml
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Ecwtepikd yvopevo kol norm

Y TOl TIPONYOUMEVAL, TO ECWTEPLKS YIWOREVO KAl 1 norm opiaBnkaly
aveldptnra petadd Tovc. Mapakdtw Bo Sodue éva ‘@uolkd’” Tpdmo vau
oplooupe pLoe norm o€ éval SLALVUOUALTIKG XWPO e ECWTEPLKS YWOUEVO.

‘Eotw V = (V,+, ) évog mpaypotikde 8.X. pe eowteptkd Ywdpevo ().
Mo k&Be x € V opiloupe

X[ = v/ (%, %).

H amewdvion || || V — R eiva pae norm emi tov V.
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Ecwtepikd yvopevo kol norm

Mpdypott, yia kébe x,y € V woxbel 6T
Q x| = /(x,x) = 0.
Q x| =0 /(x,x) =0 (x,x) =0 x=0.
© [x+yl=Vx+yx+y) =/xx)+2xy) +{yy =

VR 42 (x,y) + Y

< VD 12100+ VY <

VX + 200y y) + Vv

- J (VB + V) = Vo) + /5] = il + Dyl
O laxl| = /(% ax) = /& (x,%) = |al /B, %) = |a| ]|

(Mpogavic, toxvel 6T ||x||? = (x,x).)

Moportipnon: Lta emwdpeva, av dev avapépeton SLopopstikd, Ba
XpNoLLoToLe{Tal 0 TAPATAV® OPLOROS TNG Norm YL ToL otolyelol evog
Slovuopatikov xopov (V, ().
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Ecwtepikd yvopevo kol norm

Ané tnv MNpdtaon 3 mpokimret o pope tne aviodtntog Cauchy -
Schwarz, n omolat ouvdéel e0wTEPLKS YVOUEVO KOL NOrM SLOLVUCUALTWV.

Mpétoon 6 (Awoédtntoe Cauchy - Schwarz (21 ekdox))
[a kdOe x,y € V woxver 6Tt

[0 < [Ix[]- iyl

H woétnta toxVel pévo av ta Saviouata X,y €ival ypa UKo
elapTnuéva.
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[wviat SLLVUOUATWY

‘Eotw o EukAeidetog xhdpog (V, () ko x,y # 0. Téte, agpo

X,y
[, y) | < x| [yl & 1 < <” H> <1,

x|yl —

urtdpyet O € [0, 7], tétolo wote

(x,y)
x| Iy

cosf =

O apBudc 0 ovopdleton YVIoL TwV SLOLVUCUATWY X, Y KoL TO TNAIKO
autd ovopdletol ouVNRitovo TG YWVIoG TWV X, Y.
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[wviat SLLVUOUATWY

Mopaderypa 1
Mo x =(1,1,4) kw y = (2,7,7) eivow
1,1,4),(2
oy (1.1,9)..7.7)
\/<(1, 1,4),(1,1,4)) \/<(2, 7,7),(2,7,7))
B 1-241-74+4-7
VIZ 4124+ 42/22 + 72 + 72

37
6\/—
omédte @ = arccos ! ~_"T T
N 651 5943~ 6

40 /185
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[wviat SLLVUOUATWY

Mopaderypo 2
Mo x = (1,-1,2) kaw y = (2,6,2) eivou

((1,-1,2),(2,6,2))
\/<(17_172)7(17_172)>\/<(27672)7(27672)>
1. 2+( 1).-6+2-2
\/12 )2 4 221/22 462 + 22

cos ) =

:ﬁm

omédte @ = arccos0 =

S
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[wviat SLLVUOUATWY

M1tpa Spwv — eYYPAPwWV

‘Eotw 6t éxoupe pat ouloy! attd n éyypapa keyévov Dy, Ds, ..., D,
otV omola TpdkelTow vor kdvoupe opketéc avalntioelc pe Aédeig
kAewdid (keywords) % 6poug (terms). ‘Evog khowookdg TpdTog yow va
awgfoovpe TNV ToXOTNTR Twv avalnThoewy eival vow kdvoupe
TpoeTedepyaoiot TV eYYPAPWV Kol VoL YTLAEOVUE pLal IATPAL SpwV —
eYYpApwv (term-by-document) D 1 omoia éxel Siotdoeig m x n, dmov
m eiva 0 aplBudc Twv SLopopeTikdv Aé€ewv KAeLBLOV 1| bpwv, otV
omolo To otoiyeio tNg i-ypoupic ko j-oThANG elvo o aplBude Twv
eppavicewv Tov 6pov t; ato £yypayo D;.
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[wviat SLLVUOUATWY

‘Etot, yia topddetypo o ot ouAhoyn pe 9 éyypawa Dy, Do, ..., Dg
yioe TV omola pag evBlopépel n avallfTnoT pe Aé&eic kKAeldLd Tou
KTopoUv va eTAeyoUv petall 5 dpwv t1, b, t3, ta, t5 dnuovpyiOnke 7
TOPOKATW PNTPA SpwV - £YYPAPWV:

Di Dy D3 Di Ds D¢ Dy Dg Dy
tp| 1 1 2 0 1 0 1 0 1
D— tb| O 1 0 1 0 1 1 0 O
3| 0 2 0 2 0 1 0 1 1
ta | 1 0 1 0 1 0 2 1 0
ts | 1 2 1 0 O 1 0 0 1

(ZToppwve pe v witpa D, to éyypopo D3 mepiéxel 8o eppavioelg tou
Opov t1, KOLOL ELPAVLOT TWV SpwV By, t3 KOL AT ULOL ELPAVLOT TWV
bpwv tg, t3.)

Av vntoBéooupe dtL avalnToldue Toug dpouc tr KoL ta KO ty TLOLO
éyypopo amd ta 9 tauptdlel kaditepa otV avallHTNoT Hog;
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[wviat SLLVUOUATWY

NVon. EZetdlovtoc pa-pio dhec tic othiec tne pitpoc D mapotnpolue
4tL kavéva £y ypopo dev TepLéxel akplBg autog Toug 6poug.

Y Opwva he TNV avarapdotaon avth kobéve and to éyypoya Dy, Dy,
..., Dg avtioTolyel oe éva Siavuopor Tou avikeL o vl X@po 5
Slaotdoswy pe dfoveg TaL ty, b, ..., t5, 1 LOOBUVOLUA éval BLdvuopa Tou
R®. Mpoketpévou va emAéEoupe Totd amd Tt Dy, Do, ..., Dy Touptélet
kohOTepa otnv avallfitnot poc, Bewpoupe emione 4t n avalfTnom pog
ovTLoToLyEl oTo Sldvuoua

q=1(0,1,0,1,1)

(Xtmv Béom i tou q epypovieton 1 av M awvallATnon pog meptéxet Tov 6po
ti, aAAG eppovileton 0.)
Troloyiloupe TNV opoldTnTa aLvdpeso oto g Ko T éyypopo Dy, Do,
..., Dg pe Bdon to ouvnuitovo tng ywviog Tov oxnpatilel Sidvuouo g
pe koBévar amd ta Sraviopoato-othdeg Tov avtiotolxoVv oe k& be
éyypogo D;, i =1,2,...,0.
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[wviat SLLVUOUATWY

‘Etot, av 01, 6o, ..., Oy elvow oL Ywviec petald Tou g ko twv Dy, Do, .. .,
Dg avtiotouyat, téte

<Q> D1> _ <(0>1707171)7(170707171» _ 2

s = TqlTDe] ~ 0,1,0,1, 1] 1,0,0,1,1] 3~ 2000090
costs = 1ol Toa] = o Lo LI ILL 202l = vag = 0577
costs = oo = o Lo LAl [a 00Tl = vag = O4T0S
costh = 1ol BT = o Lo LTI T2 00 = V15 = 2
cosfs = |r§:|'fHD§zu <|(1818131 ﬁi,&ﬁ;i;ﬁfﬁ s = 040m2ts

costh = 1o = [0 Lo T Io Lo ] = 5~ 0656608
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[wviat SLLVUOUATWY

<q7 D7> <(071707171)7(171707270» 1

cos 7 = = = — ~0.707107
"~ TallD7] ~ 70,1,0,1,1]][1,1,0,2,0] 2
(q, Dg) ((0,1,0,1,1),(0,0,1,1,0)) 1
cosfg = = = — ~0.408248
*“allllDs] — 10,1,0,1,1]]0,0,1,1,0] ~ /6
(q, Do) ((0,1,0,1,1),(1,0,1,0,1)) 1
cos g = = = — ~0.333333
*“allllDe] — 10,1,0,1,1]1,0,1,0,1] ~ 3

Me Bdom Toug vtoroylopolc pag, 1 kpdtepn ywvio spgoviCeton
peta&d tou q kaw tou Dy (8idt boo peyakitepo to ouvnuitovo g
ywviog 6, téoo pkpdtepn M ywvia §). Emopévag, to éyypago D
ToupLdlel kahitepor otV aval{fTnom Twv 6pwv t, tg Ko ts o oXEOM e
ToL UTLOAOLTEOL €Y YPOLYAL TNG CUANOYTHG [OLC.

EmumAéov, pe Bdon o ouvnuitova Tou utoAoyiooe UTtopolpe vo
Sudtagovpe oe pbivovoo oelpd (wg TPog To Taiploopa pe TV
avallftnom pog) Ta éyypapo The cVANOYTS we e&h:

D77 D17 D67 D27 D37 D57 D87 D97 D4'
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2m AIAAE=H
EXQTEPIKO FNINOMENO

o Metpikoi xwpot
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ALVUOPOTLKOL LETPLKOL X DPOL

‘Ectw E # (). H anewkévion d : E X E — R ovopdleton peTplkt £Ti Tou
E av ko pévo av, v kdBe x,y,z € E woxdovuv:

Q d(x,y) >0,

Q d(x,y)=0=x=y,

Q d(x,y) = d(y,x),

Q d(x,y) < d(x,z) + d(z,y) (tprywvikn avioétnta).
O opBudc d(x,y) ovoudleton omdoToLon TWV X, Y.

To Cebyog (E, d) ovopdleton LeTplkdg XDPOG av ko pdvo av 1 d eiva
pLoe petplky eml tov E.

Eniong, av ) # E; C E, d ot petpik emi tou E ko di 0 Teploplopde g
d oto E; x E7, téte amodeikvieton 6tL M di elvan gl petpikn el tov E.
O petpkde xwpog (Eq, di) ovopdleton petpikdg vdxwpog tov (E, d).

Av Y = (V,+,F), elvou évag Savuopartikde xodpog ko d eivow o
petpkh emi tou V, to Ledyog (V, d) ovopdletan Stoevuopotikdg
LETPLKOG X RDPOG.
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ALVUOPOTLKOL LETPLKOL X DPOL

Mopaderypa 1
"Evolg SLavuopartikdg etpLkds Xwpog, vl tov (R?, +, -r) Snuiovpyeiton
oTLO TN LETPLKT
d:R*xR* >R
7 omoia opileTon we e&Mfc:
Mo x = (x1, %), y = (y1,y2) € R?,

d(x,y) = \/(Xl )2 +(e—y)?eR
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ALVUOPOTLKOL LETPLKOL X DPOL

Mpdypott, Loxel 6t

Q d(xy)=+/(a—yn)2+(x—y2)?>0

Q@ dxy) =05 /(xx—n)P2+(e—y)P2=0s
(x1—yn)P+(e-—yn)P=0s
x1—y1=0kot xp —yp» =0& x3 = y1 Ko
x2 =y & (x1,01) = (2, )2) & x=y

Q d(xy)=/(a—n)2+0e—y)2=vV0—x)?2+ 02— x)?=
d(y,x)

Q@ Emiong amodeikvieton (doknon) ot

d(x,y) < d(x,z) + d(z,y)
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ALVUOPOTLKOL LETPLKOL X DPOL

H emépevn podTaon ouvdéel To eowTeplkd YWOEVO KOLL TNV horm
SLALVUOUATWVY e TG ETPLKEG.

Mpétoon 7

Eotw V = (V,+,-) évac npayuatikdc davvouatikés XWpog e
eowtepikd ywouevo (). H amewkdviond : V x V — R, ue

d(x,y) =[x —yl, via kdfe x,y € V,

elval uta uetpikn emi Tov V.
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ALVUOPOTLKOL LETPLKOL X DPOL

Amédelgn ‘Eotw x,y,z € V. loxoel 611
Q d(xy)=|x—yl =0
9 dx,y)=0&|x—y|=0x-y=0sx=y.
d(x,y) = lx =yl = I(=1)(y = x)I| = [=1][ly = x|| = d(y, x).
d(x
(

) =lx—yl=lx—z+z-y[ < [x—z+]z—y|] =
dx z) +d(z,y).

Maportipnon: ‘Evag mpaypotikdg SLaVvUoOUATIKOG XWPOE UE ECWTEPLKO
YWOLEVO glvall KOLL LETPLKOG XWDPOG, LYoV UTOPOULE VAL OploouLE

X[ = {x, %)
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Mo 25 atokivntar YvwpiCoupe Tig eddoelg toug pe Pdon didpopoug
deiktec. Na xwproBoldv ta avtokivta oe opddeg SLOLWY ALUTOKWVHTWY

(ne Béon tnv ambdoToon).

V25

1.5
1.3
1.4
2.1
2.2
3.15
3.2
3.3
3.5
3.1
3.4
4
4.1
4.15
4.2
5.1
5.3
6.1
6.4
6.2
7.1
7.2
7.15
8.1
8.4

(Ed& paivovton oL 8%o mpmtoL Seikteg)
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‘Eotw vi,Vs,...,V, éva cbvoro n onueiwv tov R™. To kévtpo Bdpovg
TWV V1, Vo, ..., V, opileTon wg

1
C=_(vitva+t-+vn)
Mo Ttapdderypa, yiow tor onueion

vi = (1,2,1),vo = (1,1,1),v3 = (—1,2,2),v4 = (2,1, 1) tov R3 10
kévtpo PBdpouc eivor to onueio

1 363
C:Z(V1+V2+V3+V4): <17171>

No xwptoBolv tar 25 avtokivnta vy, Vo, ..., Vo5 ot 3 opddeg (ovotddeq)
étolL wote o abpoiopata Twv artootdocwy kdbe onuelov amd To kévtpo
Bépouc tng opddog oty omolor aviikel va etva oo To Suvartdy
MLKPOTEPO.
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‘Evaic amAdc emavadnmikde adyopiBuoc yia Thv Siapéplon onusiov tou
R" og k opddeg siva o Aeyduevoc akydplOuoc K-means.

Mo v epoppoyh Tou alyopibuou mpémel va eTuAéEoupe to aplBud twv
opddwv k kabme emione ko TV petpikn Tov Ba Xpnolpuototicoupe Yo
TOV UTLOAOYLOWO TWV ALTIOCTACEWV.

H Siatimwon tou ayopiBuou K-means sival ToA) oty

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 55 /185



Eiloobog: ‘Eva ohvolo onueiwv dedopévav vi,vo, ..., v, Tou R™, évoc
puolkdc oplBudc k
‘E€080¢: 'Eva ohvoro k onueiwv kévtpwv Bapawv Cq, Cy, ..., Cy.

O Apxkéd emuléyovton tuxaio k onueio Cqp, Co, ..., Cx tov R, tat
omolo. atoteAoVV Tl Tpoowpwd kévtpa Bdpouc twv {NTovpevwv k
opddwv. MNa kdbe onueio vy, vy, ..., v, vrtohoyiCovtou oL
anootdoelc Tov atd T k kévipwv Papmdv Cqi, Co, ..., Cx ko
tomoBeteitan otnv opddo pe To TANGLéoTEpO Kévtpo Pdpouc.

@ Xtnv ouvéyela utoloyilovton ta kévtpa Bépoug Cq, Co, ..., Ck
ké0e opddoc pe Bdon to onuela v; Tov TomobeTHBNKAY OE QLuTH.

© ’Emerta vtoloyilovtol ek véou oL atootdoslg Twv onueiwv v;,
i=1,...,namné ta kévipa Bdpoug Cj, j =1,..., k ko To kaBévar
tomoBfeteitan otnv opddo e To TANCLEoTEPO KévTpo Pdpovc.

Q@ EmavolapBdvoupe ta Ppoto 2 ko 3 péxpig 6Tou VoL umv UTtAPXEL
kopiot oMoy otig ToTtoBeTHioslc Twv onuelwv v, i =1,...,n, 7
uéxplg 6tou ta kévtpa Bdpous G, j =1,..., k va aAA&louv oY
Atyo amd tnv Tponyoluevn eovaAn.

v
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Mo Topddetypol, £0Tw OTL ETUAEYOUUE WC TPOCWPWE KEVTPAL TwV 3
{nrodpevwv opddwv onueiwv ta onuela

C:=(1,1),Cy; = (5,5),C3 = (8,8)

koL 0T OTL eTAEYOURE WE MeTpikh (amdotaon) oto R? tnv ouvdptnon
d:R?>xR? =R ue

d(x.y) = /0 — )2 + (2 — y2)?

Yo k&Be x = (x1,%2),y = (v1,y2) € R?.
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Téte o1 OLT[OO'TOLO'SI.C KkéOe O'I]}.LSLO\) Vi até kébe éval amd To KSVTpO(. C]_,

i (VI 5 cl) (VI 5 C2) (VI 5 c3) OP-OCBOC
Ca. C3 evou i 1.2083  4.54533  8.77838 1
v 217083  4.13673  8.27118 1
vs 3.1257  3.7108  7.66616 1
va 1.62788  4.03113  8.27345 1
vs 4272 2.80179  6.4846 2
ve 741830  3.61006 4.85103 2
vy 8.48990  4.56046  4.94773 2
vg 9.53166  5.51838  5.21081 3
vo 10.4533  6.33028  5.49205 3
V1o 11.2960  7.34983  6.38905 3
vi1 12.4338  8.35464  6.04262 3
vi2 9.67678  5.29528  4.56508 3
Vi3 10.565  6.16604  4.98197 3
via 11.9236  7.54801  5.9222 3
vis 13. 8.63713  6.76757 3
vig 9.61769  4.70106  3.36155 3
vi7 10.9772  6.10737  4.11096 3
vig 511566 3.76431  6.86804 2
V1o 555428  3.04138  5.9203 2
Vo 5.00593  1.69706  4.56946 2
o1 6.1131  4.16773  6.66108 2
v 6.37887  3.33017  5.55788 2
Vo3 6.56601  2.74080  4.77624 2
Vo 7.40405  3.63593  4.90102 2
vos 8.18506  3.43657  3.52278 2
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Troloyiloupe Eavd T kévtpa Papdv Twv 3 opddwv pe Pdon tnv
tomofétnomn Tou k&voLe:

C, = (V1 + Vo +v3 + V4) (1575, 28875)

4>|n—l

1
C2_11(

— (5.92727,4.06364)

Vs + Vg + V7 + V1g + V19 + Voo + Vo1 + V2o + V23 + Vo4 + Vo5)

1

(4.015,11.49)

Vg + Vg + V19 + V11 + V12 + V13 + V14 + V15 + Vi + V17)
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Trohoyilovue Eavd Tic aootdoeic kébe onueiov v; amd kdbe éva amd

to (véa) kévtpa Cq, Cp, C3:

Egoappoopévn dAyeBpo

Vi d(vi,C1) d(v;;C2) d(vi,C3) Oudda
V1 0.791063 4.8432 9.72097 1
Vo 0.380173  4.71661 8.77079 1
V3 1.22506 4.52742 7.83903 1
Vg 0.865033  4.25689 9.48532 1
Vs 2.29908 3.86867 6.64276 1
Ve 5.44525 4.89953 3.49862 3
v7 6.5183 5.81551 2.4307 3
Vg 7.56188 6.72113 1.43137 3
Vg 8.48378 7.49054 0.61711 3
V10 9.33787 8.51919 1.09969 3
Vi1 10.4727 9.47946 1.81723 3
V2 7.70411 6.4319 1.29009 3
Vi3 8.5919 7.26975  0.399155 3
V14 9.95142 8.62153 1.01898 3
Vis 11.0294 9.69152 2.11809 3
Vi6 7.67045 5.69675 2.09316 3
V17 9.0178 7.06426 1.34288 3
vig 4.76322 2.66923 10.3032 2
Vi 4.86064 1.8259 9.49444 2
V20 4.71416  0.379325  7.99439 2
Vo1 5.72174 2.91037 10.5511 2
V22 5.63833 2.01614 9.53752 2
Vo3 5.59024 1.4416 8.76951 2
Vo4 6.52846 2.37684 9.33163 2
Vo5 7.0129 2.51094 8.25157 2
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Mapoatnphote 6TL oty emavdAndn auth éywav oplopévec adayée: To
onueio v ard TV opddo 2 tomobeTtBnke TOpa otV opdda 1, Ta
onueio vg, v7 attd TV opdda 2 petokwiBnkov otnv opdda 3.
TroloyiCoupe §avd Tt kévtpa Bopdv twv 3 opddwv pe Pdon tnv (véa)
tomofétnomn Tou k&voe:

Ci=—-(vi+v2+vz+vs+vs)=(17,3.33)

U'Iln—l

Co = = (vig + Vig + Voo + Vo1 + V2o + Vo3 + Vg + Vos)

OO|I—‘

7.08125,2.7875)

—~~

Cs = Ve + V7 + Vg + Vg + Vig + V11 + V12 + V13 + Via + V15 + Vip + V17,

TR
= (3.875,11.0167)
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Trohoyilovue Eavd Tic aootdoeic kébe onueiov v; amd kdbe éva amd

to (véa) kévtpa Cq, Cp, C3:

Egoappoopévn dAyeBpo

Vi d(vi,C1) d(v;;C2) d(vi,C3) Oudda
\"i1 1.24615 5.62343 9.22758 1
Vo 0.438634 5.7926 8.27741 1
V3 0.826378  5.83089 7.34618 1
vy 1.19871 5.01578 8.9936 1
V5 1.83927 5.40132 6.14922 1
Ve 4.98552 6.60889 3.00546 3
v7 6.05862 7.49562 1.93805 3
Vg 7.10256 8.36581 0.95836 3
Vg 8.02449 9.09707  0.397987 3
V10 8.88104 10.1278 1.33198 3
V11 10.0153 11.0441 2.23437 3
V2 7.24478 8.02741  0.826211 3
V13 8.13221 8.83094  0.239925 3
i 9.49165 10.1452 1.50858 3
V15 10.5699 11.1898 2.60366 3
Vi6 7.22059 7.19083 1.79842 3
V17 8.56346 8.50121 1.42743 3
vig 4.80467 1.69941 9.87074 2
Vi 4.81154 0.83771 9.07505 2
20 4.52448 1.3423 7.58198 2
Vo1 5.73454 1.38763 10.1431 2
V22 5.56227 0.311059  9.14275 2
Vo3 5.45008  0.517091 8.3829 2
Vo4 6.40413 1.0656 8.97356 2
Vo5 6.80139 2.16142 7.93366 2
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MNopatnpfiote 6Tl oty emovdAndn oty Sev éywe kapior aA eyt oTic
opnddec. Emopévac, o alydplbuoc odokAnpmBnke. Tow {ntodueva kévtpo
elvoll Tow ompeia

C: =(1.7,3.33),C, = (7.08125,2.7875) , C3 = (3.875,11.0167)
koL oL 3 ouddec sivol ToL TTOLPOKATW CTUVONQL:
{V17V27V37V47V5}

{vg, Vo, V10, Vi1, V12, V13, V14, V15, Vi6, V17 }
{Vv18, V19, V20, V21, V22, V23, V24, V25 }

Emeldn to onueio v; aviikouv oto emimedo R? pumopolpe var Solpe ko
omTikd TNV dradikaoior ektéeong Tou alyopiBuov K-means
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ANY6pLOpog K-Means otov R? i 3 opédeg

11 11 +
10 + o 10 °*
9+ . ® 9+ °*
o0 o o0 o
8 oo 8 T oo
71 ° 7T b
6 1 ° o3 6 1 ° e(3
5+ 54
4 ® o, 4+ ® o,
° °
3+ ® °. 3+ ° .
°

2 T .. [ [ ] ° 2 T [ [ J ¢
14 o o0 14 o o0
0 ——t—t—t+—+— 0 ——t—t—t+—+—

01 2 3 45 6 7 01 2 3 45 6 7

1. EmMoy1 twv Cq, Cp, C3 2. Anuovpyio opddwv
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114 114
10 + °° 10 + °°
9+ . 9+ .
I 1&N 03C3%
8 T S 8 T S
7+ e T+ e
6 1 [} 6 1 [ ]
5+ 5+
4 + ° 4 + .
[ ]

34 > 34 ')
2 1T » .: ° 2 1T » .: °
14 o0 14 o0

L L L L L L L L L L L
O T T T T O T T T T T T T

| | |
T T T
01 2 3 4567 01 2 3 45 6 7
3. Néog vrodoyiopéde twv Cq, Cy, C3 4. Anuovpyia vEwv opddwv
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11+ 11 4
10 .: 10 4 °2
ol ° t °

og ;0 @ ;0
8 1 oo 8 T oo
74 e 7+ e ®
61 ° 61 °
5+ 51
4+ 4t

° °

3T o °. 3T o °.
2** .‘Cg 2A* .‘Cg
14 o0 14 o0
0 — 0 —tt———

| | |
T T T
01 2 3 45 67 01 2 3 45 6 7
5. Néog vmoloyiopédc twv Cq, Co, C; 6. Anuovpyiat TENKOV opddwv

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 66 /185



Maportnpnoelg:

o O alyéplbuoc K-means diaBétel ToAéc Tapadayéc.

e H amnddoot tou e€aptdton amd tnv popp Twv dedopévav, and tny
MeTpLkT Tou eTuAéyoupe ko ottd TV opxik1) eTmAoyt Twv k kévtpwv
Boapwv. Tuvibwc, yivovtow ToAAég ekteléoelc Tou alyopiBuov pe
Buatpopetikéc apyikéc eTAOYEC KéVTPwY PBopddv kol eTAEYETAL M)
Buapéplom Tovu éxel To pkpdtepo ouvolkd dbpolopa aTooTAoEWV
kB onueiov amd to kévtpo Pdpouc Tne opddog otTnv omolo aviket.

o To omtiké TMAsovékTNA ToV elyape oto TTopddetypor oG dev
vploToton oe XWPovg e dldotaot 4 1 TopATAV®.
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31 AIAAE=H
EXQTEPIKO NNOMENO

OpBoywwiétnTta

Muboydpeto Bedpnpat

OpOokavovikéc Baosig
AMyépiOpoc Gram - Schmidt
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OpBoywwidtnra

‘Eotw V Siovuopatikdg xdpog pe eowtepkd ywduevo () kow v,u € V.
To v ovopdleton opBoydwio (1) k&BeTo) oto U AV Ko pévo oV

(v,u) =0

(&pa kot (u,v) = 0, dnAadh ko to u eiva opBoydvio oto V).
M outd Aépe 6TL T v, u sivar opBoydvier 1 k&Oetar, ko Ypdpouue
v.©lu
MNopdderypor: To Stavdopata v = (1, —1,1), u = (=2, —1,1) tou R3,
pe o obvnbec eowtepikd ywduevo, sivaw opboymdvia. Mpdypatt, toxvet
ou <V> u> = <(1> -1, 1)7 (_27 -1, 1)> =1 (_2) + (_1) ’ (_1) +1-1=0.
Maportnpnoelg:

e [Mpopavag, av u,v givow opBoydviar téte Yiaw kéBe a, b € R kow taL

av kol bu sivau emiong opBoydvia.
° costM:O@QZI
([l fJul 2
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OpBoywwidtnra

Mpétoon 8 (MuBaydpeo Oempnuat)

‘Eotww (V,()). Av ta u, v eivar opBoydwia, téte

2 2 2
[lv -+ ul|* = v + [l

Amddelln.

lox el 6T

(v+uv+u)=(v,v+u)+ (uv+u)
= <V,V> + (v, u) + (u,v) + <u?u>

2 2
= (v, V) + (U u) = [|v]| + [Juf®.

MNapotipnon: evikdtepa, LoxVel  oxéon

v+l = [[v]* + ul|® + 2 lv]| ul| cos §
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OpBoywwidtnra

‘Eotw un kevé cdvoro A C V.

To obvoho A ovopdletow opBoydvio av kol pdvo av yia kébe v,u € A
Loy Vel OTL

v#u= (v,u) =0.

(‘Eva povootvolo Bswpeitan mtdvta opBoydwio.)

Mopdderypoc:
To odvolo {(2,0,0),(0,3,0),(0,0,1)} eiva opBoycovio.
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OpBoywwidtnra

MNopotipnon: H opbBoywwidtnto cuvemdyston TV Yok
avelaptnoio.

MNpétaon 9

Eotw (V,()) kat 0 #A C V\{0}. Av to obvoro A = {vi,vo,...,v,}
eivat opBoydvio, téte Ta Sraviouata {Vi,Va,...,V,} eival ypappikoe
aveldptnra.
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OpBoywwidtnra
ATtéddelln. Ocwpolpe T e€iowon

AV + dovo + - v -+ A, =0
Oa deilouvpe dTL Ay = Ao =--- =)\, =0.

Mo k&be k € [n] woyvel T

(Vi, A1V + AoV + - -+ Avg + - - + Apvp) = (g, 0)
S (Vi Avr) + (Vi Aava) 4 - 4 (Vi M) + - 4 (Vi Apvp) = 0

S AL (Vi V1) + A2 (i, v2) 4 Ak (Vi Vi) + -+ Ap (Vi Vi) = 0
=k (Vk, Vi) = 0 (8uétu (vg, vj) =0, étav k # j)
S |lviel> =0
O\ =0
Emopévag, A1 =X =--- =X, =0.

Apal, T V1,Va, ..., V, £voll YPOUULKOC aveEdpTnToL. O
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OpBoywwidtnra

MNapotnpfoelg:
@ Acsv Lox¥el To avTloTpoPo TNG TPONYOoUpEVNC TTPOTULONG.
o Amé tnv TponyoUpevT TPdTAOT TPOKUTITEL OTL OE XWPOUG
TEETEPALOUEVTC BLALOTALONG UTLAPXEL TLEPLOPLOLOS oTOV aplBd Twv
opBoymviwy Stavuopdtwy.

MNoplopa 1
Eotw (V,()) pe dim V = n. [a kdBe opBoydvio ovvoro A C V woxet
o |Al < n.

Amtddelln.

‘Eotw 611 o A Tepiéxel k diavioparta. Amd Tty Tponyolpevn TtpdToon
émeton 6TL T SLoLVOOPOTAL TOu A elvall YPOULKOC alveEdpTnTal Kol eTteldn
oe kéBe ydpo dLdotoonc n o péylotog aplBpdC YPOUUILKOS aveEdpTnTwY
dlavuopdtwv eival n, émetan 6t k < n. ]
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OpBoywwidtnra

Kd&Be Sidvuopo v € V pe ||v|| = 1 ovopdleton povadiaio 1 kaevovikd
(normal) &dvuopar.

Av v givan omolodfmote pn undevikd Sidvuopal téte To SLdvuopo —

elvail povadiaio.

Av v # 0 kou ||v|| # 1, téte 1 edpeon tov Siawviopotog ——v ovopdleTon

KOLVOVLKOTEO{nGT TOV V.

Nopdderypo: Av v = (2,4,4) téte |v|| = V22 +42 + 42 = /36 = 6.
Mo VoL KOLVOVLKOTLOLHOOUKE TO V TTOAMATAXCLALOVE e 6 ométe

122
(333)

R N
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OpBoywwidtnra

‘Eval um kevéd avvolo Stavuopdtwv A ovoudletal opOokevovikéd av kol
pLoOvo av

e A opBoymvio
o Ta dtaviopoto tou A givor povadioio.
1 1 1 -1 1
. 0,——,0),(—=,0, —=, —)} eivou
VRV MV MV AV L
opBokavovikd.

Mapddetypor: to XOpo Twv OAOKANPOOLLWVY ouvapthoewy oto [—1,1]
TO GUVOAO TWV CUVAPTHOEWV

Mapdderypo: To ovvoro {(

1

——, COS X, COS 27X, ... ,COS NTX, ...,SINTX,SIN 27X, ...,SINMaX,...,

V2

etvoi. opBokavovikd. .
(E8 opilouvpe (f,g) = [~ f(x)g(x)dx.)
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OpBokavovikéc Bdoslc

‘Eotw V Siovuopatikdg Xdpog pe ecwtepkd ywduevo ().
Muae Bdom B touv V ovopdletan opbokovoviky av ko évo av to
oVvolo B eivow opBokavovikd Snhadi

o KdBe didvuoud tou eivau povadiaio
o KdBe ebyoc Siavvopditwv tneg Pdong stvan opBoydvia.
MNopaderypo: Ytov R3 ta Staviopata

e; =(1,0,0), ex=(0,1,0), e3=(0,0,1)

elvo o opBokarvovikty Baon tou R3.
Mopdderypo: Ytov R* tar Staviopota

1 1
vi =——=(1,1,0,0 v, = —(1,-1,0,0
1 \/§( ) 2 \/§( )
1 1
vz =—(0,0,1,1) v, = —(0,0,1,-1)

5

2 V2
efvou o opBokavovikn Béon tov R* (Béom Haar).
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OpBokavovikéc Bdoslc

Mapdaderypo: H kavovikn Bdon {e1, e, ..., e,} tou (R”, (), démov ()
elvall To oOvnBec sowTeplkd Yivbpevo eivan opBokavoviky.
(TrevOopon: e; = (1,0,0,...,0), e2 =(0,1,0,...,0), ...,

e, =(0,0,0,...,1) ko {(x1,--,X%n), (V1,---»¥n)) =x1y1+ -+ Xn¥n.)
Mpdypott, yiow k&Be i € [n] woxdel dtL

el = {ee) = |{(0,0,....1,...,0),(0,0,....1,....0
el (ei, ei) <( : ), ( )>
i Béoslg i Véoeic

=V0+0+ - +1+--+0=V1=1,
eved Yo [ # j (e i < j)

j Béosig j Béoerg

—_—N— —N—
e.e)=((0,...1..,0,...,0,0,....0,....1,...,0
(ei, &) <( ): ( : )>

i Yéoeic i Béosig

=0040041-04---+01+--+0:0=0.
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OpBokavovikéc Bdoslc

Eniong, (ej,e;) = 1 kou &pa

leill = /(e er) = vV1=1

(oupo¥ (ej,€;) = 82, + 63, 4 -+ + 62, kau uévo o 67, = 1 eved GAa Tt

Mo etvon ioow pe 0).

Mapatipnon: Eotw (V, () ko {vi,va,...,vp} € V. To oldvoro

{v1,v2,...,v,} elvon opBokavovikd av ko pévo av yro kéBe 7, j etvou
(V,‘,Vj> = 5,',1'.

émov 4;; eivo To oupPoro déAta Tou Kronecker

1, avi=j
0, aviz#j

,'j_

Anhadi, eivon (vi,vi) =1, evd i # j = (v;,vj) = 0.
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OpBokavovikéc Bdoslc

Moportipnon: Elvow médpa ToAd edkolo va Bpodue Thv avamtopdotoon
evoc Sraviopatog oe o opBokavoviky Bdo.

Mpdtaon 10

Avvy, v, ..., v, elvat uta opBokavoviki Bdon tov Stavuouatikol Xwpou
V, téte kd Be Sidvuoua v € V ypdetal katd povadiké tpdmo oTnv
Hopet

v={(v,vi)vi + (v,va)vo + -+ (v,v,) v,

O ouvtedeotéc \j = (v,v;) ovoudlovtal ovvtedeotés Fourier Tov v
w¢ rtpog TNV opbokavoviky Bdon vi, Vo, ..., Vi.
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OpBokavovikéc Bdoslc

Amddelln.

Aol vy, Vo, ..., v, Bdon tou V umdpxouv povaldikd A1, Ao, ..., A\, Qote

V=A1vi+ Aovo + -+ Apv,
Mo kéBe i € [n] Bewpoldue to eowtepikd yvdpevo

(V,vi) = (A1vi + Xovo + -+ Ajvj 4 -+ Apvp, v))
= A1 (vi, Vi) + A2 (vo,vi) + o N (i, i) s A (Vi Vi)
= i (vi,vi) (8uét (vj,vi) =0 av j # i)
= \i[|vill* = Ai (Buém [lvil| = 1)

Apat,
v={(v,vi)vi + (v,va)vp + -+ (v,v,) v, O
—— ~—— ——
A1 A2 An
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OpBokavovikéc Bdoslc

MNopdderypor: Tto Sovuopatikd xopo (R34 -), To ovvolo {x1,x%2,x3},

4 — (1 o —L (1 1 1 — (L 2 11
omov X1 = (\E,O, \/5) Xp = (\/57 75 \/g) X3 = (\[, NG \/6) elvou
opBokavovikd (Aoknom). Apa, arotelel o opBokavovikn Bon Tov
(R3,+,-). To 8dvvopa x = (1,—1,1) € R3 ypdyetaw Aotmdv, wg Tpog
™V Tapandve Bdomn, we e&ic:

x = (x,x1) X1 + (X, X2) X2 + (X, X3) X3,

6mov . )
(x,x1) = <(1,—1,1), <—2,0,——2>> =0,
o) = (1 -12). (T2 ) ) =
(x,x3) = <(1, 1,1), (i6’_i6’ i6>> = i67
S

0.1 =0(d0—k) + 5 (4 & ) + 5 (F % %)
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OpBokavovikéc Bdoslc

Napdderypo: H avamapdotoon tov Siaviopatog v = (1,—1,2,3) € R*

otnv opBokavovik® Pdon Haar touv mapadeiypotoc sivau

v = (v,vi) vy + (v,v2) Vo + (V,v3) v3 + (V,Vg) Vg

6mov
_ _ 0 _
(v,v1>—<( -1,2,3), \/_(1,1,00)>—\/§ 0
2
(v,v2>:<( -1,2,3), \/_( 100)>:%
5
(v,V3>:<( -1,2,3), \/,(00,1,1)>:%
-1
(v,V4>:<( -1,2,3), \/,(00,1, )>:ﬁ
Apat,
v=0-v —I—iv +iv —I—(_l)v
LRVt YT v
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OpBokavovikéc Bdoslc

Opolwg aodelkvieTon Ko 1) TTOPOKALTW YEVIKOTEPT) TLPOTOLOT).

MNpdtaon 11
Av A= {vi,va,...,V,} eivat éva opBoydvio obvolo Stavuvoudtwy kat

V=A1vi + AoVvo + - + Apv,

Téte 1oxUeL ot
v,V LA
s — <’—'2> via kd B i € [n].
i
Ov ovvtedeotéc \; ovoudlovtar (kat mdAr) ovvreAeotés Fourier Tov v
w¢ ntpoc ta opboydwia Siaviorata vi, Vo, ..., V.
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AAy6piBuoc Gram - Schmidt

Acdopévou 611 og o opBoakavovikn Bdon to TpdPANLe Tng
AVOLTLOLPELOTAONC SLOLVUOUATWY £ivoll UTTOAOYLOTLKA TOA)D aTtAd potg
evBLOLPEPEL TO ETIOUEVO EPWOTMUAL.

‘Eotw 6tL Yo kédTolo Siavuopatikd xwpo V yvwpiCouue po Béon B 1
otmoia dev eivo opBokorvovik.
Mropolue va Bpovue poe &AAT Bdon B’ M omola eivor opBokavoviky;

H amdvtnon sivol kortoiportik.

‘Evag TpdTog va yivel outd eiva val xpnoloToljooupe tov oahyoplbpo
twv Gram - Schmidt.

Y uykekpipéva, Oa deifoupe Topa 4Tl k& Be eTepaouévnc SidoTaong, un
pNdevikde, TPOLYLOTLKOG T LY OBLKOC BLOLVUOILOLTLKOG XWPOG e E0WTEPLKS
ywépevo, éxel o opBokovovikn Bdon.
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OpBokavovikéc Bdoslc

O alyépBuog Gram - Schmidt BooiCetow otnv emtdpuevn diéTnTaL:
MNpétaon 12

Av vy, Vo, ..., Vi givat opBokavoviké olvolo Siavuoudtwv, téte yia kdBe
v € V 10 Sidvuoua

Y=V —(V,V1) V1 — (V,V2) Vo — -+ — (V, V) Vg
elval opBoywvio oc kd O éva amé ta vi, Vo, ..., V.
EwdikédTepa,
@ avv e {vi,vp,..., v} tote y = 0.
o avvé {vi,va,... v} TéTE Yy # 0
KOLL TO Y &lvoll YPOULMLKDGS oveEdpTnTo olTtd T V1, Vo, ..., Vi, SNAad
To OUVONO V1,Vo, ..., Vi, Y elvou opBoyvio, omtédte
To oOVOAO V1,Vo,. .., Vg, Wy elvor, opBokavovikd.
y
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OpBokavovikéc Bdoslc

MevikdTepaL, OV T V1, V2, ..., V) civor opBoydvia toxlet 1) etduevn
TpodTOLO.

MNpétaon 13

Av vy, Vo, ..., Vi eivat opBoydvio obvodo Siavuoudtwv, téte yia kdOe

v € V 10 Stdvuoua

y=v-— <V7V12>v1_ <v7v22>v . <v7vk2>vk
(v [[v2| vl
elva opBoywvio oe kd O éva amé ta vi, Vo, ..., Vi.
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OpBokavovikéc Bdoslc

Amddelln.
Mpdypoctt, yia k&Be k € [n] woyde 6T

(¥, Vi)
—(v— <v7v1>v . <V7V2>v L <v7vk>v L <v7vn>v v
Ml vl el a2
1 2 k n
= (v, Vi) — <V’V12> (V1,Vk) — <v’v22> (Vo,vg) — -+ — <v’vk2> (Vi, Vi)
va] o] vl
<V’Vn>
- (Vs Vi)
val> "
V, Vi
= (v,vg) — <H‘; ||2> (Vik, Vk)
k
(" Vk> 2
= (v, Vi) — H‘; 2 [vk|I® = 0. 0
k
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AAy6piBuoc Gram - Schmidt

Mpétoon 14 (Aladikaoio opBokavovikoToinong twv

Gram-Schmidt)
‘Eoww (V,()) Stavvouatikés xwpos e E0WTEPIKS YVOlLEVO Kal
{x1,x2,... ,1x,,} eAevBepo umooibvolo tov V. Av
Vi = ——y1, OTOU Y1 = X1
lly2[I™ ’
1 ,
vy = V2 HY27 dmou ys = X — (X2, V1) V1,
1 Ve
V3 = Y3, OTOU Y3 = X3 — (X3,V2) V2 — (X3, V1) V1,
llysll
1 Ve
Vg = lya HY4, OmoU Y4 = X4 — (X4,V3) V3 — (X4,V2) Vo — (X4, V1) V1,
Vp = H HYmOEOU Yn = <Xn’Vn—1> Vp—1 — " — <Xn’V1> Vi,
n
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AAy6piBuoc Gram - Schmidt

Amddelln.

Emeldn ta Slaviopota X1, Xo, . . . , X, £lvOll YPOUIKAOC aveddpTnTaL,
ETeTOlL OTL KOLL TOL SLLVOOLOLTOL Y1,Y2, ..., Yn EVOLL UM UNSEVIKAL, dpoL KoL
Tl SLOLVOOPOLTOL V1, Vo, ..., V, elvoil eTtlong pn undevikd kol L8koTepaL
povaldiaia. Emiong, omd tnv MNpdtoon 13 émeton OtL To SLavuopa yy eivort
opBoy®dvio pe Tor SLoviouaTo V1, Vo, . .., Vi_1 KO &poL Kol TO SLévuopo
v etvau emiong opBoyvio pe Tow Savdopata vi, Vo, ..., Vi_1, YL kéBe
k € [n]. Emopévwg, vi,Va, ..., Vv, givow opBokavovikd Siaviopota.
Téhog, apol o xdpog < {x1,X2,...,X,} > Tov TTopd&youV Ta

X1,X2, ..., Xp EXEL SLALOTALON N KOW TA V1,V2, ..., V, OLVIIKOUV OTO XWPO
aTé Ko Vol YPoUIKAC aveddpTnTa, émeto OTL T Vi, Vo, ..., V),

atote oy opBokavovikn B&on tou xwpov < {X1,X2,...,Xp} >. O
v
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AAy6piBuoc Gram - Schmidt

MNpdtaon 15
‘Eotw (V,()), ue dimV = n. Tére vrndpyet opBokavovikd vrtootvoro B
tou V 10 omolo eivat Bdon tov V.

Amddelln.

MNp&ypatt, amd TNV TPONYOUNEVT) TTPOTALOY, £XOVUME OTL OV
{x1,%2,...,%p} elvonw pa Pdom tov V, téte TO GOVONO {V1,V2,...,Vs}
Tov katalokevdleton pe T Stadikootor Gram-Schmidt o elvor o
opBokavovik Bdon tou V.
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AAy6piBuoc Gram - Schmidt

Mopdderyper: Atdetal To 0UVOAO TWV YPOUMIKKOE aveEdpTNTwV
dtavuopdtwv

x1 = (1,1,0,0),xp = (0,1,1,0),x3 = (1,0,1,1)

Now Bpebet pa opBokavovikh Bdon Tou Xxwpov Tov Tapdyouv Ta
X1, X2, X3.

Noon.
@ y1=X1 = (1717070)' ||YI” = \/12 + 12 +02 +02 = \/§
Apat,
1 1
—(1,1,0,0)

Vi=7—7¥1 =
||Y1|| \/§
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AAy6piBuoc Gram - Schmidt

® y» = x2 — (X2,v1) V1
(xz,v1>:%(0-1+1~1+1-0+0-0):
ométe
y> =(0,1,1,0) —

1
V2

11
(—-1,1,2,0)

V2V2
1

ly2ll = 5v/(=1)* + 12 4+ 22 + 0% =

Apat,

(1,1,0,0) =

N
‘é\l\)ln—l

1 1
Iyl ’2 (f/ )2

1
~1,1,2,0
& )

vy = 5(-1,1,2,0) =
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AAy6piBuoc Gram - Schmidt

® y3 = X3 — (>i3 V1) V1 — (X3,V2) V2
(x3,v1) = —=
2
X3,V ——
(x3,v2) = 7
ométe 1 1 11
=(1,0,1,1) - ——(1,1,0,0) - ——(-1,1,2,0) =
21
lysll = \/22 (—2)2+22+32= —\/3_
Apa,
1 1 1 1
V3 = y3 = _2)_2)273 :—2)_2)273
™ = a1/3) 3¢ )= )
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AAy6piBuoc Gram - Schmidt

MNopdderypo: ‘Eotw (R3, () émov () To obvnbeg eowtepikd yvdpevo.
To odvolo {x1,X2,x3}, pe x1 = (1,1,0), xo = (0,1,1), x3 = (1,0,1) eivou
Tpoavde o Bdon tou R3
H Bdon outt 8ev eivow opBoydvial, oot
(X1,%2) =1-04+1-14+0-1=1#0.
H Bdon auth Sev eivor kawvovikt, oupol
HXlH = \/<X1,X1> == \/12 + 12 +02 == \/57'é 1.
Ané tn Bdon avth, mpokimrel (Xpnoyomot@vog T Stadikaoio
opBokavovikoToinong twv Gram-Schmidt) pia opOokavoviky Bocon
{v1,v2,v3} Tou R3 ¢ e

o vy = myl, OTov y; = X3.

AMG y1 = (1,1,0). Emopévac,

lyall = V{y1, y1) = V12 + 12 402 = V2.

Apa,
1
vi = —(1,1,0)
V2
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AAy6piBuoc Gram - Schmidt

@ 2 TNV CUVEXELX,

1

Vo) = — Y5, OTOU Yo = Xp — (X2, V1) V1.
ly2]|
AN,
(xov1) = ((0,1,1), (1,1,0)) = 10 1+1-1+1-0) = L,
omdte
=(0,1,1) — 121 (1,1,0 0,1,1 11l0)=1(-1,1,2
Y2_(77) \[\[( ) ( ) (227)—2( 77)'
Emopévwg,
V6
Iyall = 5y/(~1)2 +12 +22 = 22.
Apa,
11 1
Vo = @5 (—1,1,2) = % (—1,1,2) .
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AAy6piBuoc Gram - Schmidt

e Télog,
1
V3 = Iy Hy3, 6T0L y3 = X3 — (X3,V2) V2 — (X3,V1) Vi
AMNG&
1 1 1
(x3,v2) = <(1,0, 1), % (—1,1,2)> = %(1.(_1)4_0.1_’_1,2) _ %7
omdte L1
(x3,v2) v2 = \/6\/( 1,1,2) = ( 1,1,2).
Emlong
1 1
(x3,v1>=<(101) \/5(110)> \/5(1.1+0.1+1.0):%’
omdte - .
(x3,v1) V1 = Eﬁ(l, 1,0) = 5 (1,1,0).
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AAy6piBuoc Gram - Schmidt

Emopévwc,
1 1 1 1
=(1,0,1) — =(-1,1,2) — =(1,1,0) = = (4,—4,4) = = (2,—-2,2).
y3 ()7) 6(7)) 2(7)) 6() )) 3(7 7)
ométe /3
1 V12 2v3
Iysll = 3/22+ (2P +22 = 25 = =
Tehkd
11 1
V3 = ¥§ (2, —2,2) == % (1,—1,1) .

Apa, n {ntoduevn opbokavovikt Bdon eivol To ohvoro
fviva,vs} ={=(L1,0), = (-1,1,2), o= (1,1 1)}
Vi, V2,V = ] ) b 9 y Ty
1,V2,V3 NG NG /3
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AAy6piBuoc Gram - Schmidt

(Mpaypocte, ||vi|| = [|va|l = [|vs]| = 1, 8nAad) 1 Pdon auty eivor
kawvovik1. Emiong,

1 1 1
(v1,Vv2) = <%(1,1,0), %(_1,1,z)> = (-1+i+0 =0

Opoiwg, (vi,v3) = (v2,v3) =0, dnhad1f) n P&on auth etvow opBoydwvia.)
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4n AIANE=H
EXQTEPIKO NNOMENO

o lMpoPoAég

o Emilvon adivatwy Ypopuplk@dVv cVoTHLATOV
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MpoPBoiéc

TrevBupileton étL av v, u eiva 9o pn pndevikd Staviopata otov R?
t6te 1 MPOoPoAn Tov v AV oTo u civaw éva Sudvuopa P to otolo
o civouw ToMamAdolo Tov u, dNAadh P = Au, A € R.
@ ta Stoviopota v — P ko u sivan opBoydvia.

0]
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MpoPBoiéc

‘Exovtog weg umtddetypal Tov oplopd alutd UTOPOUUE VOL OPLOOUE TNV
évvolal TN¢ TpoPorific ko yLal StaviopaTa e TeploodTEPEC
OUVTETOLYLEVEG.

‘Eotw v, u givor 800 pn pundevikd diaviopoto otov R™ téte 1 tpofolq
TOV V TIAV® OTOo U tivail éval Sidvuopa P to otolo
o civow ToMaTAdolo tou u, dNAadh P = Au, A € R.

o to davoopatoe v — P kow u eivon opBoydovier, dnhadty (v — P, u) = 0.

Amé Tov oplopd TPokUTTEL OTL

(v—Puy=0& (v-IAu,u) =0< (v,u) = A(u,u) =0 \ = (v,u)

Apat,
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MpoPBoiéc

Mapdderypo: H mpoPori tov v = (1,1,4) oto u = (2,7,7) eivow to
didvuopa

P—

vu)  1-241.7+4-7 37 74 250 250\
- 2 2,7,7) = [, 22 22
wut T i T = 15277 = (155 1050 102,

Ta Stavdopota (2,7,7) ko

(1,1,4) — (Z4,259 259) — (28 15T _ 189y ¢iyq opfoydovia.

102> 102> 102) = ({020 ~ 102> 102
Mpdyportt
28 157 149 28 157 149
<(277) (102 ﬁ’ﬁ>>_2 T I A T
_ 561099 +1043 _
B 102 o
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Baoikéc 18udétntec pofoiiic

e Avv = )\u, A € R, téte 1 Ttpofolf Tou v Ttdvw oTo U givow To V.
(v,u) (v, u)
(uuy  ull

o To ddvuopa v — P givo opBoydvio oe kdBe o amAdolo Tou u.

@ To wikog tov P ool pe
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Baoikéc 18udétntec pofoiiic

o o kdBe \ € R woyleL 6T
[v =Pl < [[v — Aul|

H woétnta toxdel povo étav P = Ju.

Arébelln. Mpdypott, emed ta Sravdopato v — P ko P —Au elvou
——

TOAMATALSLO TOL U
opBoydvia, atd to MubBaydpeto Oedpnua Loy el dtu

v =PI+ [[P = Au® = [|(v = P) + (P — Au)||* = ||v — Ju®

P — \ul|? > 0 émetou 6t

Emeldn

2 2
v =PI < [lv = Aul|” & [lv = P[| < [lv — Au]|

H woétnron toxbel pévo étav [P —du|?=0< [P—Ju|=0=P-du=0< P = )u.
O
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Baoikéc 18udétntec pofoiiic

H 8i6tnta vt ekppdilel to evdiopépov yeyovde 6t 1 tpofoin P
TOV V TAVW OTO U £XEL TNV ULKpOTEPT duvaty atdoTaon omd To Vv
oe oOykpLomn He Shal Tal VTTOAOLTIOL TTOAAXLTIAGOLOL TOV U.

<

Au

)

H avioétnta ||[v — P|| < ||[v — Au| yivetow “@ovepn’” av
Tapatnpioovpe 6TL To SLdvuoua v — Au atoteAel Tnv uTtoteivovoa
Tou opBoywviov Tpry®vou pe kdbetec TAevpéc v — P ko P — Au.

@ Yuyvd yia Adyoug ocaghvetac Bo oupBoriloupe tnv Ttpoforf Tou v
TAV®W OTO U e Pyv.
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MpoPBoiéc

TrevBupileton étL v, ug, up eivor Tpio P pndevikd Staviopata tov R3
téte M TtpoPoAf Tov v TAvw oto emimedo Tov opifovv Ta ug, uy
elval évae Stadvuopa P to omolo:

@ avfikel oto eminedo mou opifouv Tl Uy, Uy dNAad
P = Au; + doup, A1, A € R,

o ta Staviopota v — P ko ug givo opBoydvial, opoiwe to
Sraviopata v — P ko uy sivan opBoydvia ko yevikdtepal o
Sdvuopa v — P eivou opBoydvio pe kéBe Sidvuopo ou aviiker oto

,
eTtimtedo.
Y
2
L
P Uy
/'/ _ /
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MpoPBoiéc

‘Exovtog weg umtddetypal Tov oplopd alutd UTOPOUUE VOL OPLOOUE TNV

évvolal TN¢ TpoPortic kol yial TteplocdTepol SLaVOOHALTOL e TLEPLOCOTEPEC
OUVTETOLYLEVEG.

‘Eotw v € R"” kot ug, up, ..., ux € R”. H mpoPolt tov V mdvw otnv 01kn
TIOV TOLPALYOUV T U7, U, ..., Uy glvon To Sidvuopa P to omolo:

o avikel otnv B1kn Tovu Tapdyouv TaL Uy, Uy, ..., Uy, dNAadH
P = Aus + Aoup + - - 4+ Agug, A1, Ao, ..., Ak €R.

@ 1o didvuopa v — P sivau opBoydvio ot Slaviopatal uy;,

i=1,2,...,k kouw &pat ko og kéBe didvuopa u Tov avikel otV
B1km Tov TapPdYouV T Uy, Uy, ..., Uk, SNAadY

(v—P,A1ug + doup + -+ -+ Agug) =0

vt k&Be A1, Ao, ..., Ak € R.

v
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MpoPBoiéc

ATté tov oplopd mpokiTTeL 4t 1 Tpofort| P ikavoTolel to obotnua

<U1,V—P> =0 <u1,P> = (ul,v> <U1,>\1U1+>\2UQ+~~~+>\kuk> = <U1
<UQ,V—P> =0 <U2,P> = <U2,V> <U2,>\1U1+>\2U2+"'+>\k”k> = <U2
(ug,v—P) =0 {uk, P) = {u,v) (uk, Arur + Azuz + - -+ Agug) = (ugk

<u1, u1> A1+ (ul, u2> A+ oo+ <U1, uk> Ak = (ul,v>
%) (ug,ur) A1 + (ug,up) Ao + -+ - + (ug, ug) A = (up, v)

(U, ur) A1+ (g, u) Ao + - -+ + (ug, ug) A = (ug, v)

Apa, oL ouvteleoTéc A1, Ao, ..., Ak Tovu ekpdlouv TV Tpoforfy P tou v
Tdvw oTnv B7Kkn oL ToLPALYOUV TaL U7, U, ..., Uk TPOKUTITOVV ATtd TNV
Aoon tou cvothuatog (X).
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MpoPBoiéc

Mapatnphote 6T av 1 Béon ug, uo, ..., uy sivon opBoydvia 4
opBokavovikt) téte (u;, uj) =0 avv i # j, omédte To chotnua (X')
YPAPETUL LOOSVOVOLLAL

<U1, U1> A= <U1, V> <<uu1> l:ll>>
2,
uz,u2) A2 = (ua, v A= T——
(L) ( > 2, V) & (u2, u2)
(Ui, ug) Ak = (uk, v) e = (ug, v)
\ (ug, uk)
omdéTE AV U7, Uy, ..., Uy sivow opBoymdvia 7 opBokavovikt Bdon tou W,
t6te 1 TtpoPor| Tou v ato W toolton pe
_ <u17v> 1 <U2,V> Uy + -+ <Uk,V> u,
(ug,ug) (uz,u) (uk, ug)
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MpoPBoiéc

Mopaderypa
No Bpebet m mpoBor tou (1,2,3) otov unéxwpo W tou R3 émov

W ={(x,y,z) e R®: x+2y — z = 0}.

Aoon. Mo Bdon tou W eivor tow Stacviopocto
x; = (1,0,1) xou x, = (0,1,2)

Aré tn Bdon avth, mpokdmrer (epappdlovtag tn dadikaoioe Gram -
Schmidt) wa opBokavovikn Bdon {vi,va} tov W w¢ e&n¢:

1
[ly1l]
AMNG y1 = (1,0,1). Enopévac,

lyill = V/{y1.y1) = V12 + 02 + 12 = V2.

Y _ 1 _ 1 1
Apat, vi = %(1707 1) = (W,O, ﬁ)
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MpoPBoiéc

Emiong,
1
vy = v2 Hy2, 6ToU Yo = Xp — (X2, V1) V1.
AM& . ) )
<x2,v1>:<0,1,2 ( >>:—:\/§.
OCL2\5%%)) =%
Emopévwg,

y2 =(0,1,2) — V2 <%0 %) =(0,1,2) — (1,0,1) = (-1,1,1),

omdte

Iy2ll = /(12 +12 422 = V3.
oo, vp = L(~1,1,1) = (—A L L).
Y A V3 V33
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MpoPBoiéc
Enopévae, pa opBokavovikt Bdon tou W eival to obvoro

H mpoBoAt} tou x = (1,2, 3) otov undxwpo W eivan to Sidvuopo

P <X, 1> <X>V2>
(vi,v1) (vi,v1)
6Tov 1 1 4
) = 172737 _707_ = =
xo) = (1.2, (5.0.55) ) = 75
1 1 1 4
x,v2) =((1,2,3),| ——&=,—=, —= = —
B, v2) <( ) ( 3'V3 3>> 3
Apa, TeENKE
Pt (Lol (L)
- \/§ 27 7\/§ 3 37\/57 3
4 4 4 2 4 10
=(2,0,2 —— ===, =, =
(2,0,2) + 3’3’3) (3’3’3)
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MpoPBoiéc

Mapotnpiote 6Tl N PATPA TWV CUVTEAECTOV TOV CVOTHRATOG (X)

woobtan pe A'A dmou A eivon 1 pfitpal e oTthAeC TAL Uy, Up, ..., Ug.
‘N ,
uf\ 77 ) (upug)  (upuz) - (ug,ug)
i) U fug | - [ _ (ug,u1) (up,up) -+ (up,uy)
i | : : . :
L% w1 (ug,ur)  (ug ) oo (ug,uk)

Erniong, n witpa Twv otabepdv tov ovotiuatos (X) woobton pe AV
6mov V eivow n piTpal oTHAN Tou LooUTol e TO V.

kg [ (ug,v)
'UZ v _ <UQ,V>
T :
D (. )
k.\/‘/~ n n }<_‘L
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MpoPBoiéc

‘Apa, To cvoTnpa (X) ypapeTal loodhvoyuo
A1
A2
AtA | 7| = AV,
Ak

Emopévawg,
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MpoPBoiéc

H 1tpoBoAf P tou diaviopatoc v otnv ypoupikt 81kn ov Tapdyouv ta
dlavoopata ug, uy, ..., ux € R” didetal and tov tiTo:!

P = )\u; + Aoup + -+ - + Ajuy

émov A1, A2, ..., Ak givow ANoom tou (cupBiBaotol) cvotiuatog
ATAX = AtV
oTov
o Acivaw n n x k pfitpal e oTthAeg T Uy, Uo, ..., Uk

o V eivow n n x 1 ufitpat oThAN fon pe v
o X eivow n k X 1 pfitpar othAn fom pe (A1, A2, ..., Ak).

Motportipnom: Av T ug, Uy, ..., Uy dev elvol Ypopuukag avedptnta,
T6Te VTAPYOLV ATelpeg AIOELS YLl T A1, Ao, ..., Ak.
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Baoikéc 18udétntec pofoiiic

@ Avu E<ug,uy, ..., ux >, 6T M TPofol1 Tou u Tdvw oTNV
ypoupkd 07kn Tou Topdiyouv Tl Staviopatol Uy, Uo, ..., Uy £lvo
To u.

o Kdmoiec popéc, yia Adyoug oaphverac, Bor oupBoriloupe tnv
mpofolf Tou v Tévw oto W pe Pyyv.
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Baoikéc 18udétntec pofoiiic

o o kdBe didvuopo u Tov avikel otV Ypopky B1km
< ug,Up,...,Ux > LOYVEL OTL

v =Pl < [lv—ul

H woétnta 1oy bel povo étav P = u.

Arédeltn. Mpdypott, emelds T Stoevdopoto v — P ko P—u elvou
——

otouxelo tng Oxnc
opBoydvia, attd to MubBaydpelo Oedpnua Loy el dTu

2 2 2 2
v =PI +[[P —ul|" = [[(v = P) + (P — u)[|* = [[v —u]|
Eneids |P — ul|? > 0 émetan 6T

2 2
[v—PI" <[v—-ull® < [lv-P[[<[v—u

H woétnta loyvel pévo étav [P —u|? =0 |[P—u|=0P—-u=0sP=u. O
H 8i6tntoe vt ekppdilel To onuovTikd yeyovde 6t 1 wpofors P
Tou Vv 0TV YpoppLky Bk < ug, ug, ... ug > éxeL TNV UkpOTEPT
Suvath andotoon and To v og cOYKPLON e AL Tal uTtdAoLTal
uc<ug,Uup,...,ug >.
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Entidvon addvatov cvothpatoc

Enidvon addvatov cuothuotog

Not AuBel To ypoappkd ooTnua

x+y=5
(X)<x—y=3
2x +y =12

ATé Tic 2 Tpwteg e&lomoelc TpokuTTel 6Tl X = 4, y = 1 Tl omola dev
emaAnBevouv v 31 e&lowon. Apa to clvoTnua siva addvarto.
To ovotnua ypdyeton LoodOvapo otV Lop®t
1 1 5
x |1 +y |-1] =13
2 1 12
- =
u; uz v
x(1,1,2) + y(1,-1,1) = (5,3,12)
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Entidvon addvatov cvothpatoc

(1M ypop) Méte to cvotnua Ba elxe Abom; Oa eixe Aoom av To

v = (5,3,12) frav ypoppukds ovvduaoude twv up = (1,1,2) ko

u; = (1,-1,1). v mepintwon pog dev etvon, dpa Sev umopodue va
ekppdoovpe to v = (5,3,12) pe ta ug = (1,1,2) ko up = (1,-1,1).
To kovtwétepo Sidvuopa oto v = (5,3,12) ov propolpe vou
ekppdoovpe pe ta ug = (1,1,2) ko up = (1, —1, 1) eivaw m poPol tou
otV ypoappkt 01Mkn twv u; = (1,1,2) ko up = (1, —1,1).

H “Noon” (x,y) tou ovothuatog Ba eivow o cuvtedeotég (A1, A2) g
Tpoforic P = Ajug + Aous.
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Entidvon addvatov cvothpatoc

(21 vpoyph) To clvotnpa Ba eixe ANdon av to v TepLéyxovtav otnv O1kn
TIOU TALPA&YOUV T U7, Uy, TéTE B umthpyay A1, A\ € R dote

V=Au;+dous & v—Au; — uy =0
Y 1o ovotnua (X) dev umdpyouv tétola X, y Kol TO SLdvuopa
€ =V — Xu; — yus

dev yivetol Toté pundeviko.
H 18éa sivau 4t To e pmopst va BewpnBel we opdApo to omoio BéAouue
VoL EAOLYLOTOTIOLOOULE.
Av XpTOLLOTIOLICOVIE WG KPLTHPLO EAALYLOTOTIOINONG TO UAKOG TOV €, TOTE
N ToPAOoTULOT

lell = IIv — xuz — yus|

yiveTow eA&XLOTN alv Ko VO oV ToL XUy + yup LoobvTtal e TNV ool
P tou v otnv O1kn mov Ttopdyouv Tl U, Up.
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Entidvon addvatov cvothpatoc

1 1

(Noon) Eotw A= | |ug| |up| | = |1 -1, A= 112 ,
1 -1 1
2 1
5 X
V=1]3]|kuX-= [ }
12 Y
Téte 1 {nrodpevn Abon eivaw 1 Adon tou (cupPBaotold) cvotiuatog
ATAX = AtV
‘Exoupe otL

5
1 1 2 32
t _ —
av=l a2 =
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Entidvon addvatov cvothpatoc

Apat,
ATAX = AV &

34
6 2| [x 32 6x +2y = 32 ==
2 3|y 14 2x 4+ 3y = 14 y=—
7
Apa, w¢ Adon touv aduvartov cuothpatoc Ba Sdooupe To {evyog
(x =34/7,y =10/7) ~ (4.85714,1.42857).
Téte, to kovtwdtepo Sdvuopa P oto v = (5,3,12) eivow to P =
34/7(1,1,2) +10/7(1,—1,1) = (44/7,24/7,78/7) = (6.28,3.48,11.14)
KoL TO o@aAe elvou

34
lell = flv — xug — yus | = H(s,s, 12) - 212 - 21 1)“

18

= |/(5,3,12) — (44/7,24/7,78/7)| = ||(-9/7,—-3/7,—6/7|| = 7

~ 1.60357
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Entidvon addvatov cvothpatoc

import numpy as np

b = np.array([5,3,12])

A = np.transpose(np.array([[1,1,2],[1,-1,11]1))
print("b =", b)

print ("A =\n",A)

#First method

x, residuals, rank, s = np.linalg.lstsq(A, b, rcond=None)
print ("Least squares solution of system A x = b =", x)
print ("Projection = ", x[0]*np.transpose(A) [0] + x[1]*np.

transpose (A) [1])
print ("Error", np.sqrt(residuals [0]))

#Second method

At = np.transpose (A)

newx = np.linalg.solve(AtQA,At@b)

print ("Solution of system At*Axx = At*b = ", newx)
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Entidvon addvatov cvothpatoc

Output:

b
A

[ 5 3 12]

(r 1+ 1l

[ 1 -1]

[ 2 1]1]

Least squares solution of system A x = b = [4.85714286
1.42857143]

Projection = [ 6.28571429 3.42857143 11.14285714]
Error 1.6035674514745457
Solution of system AtxA*x = At*b = [4.85714286 1.42857143]
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Mewpetpikéc epunveteg Tou ovothpatoc ()

\Lxd g1

[

Egoappoopévn dAyeBpo
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Mewpetpikéc epunvetec Tou ovotipatoc (L)
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To Sudypoypupo evéde ktnpiov opiletan amd Tl Topakdtw 14 onueio Tov

R3:

A(0,0,0) B(12,0,0) | C(12,10,0) | D(6,17,0)
E(0,10,0) F(4.8,2.8,0) | G(6.4,0,0) | H(12,0,20)
1(12,10,20) | J(6,17,20) | K(0,10,20) | L(0,0,20)
M(6.4,2.8,0) | N(4.8,0,0)

Ek twv omolwv ta emdpeva {ebyn onuetwv ouvdéovto pe 20
evBOypoppa tuipoata: {A, B}, {A E}, {A, L}, {B,C}, {B,H}, {C,D},
{C.E}. {C. 1}, {D,E}, {D,J}, {E, K}, {F, M}, {F,N}, {G,M}, {H, 1},

{H,L}, {1, J}, {I,K}, {J,K}, {K,L}.

Not BpeBetl 1 Ttpofor1 Tou Saypdppotoc Tou kTnptov oto eTimedo

x4y —z=07ouv R3
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Ecwtepikd ywduevo
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Noon. Ké&Be v = (x,y,z) mov aviikel oto eminedo x + y — z = 0 woxbel
otL

v=(x,y,z) =(x,y,x+y)=x(1,0,1) + y(0,1,1)
otéte toe vi = (1,0, —1) ko vp = (0,1, —1) amotedodv po Bdon twv
Slavuopdtwv Tou eTumédou x + y — z = 0.
Epappédlovtog tnv dadikaoion opBokavovikotoinong twv Gram - Schmidt
mpokUTTEL &TL Lo opBokavovikt Bdon tou emmédov x +y —z =0

aotedeital amd To SLavIoUATA X1 = %(1, 0,1) ko xp = %(—17 2,1)
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Mo v avarapdotact Twv Tpofoldv twv 14 onueiwv oto eminedo
x+y —z =0 pocg evdiopépouv Lodvo oL ouvteTaypévec TS TPoPoric
k&Be onpeiov (8nAadh oL ouvteleotéc Tou ekppdlouv Tthv Tpofoln kébe
onueiov ¢ Ypoppkd ouvduaopd Twv X1, X2).

Emeldq 1 Pdon x1, xo eivor opBokavovikn yvwpifoupe bt 1 tpoform oto
eminedo k&Oe Saviopatoc v € R3 Sivetow amd tnv oxéon

(v,x1) x1 + (v, X2) X2

eTopévC, oL ouvTeTaypéveg TNe TpoPorfc k&be diaviouatoc v oto
eminedo x + y — z = 0 eivaw:

((V,X1> ) (V,X2>)
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Ou ouvtetaypévec k&Be onueiov siva:
Mo to A: (((0,0,0),x1),((0,0,0),x2)) = (0,0)
12,0,0),x1), ((12,0,0),x2)) = (3,

Mo to B: ({( ) 72_)

Mo to C: (((12,10,0),x1),((12,10,0),x2)) = (T %)
Mo to D: ({(6,18,0),x1),((6,18,0),x2)) = (% 7%).

Mo to E: ({(0,10,0),x1),{(0,10,0),x2)) = (0, 22).

Moo Fr (((4.8,2.8,0),x1), ((4.8,2.8,0),x2)) = (%5, 5.7%)
Moo G: (((6.4,0,0),x1),((6.4,0,0),%2)) = (255, —5%)-
Mo to H: (((12,0,20),x1),((12,0,20),x2)) = (%,%).
Mo to /1 ({(12,10,20),x1), ((12,10,20),x3)) = (%,2—86).
Mo o J: ({(6,18,20),x1), ((6,18,20), x2)) = (25, 22).
Moo K (((0,10,20),x1) ., ((0,10,20),x2)) = (23, “2).
Mo to L: ({(0,0,20),x1),((0,0,20),x2)) = (27 2—06).

Mo to M: (((6.4,2.8,0),x1), ((6.4,2.8,0),x2)) = (5255, —57%)-
Mo to N: (((4.8,0,0),x1),((4.8,0,0),x2)) = (24, —-24)

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 131 /185



T XMUOLTLKA, evidvovTag T avTiotolya onueio, n TpoPorr Tou
Slarypdippotoc Tou ktnpilov oto eminedo x + y — z = 0 amelkoviletal oTo
ETIOUEVO OXTLOL: o J

To emimedo x +y —z=0

O etikéteg oto oxnua deiyvouv Tic Tpoforéc Twv avtioTolxwv onueiwv
oto eminedo x +y —z = 0.
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5n AIAAEZH
EXQTEPIKO FNINOMENO

e Aldomaon 8alovodv TGOV
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Avdomoon dalovomv kv (SVD)

Mo atd TG o Xprolpeg Sloomdoelg unTpodv Tov opifovTol ko Yo
K1 TETPAYWVIKEG PNTPEG cival 1 SldloTtoeon LBltalovodv TLL®V
(singular value decomposition (SVD)).
‘Eotw A € Mpyxn. H ldomtoeon ralovomdv Tipov tne A eivou to
Ywéuevo
A=UZV!

oTov

e Y =diag(o1,02,...,0p) € Mmxn, p=min{m, n}, eivow piat

Slorycdvioe m X n pATpoL e Loty dvieg Tiég 01 > 02 > - > 0p > 0,
o Ue Mpyumko V € My, eivow opBoydwvieg pfitpec.
e Ta o; ovopdlovtau t8Ldfovoeg Tipég (singular values) tng A.

e Ou othheg twv U, V ovopdlovton aprotepd ko deLae tdialovto
Sraevdopacte (singular vectors) g A avtiotoua.
Moportipnon: Mo tnv Sidotoon WBialovodv Tip®v éxouv kabiepwbel
o oupPora U, X ko V.
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Avdomoon dalovomv kv (SVD)

MopotApNon: 2 TG UN TETPAYWVIKEG SLOLYDVLEG M X N WATPEC TOL 1)
undevikd otoiyeiow Bpiokovtow otnv i-00TH Ypopus Ko i-00TH OTHAN
émov i < min{m, n} kow avdhoyo pe T m, n éXOUV TIG LOPYES

(a7 0 -+ 0

0 apw -+ 0

0 0 ap, | 6TV n < m ko

0 O 0

0 0 0 0]

-311 0 0 0O --- 0

0 ano 0 o --- 0 ,

6tav m < n.

0 --- 0

0 0 amm 0 --- 0
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Avdomoon dalovomv kv (SVD)

Atodekvietan 6t kdBe Tparypatikn pitpa A éxel Sidomaon dialovomv
TILOV KO LoYVEL N TOPOKAT®W TPdTOLON:
MNpdtaon 16
‘Eotw A € My, ue Sidonaon dialovodv tiudv A = UL V'Y, émovu
Y = diag(o1,02,...,0p) kat p = min{m,n}. Tére
Q O 8idlovoec Tiuée g A toobvtar e Tic (Un apvnTikéc)
TeTPA YWVIKEC pilec Twv p pueyaAltepwy t8loTiudv T n X n uftpac
AtA, (1 tne m x m urftpag AAY). Avddoya ue to p, or emimAdov
brotipée tne AtA 1 tne AtA eivai 0.
@ O otridec v; tnc opboydwviac unitpac V eivar ta 1Stobtaviouata tnc
n x n uftpac AtA.
© O otiidec uj tng opboywwviac uitpac U eivat ta diobiaviouata tne
m x m uitpac AAL.
Q@ Nai=1,2,...,p, o i-ootéc otAec u; kat v; twv U kat V
avtiotoya ouvvSéovtal ue tic oxéoeic: Av; = oju; kai Alu; = ojv; )
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Avdomoon dalovomv kv (SVD)

ATtéddelln. Xwpic PAEPN tnc yevikdtnrog éotw m > n, ondte p = n.
TrevOupileton 6TL o Tetparywvikn witpo B ovopdletoun opboywving
Slaywviomotioyun av B = PDP! émou P eivauw opBoymdvie pftpa (dmAadh
P~ = Pt). Ml tetparywvikt pitpa eivor opBoywving Storywviotolfouun
avv etvor ouppetpikt. Mo kdbe uhtpo A € My, oL uftpeg ATA, AA!
elvoll ouppetpikéc, emopévac sival opfoydviwe diarywvotolfolueg.

loy Vel étL ATA € M, ue

ALA = (USVHEUZV?Y) = VEIUtUSVE = V(ZID) V!
6oV LY € My, pe TEY = diag(o?,03,...,02), Snhadh oL othleg g

V etvor 18odtaviopata tne witpac ALA e avtiotouxec tBlotipéc Tau
TeTpdywve TV Lalovodv Tiuov TNe A.

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 137 /185



Avdomoon dalovomv kv (SVD)

Ouolwg, woybel étL AAY € M pum e
AAt = (UZVH)(UZ VY = USVIVELUE = U(EThH Ut

6mov YX! € My pe TXF = diag(o?,03,...,02,0,...,0), Sn\adt ot
othreg tng U etvor 8rodiaviopata tng pwitpog AA! pe avtiotouxeg
OLoTIéC TaL TETPA YWV TwV LBLAlouo®V TULOV TNC A KoL M — n ETUTAEOV
undevikéc 8lotipéc e AAL.
Emumhéov, éxoupue 6T

AV = UXV'V & AV = UL
KoLl

U'A=U'ULV! < U'A=3TV & (U'A) = (V) < AU = VIL
Apat, oL i-ootég otheg u;j ko v; Twv U kou V avtiotolya ouvdéovtan pe
Tig oxéoelg:

Avi=ojui yaaxade i =1,...,p
KoL
Aty =oivi v xdde i =1,...,p.
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Avdomoon dalovomv kv (SVD)

AT TV TtponyoUpevT) TTPATAOT TPOKUTITEL TO ETIOUEVO TIOPLOWLOL:
MNoéplopa 2

H Sidomaon 18talovodv TV LA ¢ CULUETOLKTC TETPA YWVLKTC N X N
untpac A ue un apvnrikéc idotiuéc tavtiletar pe v opboydvia

Siaywwviortoinon tne uiitpag A, émouv ot Lblotipéc tne A eppaviovrtal
otnv D oe pOivovoa oeipd.
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Avdomoon dalovomv kv (SVD)

Mopdderypor vtohoylopov tng SVD
Not Bpebet 1 Sidomoon dalovodv Tyudv Tne PiTpog

1 2 3
A‘[z -1 2]'

E&8& p = min{3,2} = 2. Apa, n A éxeL Suo 8idlovoeg Tipéc. Mog
oupépeL vau TIC uTtohoyiooupe ad Tic LoTiéc Tne 2 X 2 ufjtpag AAL
‘Exoupue 61U

1 2

1 2 3 14 6
t __ _
AA" = [2 1 2] § —21 = [6 9}

Amé v xapaktnploTikt e&lowon tng AAL:

14 — )\ 6
6 9—- A
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Avdomoon dalovomv kv (SVD)

mpokUTTEL &TL oL tloTiwéc e AA! o pBivovoa oelpd etvo
A1 =18 xou \p =5

Enopévac, ou 8Ldlovoeg tinéc tne A stvou

0'1:\/)\71:@){0((.0'2:\/)\_2:\/5.

>t Wotw A1 = 18 avtiotouyel to L8odiavuopo [ ] EVQD OTNV

2

, . . -2 ,
oty A2 = 5 avtiotolyel To Wodidvuopa 3 | KovovikoTolvtog

T 800 8Lodlaviopata TpokUTToUV avtioTolyo Tal StaviopaTa

3 _ 2
m= V3| koww=| ¥3|, o omoio amotehovy Tic oTHAES TG
V13 V13

opBoymviac uitpac U, dniadh

U=

Bl
Sl
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Avdomoon dalovomv kv (SVD)

Atopével va Bpoupe tic othiec Tnc opboydwiac phitpac V. O othhec
™™g V etvon Tow Bodlaviopata g 3 X 3 ptpag ATA.
Twc 800 mpwteg othAeg Tng V pmopolpe va Tic uTtoAoyicouue amd tTnv
oxéon

Atu; = ojv;

MNpdypott,

[ |
[ele}
iR
| o[~
al=gl=zl
NN SN
-b B B

KoL

3l
(€}

S
[l
S |
N
>
Y
o
N
[l
S
W N
(N
—_
1
ol
w
| — |
|
Sl
ol
|
gl
w
Il
|
3
o)) ~
o
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Avdomoon dalovomv kv (SVD)

Trv tpltn othAn e V Ba tv umoloyicoupe PBpiokovtoc to
WBrodLdvuopa Tou avtiotouxel T oty 0 tng witpag ALA:
‘Exoupue 61U

1 2 50 7
AtA=[2 -1 E _21 g]—OS 4
3 2 7 4 13
7
>t Wot 0 aevtiotolyel To Wodidvuopa | 4 | . KawvovikoTolwvtog,
-5
7
3@
TLPOKUTTEL TO SLAVUOUAL V3 = 3V |- Emopévwg, N opBoydvia 3 x 3
5
3V10
7 _4 _1
V234 /65 3v10
, , 4 7 4
witpa V' woolto pe V = 73 Ve 3vi0
i3 5
_13 0 __5_

N

3

N~
w
4
o
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Avdomoon dalovomv kv (SVD)

Y vvoyilovtag, 1 Sdomaon dalovomdv TodV e A givor

A=UzVt= V]2 3 S 7= 0
0 V5o |[VE

7 4 13
2 3
310 3/10  3/10

Vi3 V13

Mopoctipnon: H Sidomaon dialovomv Tipodv avakadigbnke to 1873
até tov Beltrami adA& o Tp@Toc TpakTikdC TPATOC UTIOAOYLOMOU TNG
yiow peydeg uitpeg 860nke to 1965 ard toug Golub kow Kahan: H
néBodd¢ Toug uohoyilel Tnv Sidomaon Wlalovo®v TLOV Xwpic va
xperoeotel M xpovoPBépa Sladikaoior vtohoylopol Tne opboyhviog
StaywwioToinong tne uitpac AAL 4 AA.

Egoappoopévn dAyeBpo Eocwtepkd ywwdpevo 2023 — 2024 144 /185



Avdomoon dalovomv kv (SVD)

H 8idomoon dialovodv Tiumv diver ToAAéc TTANpoyopliec yial TV AT
A kou Toug Paotkolc uToxdpoug Tou oxeti{ovTol e auTH.
MNpétoom 17

Eotw A € Mpxn kat A= ULV n &idoraon tdiafovodv Tipdv tne A,
Téte

© To rank tnc A wooUtat pe tov aptBud twv un undevikadv idialovodv
TLULWV TNG.

@ H ewdva tnc A mapdyetal and Tic mpdtes r otnideg e U.

© O muprjvac tne A mapd yetal ané tic teAevtaiec n— r otidec tng V.
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Avdomoon dalovomv kv (SVD)

Mpétocon 18 (Awdomaon pitpag we &Bpolopa pntpddv pe rank 1)
Eotw A € Mpxn kat A= ULV n Sidoraon tbalovodv Tiudv tnc A,
ue X = diag(o1,02,...,0p), émov p = min{m, n}, U opBoydvia m x m
unftpa e otrideg uy, us, ..., Uy, V opboydvia n X n uitpa e otridec
Vi, Vo, ..., V,. [0t¢

A = o1uivi 4 o2uV5 + - - - + opupv;, (1)

v

Me &Mt Aéyra, M pitpa A ekppdleton we dbpolopa PNTpodv Tou éxouv
rank 1 (ou omoieg TpokUTTOULY AT TIg OTHAES TwV pnTpdv U ko V.
Kdmoieg popég avti tng ypophic A = UX V! 1 Sudomoon Bialovomdv
TV T A opiletan wg to (loodbvayuo) dbpotopa (1)
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Avdomoon dalovomv kv (SVD)

MNopdderypor didomoong oe witpeg me rank 1

Aildetol n uiTpa
1 2 3

A= [2 -1 2] '

No ekppootel wg &dBpolopal untpcdv Tov éxovv rank 1.

Nbon. H Sudomoon dialovodv Tipev Tng A stvou

7 4 13

= |2 3|0 5 ool Ve Ve
13 \/ﬁ 7 4 -5
3V/10 310 3V10
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Avdomoon dalovomv kv (SVD)

Emopévag, n A ekppdleton wg dBpotopa untpcdv Tou éxouvv rank 1 wg
e

1 2 3
A= [2 1 2] zalulvf+02U2v2t

3 -2
Vi3 7 4 13 Vi3 4 -7
=18 [g] [\/234 V234 \/234} + V5 g] [ﬁ V65 0}

:ﬂﬂ [7 4 13] + Vo [_2] 4 -7 0
V13234 |2 V1365 | 3
_ 121 12 39) 1[-8 14 0
13 [14 8 26}+ﬁ[ 21 0]
L iENEX
IRENIER
161538 0.92308 3]  [-0.61538 1.07692 0
[1 07692 0.61538 ] [0.92308 ~1.61538 o]
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Avdomoon dalovomv kv (SVD)

Mapatipnon: Eotw wo witpo A pe rank(A) = r, nhad1 n ddotaon
TOu XOPou Twv oTNAGV (1) Twv Ypopudv) te A eivaw r. Xe ToAég
spappoyéc édtov 1 Sidotoom r siva TTOAD peydAn, Péyvoupe piot AN
pfitpa B M otolo Suatpépel 600 To duvatév Aydtepo’’ amtd T A, aAA&
éxel wkpdtepo rank. H emdpevn mpdtaon oG delyvel Twe UTopoUpe va
Xpnoupotolfooupe T Sidomaot tdalovomv Ty Thg A yia va Bpolue
v “‘mAnoiéotepn’ pitpoe B m otoia éxel rank k, émou k < r.
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Avdomoon dalovomv kv (SVD)

Mpétoon 19 (Oewpnpar Eckart - Young)

Eotw A € Mumxn me rank r kai Stdormaon dialovodv Tiudyv
A= UZV" = opuivi + ooupvh + -+ - + o,u, vt
[a kdBe k < r = rank(A) n uiftpa
Ak = o1uivi + opupvh + - + opugvi
éxel rank k kat yia omora8nfmote dAAN wiftpa B e rank k woyvet éti

A=Al < [[A= B

B woobbvapua min ||A— B| = ||A— Akl| émov ||P|| eivat omora 1jrrote
rank(B)=k
AAAN norm unTPOV.
Me dAAa Adyia, n udtpa Ay eivar n mAnoiéotepn uitpa e rank k otnv
A amné dAec tic wijtpec B mov éxouv rank k.
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Avdomoon dalovomv kv (SVD)

Mpétoon 11 (Oewpnpar Eckart - Young (ovuvéxeia))
EibikéTepa, yia tic mapakdtw ovvnbiouévec norm n améotaon avty

eivat:

Av ||A]| = /tr(AA?) = Z Z aU (Frobenius norm) téte

i=1 _]_

IA=Ad = min |4~ B| =

A
Av ||Al| = sup HH T|H émov ||x|| = \/Xlz + X3 + - x2 (2-norm) téte

IA=Ad = min_||A~B| = o

v
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Avdomoon dalovomv kv (SVD)

Mopatnpnoets:
O H pAtpar Ax ptopel va utodoyioBel ko amd to ywduevo
A = UD V!
6Tov

Dk :diag(al,...,ak,O,...,O).

@ H pitpa Ak tou Bewpnuatog Eckart - Young ovopdlleton BéNtioTn
rank Kk Tpooéyyion tnc A

O Y& ToMéG TEPLTITOOELG, VO OL PATPEG TTOU ALVTLOTOLYOUV OTaL
dedopéval émpeTe vaL éXOULV UTIOXPEWTLKA Wikpd rank, dpwe edautiog
CPAUALATWY OTA TOPATTPOUMEVAL Sedopéval TEAKE KOUTOUATYOUUE e
pftpeg Tovu éxouv peydlo rank. To Bswpnuor Eckart - Young pog
e€aoparilel étL yiow vo AdPoupe pat ufitpo pkpotépou rank
KTopoUpe Sikoooynuéval vor ayvorfiooupe Tl Ltdlovoeg Tiéc TTov
eivou tng (8o T&éne pe T opdApata oto dedopéva pag (SnAadn
va Tic Béooupe loeg pe pndév) ko vor utohoyiooupe ek véou to

s
ywouevo UX V.,
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Avdomoon dalovomv kv (SVD)

Mapdderypor e0peone BEATIOTNC TPOTEYYLONG

No BpeBet 1 BéAtiotn rank 1 mpocéyyion tng witpog A = B _21 2]

TOU TIPOMYOULEVOU TTALPOLBELYLOLTOG.

Noon Mponyoupévac Bphkape 6tL M uitpa A éxel Sidomaom Wlalovomy
TULOV

A=UZV!= O‘1U1V1t + aquvzt

7 4 13
- |2 _3 0 V5 0 65 /65
V3 V3 7 Y 5
3v/10 310 3v10
21 12 g =8 1 9
-1 ¥ 3+ E &
13 13 13 13
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Avdomoon dalovomv kv (SVD)

Me Bdom to Ospnua Eckart - Young, 1 BéAtiotn rank 1 mpooéyyion A;
e A mpokiTTel kpatvTag évo Ty peyohutepn Widlovoa Tuun TNg,

kol Bétwvtoc ioec pe 0 Tic udhoimeg. Omdte

3
Alzalulvf:m[«;s] e o

'H, wo0o8lvaypo

3 _2
I
Vi3 Vi3

3 13 2

Egoappoopévn dAyeBpo Ecwtepikd ywduevo

21 12 4
L= ¥ )
234 E
13 13 2
7 4 13
234 234 234
A M
V.65 \/65
7 4 5
3v10 3v10 3v10
2023 — 2024 154 /185



Avdomoon dalovomv kv (SVD)

Mopdderypor evpeonc BéATioTng TtpooéyyLong

No BpeBoiv oL Bétioteg rank 1,2 kow 3 mpooéyyloeig Tne 17 X 4 pfitpog

A ue

5.1
4.9
4.7
4.6
5.0
5.4
4.6
5.0
4.4
4.9
5.4
4.8
4.8
4.3
5.8
5.7

5.4

3.5
3.0
3.2
3.1
3.6
3.9
3.4
3.4
2.9
3.1
3.7
3.4
3.0
3.0
4.0
4.4
3.9

1.4
1.4
1.3
1.5
1.4
1.7
1.4
1.5
1.4
1.5
1.5
1.6
1.4
1.1
1.2
1.5
1.3

0.2]
0.2
0.2
0.2
0.2
0.4
0.3
0.2
0.2
0.1
0.2
0.2
0.1
0.1
0.2
0.4
0.4]
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Avdomoon dalovomv kv (SVD)

Noon. Apyikd, vitodoyiloupe Thv Sidomaon Wialovomv T®v tTe A
oo TNV ool TIPOKUTITEL
A=UZV!

omov U éxeL diaotdoeig 17 x 17, X éxel diootdoelg 17 X 4 ko V éxel
Slaotdosic 4 x 4. O 18dlovosec Tiéc tne A eivow o = 25.7804,
oo = 0.823796, o3 = 0.588009 ko o4 = 0.218905. Apat, n A €xeL rank 4.
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Avdomoon dalovomv kv (SVD)

MmnSevilovtac Tnv 04 ko vtoloyilovtac ek véou To ywwdpevo UL VE
mpokUTTEL TL 1 PéATioTn rank 3 mpoodyyion Tne A sivow M it

[5.10347
4.87826
4.69864
4.60012
5.01464
5.38496
4.59936

5.003
4.39334
4.90619
5.40587

4.8137
4.80183
4.31786
5.80291
5.70191

15.37717

3.49462
3.03376
3.2021
3.09981
3.57728
3.92334
3.401
3.39534
2.91034
3.09039
3.69088
3.37874
2.99716
2.97227
3.99549
4.39704
3.93544

1.39846
1.40968
1.3006
1.49995
1.39349
1.70669
1.40029
1.49867
1.40296
1.49724
1.49739
1.5939
1.39919
1.09205
1.19871
1.49915
1.31016

0.2152157
0.104607
0.194054
0.200537
0.26421
0.334034
0.29718
0.213155
0.170785
0.127164
0.225773
0.26009
0.108015
0.178361
0.212758
0.408359

0.299859 |

1 omola améxel amdotaom o4 = 0.218905 amd tnv A av
XPMNOLLOTIOLHOOUKE TNV 2-norm
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Avdomoon dalovomv kv (SVD)

MmnSevilovtoc Tic 03, 04 ko vtoroyilovtoc TéM to ywduevo UX V't

mpokUTTEL &TL M PéATioTn rank 2 mpooéyyion g A slvau M witpa

[5.07927
4.81528
4.67784
4.65511

5.0291
5.49528
4.68341
5.01945
4.42415
4.88049
5.38378
4.90944
4.74646

4.2674
5.63682
5.75862

15.34688

3.51279
3.08107
3.21774
3.0585
3.56641
3.84046
3.33784
3.38299
2.88719
3.1097
3.70748
3.3068
3.03876
3.01018
4.12028
4.35443
3.9582

1.43699
1.50996
1.33374
1.41237
1.37045
1.531
1.26642
1.47247
1.3539
1.53817
1.53257
1.44142
1.48736
1.17241
1.46322
1.40883
1.35841

0.2310727
0.145878
0.207691
0.164499
0.254731
0.261733
0.242091
0.202375
0.150591
0.144007
0.240251
0.197337
0.144301
0.21143
0.321613
0.371189

0.319714 |

1 omola améxel amdotaom o3 = 0.588009 amd tnv A av
XPMNOLLOTIOLOOUKE TNV 2-norm.
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Avdomoon dalovomv kv (SVD)

TéXoc, undevilovtac Tic 0p, 03 KAl 04 ko vtohoyilovtacg Eavd to

ywépevo UL V' mpokimrer bt 1 BéAtiotn rank 1 mpooéyyion tng A eivow

1 witpa

r5.07871
4.72891
4.67132
459914
5.05897
5.50844
4.71694
4.98842
Ay = |4.36422
478844
5.37771
4.8784
4.66192
4.28722
5.71265
5.88609
5.43598

3.51403
3.272
3.23215
3.18221
3.50038
3.81137
3.26372
3.45156
3.01967
3.31319
3.72091
3.37543
3.22565
2.96639
3.95266
4.07267
3.76123

1.43586
1.33697
1.32068
1.30028
1.43028
1.55736
1.33358
1.41034
1.23386
1.3538
1.5204
1.37923
1.31803
1.21209
1.61509
1.66413
1.53687

0.2315247
0.215578
0.212952
0.209662
0.230625
0.251114
0.215032
0.227408
0.198953
0.218291
0.245155
0.222392
0.212524
0.195442
0.260424
0.26833

0.247811 |

1 omola améxel amdoTaom or = 0.823796 amd tnv A av
XPMNOLLOTIOLHCOUKE TNV 2-norm.

Egoappoopévn dAyeBpo

Ecwtepikd ywduevo

2023 — 2024

159 /185



Avdomoon dalovomv kv (SVD)

Ou eikbveg pe ykpL TOAETTOL Kol SLaLoTdoelg m X n wropolv va
BewpnBoldv we m x n pitpeg oTic omoieg kébe otouxelo avtioTolyel ot
éval pixel Tng ewkdvag ko tow otoryeior AopPdvouv Tipéc amd 0 ewg 255
avdloyal e TNV avtioTouyn T Touv YKpL Tov éxeL To pixel.

Mia emoTetikty epappoyn Tov Bewpruatog Eckart - Young etvaw 1
TPOCEYYLON TNG MATPOC LOLG YKPL ELKOVOLG e eYdAo rank amd pfTpec
(ko &pow avtioTolyeg elkdveg) pe pkpdtepo rank.

Not BpeBolv Tpooeyyioelc wikpotépou rank yLow Thv elkdve
(unipi_rank310.eps):

V.
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Avdomoon dalovomv kv (SVD)

Noon. H ekdva autt €xel Sraotdoelg 361 x 310. Mo toug
umtoloylopovg Ba xpnowpomotioovpe to Octave. (To epwtnuatiké oto
TéNOC TWV EVTOA®OV Tou akoAouBolv éxel wg CUVETELXL VO EKTENEOTEL M)
evtoA) aAA& vou umv epgpavicBel to amotédeopa tng otnv 08évn).
MpoTal PopPT®VOUNE TNV EKOVAL [LE TNV EVTOAT

A = imread("unipi_rank310.eps");

Emeldn m ewdva eivor 781 yrpL dev xpetdleton vo kdvoupe k&ToLo
METATPOTY, otV ATV éYXPwin Oo TNV LETATPETIOLLE O YKPL [LE TNV EVTIOAT
Agray = rgb2gray(A);

Mpoto B petatpéPoupe T otoyeiow Tng oe double pe tnv evtold
Adouble = im2double(Ad);

Mmopolpe vor Soope to rank tng Adouble pe Tnv evtord

rank (Adouble)
ans = 310

7 7

AT n imTan Adanhla éver ranlk 21N

H 114 aYala a A
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Avdomoon dalovomv kv (SVD)

Emiong, umopolpe va Sovpe tnv ekdval Tou avtioTolyel Tnv uiTpo
Adouble pe tnv evtohd
imshow(Adouble) ;

‘Enerta O utodoyiooupe v Sidomaon dalovodv tipmv (SVD) tng
Adouble pe tnv evtohd

[U, S, V] = svd(Adouble);

Av Béloupe va utohoyicoupe Tnv BéATiotn rank k mpooéyyion T
Adouble, pmopolpe voL XpNOLLOTIOLACOUNE TLG EVTONEG

C=S; N=k; C(N+1l:end,:)=0; C(:,N+1:end)=0; D=U*C*V’; imshow(D)

H D sivou 1 BéAtiotn rank k mpooéyyion tne Adouble.
Mo va amoBnkedooupe tnv D o apxeio ekdvag opolpe vou
XPMNOLLOTLOLHCOUIE TNV EVTIOAT

imwrite(D, "mypic.jpg");
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Avdomoon dalovomv kv (SVD)

AxolouBolv opiopéveg rank k mpooeyyioeilg tTng apxiknic ewdvag:

k=5 k=10 k=20

E————— 2023 — 2004 163/185



Avdomoon dalovomv kv (SVD)
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Avdomoon dalovomv kv (SVD)

Moportipnon: Mmopolue va Bpodue Tpooeyyiosic pkpotépou rank ko
e yXpwpeg elkdveg. Ou éyxpwpeg elkéveg pue Talétto rgh
avtiotoloVv oe 3 diowpopetikég pitpeg (pLar yia k&Be évar amd to
Xpopota Tng Toléttag red, green kow blue).

Mo vo BpeBolv mpooeyyiosic pikpotépou rank yiol Tnv sikdval
(unipic_rank310.eps)

OTWC TIPONYOUREVKC POPTWVOULE TNV ELKOVAL O [Lal MATPOL [LE TTV EVTOAT

A = imread("unipi_rank310.eps");
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Avdomoon dalovomv kv (SVD)

Kow T, podta Bo petartpédoupe ta otouxeiow tng oe double
Adouble = im2double(A);

Ytnv ovvéxela, Ba utoloyiooupe Eexwplotd tnv ddomoon Bialovodv
Tpev (SVD) ké&Be xpopatog tng Adouble pe T evtolég

[U1, S1, V1] = svd(Adouble(:,:,1);
[U2, S2, V2] = svd(Adouble(:,:,2);
[U3, S3, V3] = svd(Adouble(:,:,3);

Mo v utoloyiooupe tnv Pértiotn rank k pooéyyion tng Adouble, Ba
vtohoyiooupe tnv BéAtiotn rank k mpooéyyion k&be XpOUATOG e TIG
EVTOAEC

C=S1; N=k; C(N+1l:end,:)=0; C(:,N+1:end)=0; D1=U1xCxV1’;
C=S82; N=k; C(N+1l:end,:)=0; C(:,N+1:end)=0; D2=U2*C*V2’;
C=S3; N=k; C(N+1l:end,:)=0; C(:,N+1:end)=0; D3=U3*C*V3’;

O D1, D2, D3 eivow ov BéAtioteg rank k mpooéyyloeig kébe xpodpotog

tn¢ Adouble.
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Avdomoon dalovomv kv (SVD)

TéMoc, B avacouvBéooupe Tic 3 Tpooeyyioeic oe o pATpal MoTe vo
TipokOPEL KoL TTAAL Y XPWHIT ELKOVAL XPTIOLLOTIOLOVTOG TIC EVIOAEC:

Anew = zeros(size(Adouble));
Anew(:,:,1) = Di;
Anew(:,:,2) = D2;
Anew(:,:,3) = D3;

Mo vor Solpe TNV €kdval TNG TPOTEYYLONG KO TLAAL XPNOLULOTIOLOVKE TNV
EVTOMT):

imshow (Anew) ;
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Avdomoon dalovomv kv (SVD)

AxolouBolv opiopéveg rank k mpooeyyioeilg tTng apxiknic ewdvag:

k=5 k=10
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Avdomoon dalovomv kv (SVD)
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Avdomoon dalovomv kv (SVD)

Mopoctipnon: Mo kadh Budtnta tne Sidomaong 1dalovodv TI®Y
etvai, 4t oL 18Ldlovoeg Tipéc Tng A dev eivou WBiaitepar svaicOnrTec ot
pkpég adMayég twv otouxelwv Tng A. Tuykepuuéva, ol LdLdlovoeg Tiuég
twv A ko A+ E Stapépouv to oD katd ||E|| (éTov || E|| eivon m

2-norm).
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6m AIAAE=H
EXQTEPIKO FNINOMENO

o OpOoydvie cUPTANPOROLTOL
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OpBoywviar cupTANPOUATY
‘Eotw ) # AC V. To ocldvoro

Al ={xe V:(x,y) =0 nia k&Be y € A}

ovoudletal opfoydvio cuUTAp@RA Tov A.
Ytnv endpevn pdtaotn ouvodilovton ol Paoikéc LBLdTnTEC TWV
opBoywviwv cULTANPWUATWY.

MNpdtaon 12

‘Eorw (V, () kat W vrnéxwpog touv V. loxbovv ta mapakdtw:
Q@ W elvai vmdywpoc Tou V.
@ Wnwt=1{o.

© Eotw S uia Bdon tov W. Térte

Wt ={xeV:(xy)=0rya«ibeyc S}
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OpBoywviar cupTANPOUATY

Mpétocon 12 (ovvéxeia)

Q V =W+ W' kat ia kd0e v € V vrdpyouvv povadikd w € W ka.t
x € Wt dote
V=W +X.

Q@ Eotww S ua Bdon tov W kar S' pia Bdon tov W, To oibvolo
SUS’ amotedel fdon Tov V.

Q@ AvdimV = n kat dim W = k téte dim W+ = n — k.

o (WhHt=w.

Q Eotw S’ wa Bdon tov W, Tére

W={xeV:(xy)=0raxdbey €'}
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OpBoywviar cupTANPOUATY

ATtddergn:
© Emeady (0,w) = 0 yiot kébe w € W émeton bt WL # (.
‘Eotw X,y € WL kaw A\, € R. loxoel bt (x, w) = (y,w) = 0 yix k&Be w € W.
Etmopévag, yio kéBe w € W oxleL étL

(Ax 4 py, w) = A {x,w) + p(y,w) =0

dpot, Ax + py € WL, smiadnh to WL eiva uméywpog tou V.
@ Mpopavig 0 € WN W, ‘Eotw x € WN WL, Eneldf x € W émeton L (x,w) =0
T kéBe w € W. 'Opwg, x € W, omdte yiao w = x toyvetL étu

(x,x) =0 x=0.
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OpBoywviar cupTANPOUATY

© Eotw S o Béon tou W. Av x € W téte i k&Be y € S C W émeton ému (x,y) = 0.
Avtictpoga, av {x,y) = 0 yia k&be y € S, téte x € WL Mpdypott, emeldn) kébe
otowxeio w € W ekyppdleton wg ypopptkdg ouvduaopdc Twv otoyeilwv y tng S émeton
ot

w = Z)Wy 6mou Ay € R
yES
ETIOUEVWG

<X7 W> = <X7 Z )‘YY> = Z Ay <X7 y) =0,

yeS yeS

dpo, w € WL,
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OpBoywviar cupTANPOUATY
@ Eoww v eV kS o opbokavovikr Bdon tov W. Oewpolue tal Staviopoto

W:Z(v,y)y%oux:v—w.

yES

Mpoyoavidg v =w + x kot w € W ool to w eival YpappLkdg ouvBuaopds Twv
otouxelwv y Tng Bdomg tou W. Emiong x € WL, Mpdypot yio kéBe yg € S woyber 6t

<X7 y0> = <V - W7y0> = <V - Z <V7Y> \ YO>

yeS

= (v,y0) — <Z (v,y) y,yo>

yES

= (v,50) = > ((v,¥) ¥,%0) = (v,¥0) = > (v, y) (¥,¥0)

yeS yes
= (v, ¥o0) — (¥, ¥o0) (Yo, Yo) = O.

oupoV (y,yo) = 0 yioe k&Be y € S pe y # yo ko (yo,yo) = 1. Emopévwe, ard tnv
Tponyoluevn Ldétntor TtpokVTTeL Tl x € W,

‘Eotw Tt v=w +x’ pe w € W kou X’ € WL, téte w+ x = w’ + x’ emtopévec,

w—w =x'—x, bpocw—w € W ko x’ —x € W' emopévwe, w—w' x' —x € WnWw-t
emopévwg, w —w’ =0 ko X’ — x = 0, dnAadf w = w’ ko x = x’.
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OpBoywviar cupTANPOUATY

@ ‘Acknon.
@ ‘Acknon.

@ Eoto w € W téte (w,x) = 0 yra k&Be x € W, dpo w € (W)L, omdre W C (W)L,
‘Eotw v € (W)L téte and tqv 1uétnta 4 undpyxouvv wovadikd w € W kow x € W

wate
V=W X.
loyxbeL 6tL
0= (v,x) = (W+x,%x) = (W, x) + (x,x) = (x,x) & x=0.
Emopévwg,

v=w+0=we W
dpa, (W) C W, smradyh (W)L = w.
@ ‘Acknon. o
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OpBoywviar cupTANPOUATY
Mopdaderypo: ‘Eotw
W = {(x,y,z) € R®: x +2y — z = 0}.

Edkola TpokumteL éTL To W elvan vtdxwpog tou R3.
Mo kéBe (x,y,z) € W oyxdel 6t

(x,y,z) =(x,y,x+2y) =x(1,0,1) + y(0,1,2).

‘Apat, to odvoro {(1,0,1),(0,1,2)} amotelei fdon tov W. Emopévac,
dim W = 2.

To opBoydvio cupmAfpwpa Tou W eiva to odvolo Twv Slavuopdtov
(x,y,2) € R3 yit Tt omota

((x,y,2),(1,0,1)) = 0 xu ((x,y,z),(0,1,2)) =0.

1, Loodvvaua,
x+z=0 X=-z
-~
y+2z=0 y = -2z
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OpBoywviar cupTANPOUATY

Emopévag, yia kdBe (x,y,z) € W woxvel 6t
(x,y,z) =(—2z,—2z,z) = z(—1,-2,1).

‘Apat, To obvoro {—1,—2,1} eivow Béom tov W, Emopévag

dim W+ =1=3—-2=dimR3 — dim W, emaAndedovtac tnv Mpdtaon
12 6.

Erumhéov, ta Staviopate (1,0,1), (0,1,2), (—1,—2,1) eivor ypoupputkdds
aveldptnTa ool

1 0
0 1
-1 -2

1 2

o =6#0.

—= N

:1.‘

‘+1~‘0 1

-1 —2‘
‘Apat, atotehoVv P&on touv R3.
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OpBoywviar cupTANPOUATY
Enopévwe kéBe didvuopa x € R3 ekppdleton we
x = A1(1,0,1) + X2(0,1,2) + A3(—1, —2, 1).

Av tebolv
y = )\1(1, 0, 1) + )\2(0, 1, 2) e Ww,
y = A3(—1,-2,1) € W+,
Téte
x=y+Y,

émovy € W kaw y € W, emadnBedovrac tv Mpdtaon 12 4.
Bdioel tng Mpbtarong 12 8, to didvuopa (3,3, 3) Sev avrkel otov W, duét

((3,3,3),(=1,-2,1)) =3 (1) +3 - (=2) +3 -1 =6 £ 0,
ev, to ddvuopa (4, —3, —2) awvnker otov W, duét
((4,-3,-2),(-1,-2,1)) =4-(-1)+(-3)-(-2) +(-2)-1=0.
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‘Eotw W o xopog mov mapdyouv tor Staeviopato

x1=(0,1,1,1,1), x =(1,1,2,0,1), x3=(2,1,3,0,0).

o Aivetou to Stdvvopa x = (3,0,1,—2, —1). AviikeL to x otov W;

1n andvenon. To x avikel oto W avv umtdpyxouvv A1, A2, A3 wote
X = A1X1 + Aoxz + A3x3 (Omdre yro kéBe Sidvuopo x Abvoupe éva
YPORMLIKS CUOTNHA.)
KéBe popd ou adAdlel To x éxoupe éval vEo GOOTNLOL VoL AOCOULE.
21 amévtnon. Trdpxel dANog TpdTOG YL VoL KEVOURLE TOV EAeYXO
oVTO;
Nouw, vrtdpyxel ko dANog tpdTog, péoa amd 1o opbéywvio cupTAfprua
Touv W.
18éoc:

@ Oa Bpovpe pa Bdon tou opboywviouv cupmAnpOuaToc Touv W.

@ To x B aviiker oto W avv sivon opBoymvio ot kdBe otoiyeio tne

Bdonc tov opboywviou cupmAnpOuatoc Touv W.
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Apxikd Bo Bpovpe pa Bdon tou opBoywviov cupmAnpodpoatog tov W.
‘Eva Stdvuopa y = (y1, ¥2, V3, Ya, ¥5) aviikel oto opBoydvio cupmAfpmpLa
Tov W avv

(y,x1) =0 o+ ys+yat+ys =0
(y,x2) =0 S <y1i+y+23+y;=0
(y,x3) =0 2y1 +y2+3y3=0

(Apob ta X1, X2, X3 TOp&youV XWpo Sidotaoneg 3 ko Pplokduaote o
éval Ypo Sidotoong 5 mepipévoupe 4t to opBoydvio cupTApwura Bo
éxeL ddlotaon 5 — 3 = 2, dnhad1 o cvotnua Ba éxel 2 eheBepoug
aYVOOoToug Kol HhoL oL uttdhotttol Bo ekppdlovtal Léow auT®dVv.)
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Nopatnpivioag Tig 3 e&iomoeig PAémoupe dtL puopolpue va ekppdooue
T Y1, Ya, Y5 HEOW TWV Y2, ¥3.

y2+y3+ya+ys =0
S 9271+ 20 +4y3 + 25 =0 2y5 = —y> — y3
2y1 = —y2 —3y3

2y0 +2y3+2y4 +2y5s =0 2y4 = —yo — ¥3
S Q25 =—y2—y3
2y1 = —y2 —3y3

‘Apat, To y aviikel oto opboymvio cupmAfpwpe tov W avv éxel tnv popei

y = ((=1/2)(y2 + 3y3), ¥2, 3, (=1/2)(y2 + y3), (=1/2)(y2 + y3))
= ((=1/2)y2,52,0,(=1/2)y2,(=1/2)y2)
+((—3/2)y3,0,y3,(—=1/2)y3, (—1/2)ys)
=(—1/2)y»(1,-2,0,1,1) + (—1/2)y3(3,0,—2,1,1)
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Apat, To y elvoll YPOUUPLKOS TUVBLALOIAC TWV YPOUILKOC AVeE&pTNTWY
Slavuopdtwv

y1 = (1,-2,0,1,1) kow yo = (3,0,-2,1,1)

dpat, amotedobv Bdomn tov opboywviov cupmAnpopatog Tov W.
Eivaw to x = (3,0, 1, —2, —1) ypoppuikds ouvBuaopds Twv X1, X2, X3;
Mo va etvon pémet (x,y1) = 0 ko (x,y2) = 0.
(x,y1)=1-3+4+(-2)-0+0-1+1-(-2)+1-(-1)=0

(X,y2) =3:3+0-0+(-2)-14+1-(-2)+1-(-1)=4+#0.

Apat, To X dev elvall Ypapupukdg ouvBuaopdc Twv X1, X2, X3.
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@ Tu 18uéTNTEG TPETEL VAL LKALVOTIOLOVV OL CUVTETALYILEVEG eVOG
Slwvopatog z = (z1, 22, 23, 24, Z5) TOL €lvor YPARULKSG ouVBUaLoUSG
TWV X1, X2, X3,

Mo va glvoll To Z YPOoLLpLKOG TUVBVALOWOG TWV X1, X2, X3 TPETIEL
<z,y1>:O o 21—222+Z4+Z5:0
(z,y2) =0 321 —2z3+ 221+ 25 =0
o Zy = (1/2)(21 + zz + 25)
z3 = (1/2)(321 —+ z4 + 25)

Mapdderypo Av z = (5,5, 10,2, 3) téte

(5+2+3)/2=5=2z

(3:5+2+3)/2=10 =z

‘Apa, o z = (5,5,10,2,3) eivor ypoppuikds ocuvBuaopds Twv X1, X2, X3

Mopathpnon: To X1, X2, X3, Y1, Y2 amoteAodv Bdon tou R,
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