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42 KEPAAAIO 1. BAXZIKEX ENNOIEX

1.8 Hapdetnua: To wapddogo tov Russell
H péBodog ogropot) ouvédwv pe tn Borbela wag omolacdrimote ibidtnrag, .y,
A = {x € N : x eivan dpmiog},

B = {To gvvolo twv gortntedv Tov Tuhuatog ITAno@oQIKNig),
C = {To gvvoro Twv YPnhwv avBpwTTwv},

umopel v odnynoel oe TaEASoEa Kol YEVIKG £TLTEETIETOL WOVO av VITAQXEL €va GUVOAO avapoQds
a6 to oolo emAéyoval Ta oTOElR ATOV TWV CUVOAWY, Kal WGvo av n BLdTnTa TEEl OQLOUEVES
mpotmobéoeic. (Ma to A To givodo avagods eivar to N, evd yia To B To gtvodo avagpopds eival
70 GUVOAO GAWV TV GOLTNTAY, EV® To GVUvoAo C Sev ogitetar o n WLdTNTA 0QLGUOV TOL Bev elvan
oapws kabopLopgvn.)

Mo cuykekpwéva dev ogileTar 70 oUvodo 6Awv Twv cuvédwv. Iledyuoamn, n magadoxi ng
VITARENS TOUV GUVOAOL GAWY TV GUVEAWV oBnyel GTO eTGUEVO TTARASOED, TO oTrolo oPelAeTan GTOV
Bertrand Russell (1872-1970).

Av Seytovue 6TL VITAEXEL TO TUVOAO GAwv TwV GUVOAwV TOTE uIrogovue va opicovue GUVOAQ
0TS TO £MOUEVO:

P = {ovvodo X : X ¢ X},

SnAadh to P elvan o oUvodo 6Awv ouvéhwv X pe tnv widtnta X ¢ X. (E8@ to guvodo avapoedg
glval To oUVOAO GAWV TV GUVOAMV aIté To oTrolo eTmAéyovtal Ta cUvoAa pe tnv wiwwtta X ¢ X).

To TaEdBoEo TEoKVITTEL av TEooTTabicove va eAEyEoupe av woxver P € P P ¢ P.

Av P € P, t61e mpémeL P ¢ P.

Av P ¢ P, t61e mpémeL P € P,

Emouévag, kal omig o Tegutaoels éxovpe avtipaon. Odnynbikaue oe avtigaon 50Tt Pewpn-
oape 6Tl VITAEYEL WS GUVOAD avapoRds To CUVOAD GAWY T®V GUVOAWY.

H mapartdve kataokeun ovoudtetor magddogo tou Russell.

Meouoodtepa oroyeia ya ta TweoBAdpata e Hepediwong Twv cuvoAMV TEQLEXOVTAL OTAL KEQU-
Aaia 1 kar 3 Tov PPAlov Enueidoels oTn auvolobewpia tov Tiavvn N. Moayopdxn, to omolo elvon
Siabéowo kol amd to cvvdeauo: http://www.math.ucla.edu/~ynm/lectures/g.pdf
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Letter to Frege

BERTRAND RUSSELL
(1902)

Bertrand Russell discovered what be-
came known as the Russell paradox in
June 1901 (see 1944, p. 13). In the letter
below, written more than a year later and
hitherto unpublished, he communicates
the paradox to Frege. The paradox shook
the logicians’ world, and the rumbles are
still felt today.

The Burali-Forti paradox, discovered a
few years earlier, involves the notion of
ordinal number:; it seemed to be inti-
mately connected with Cantor’s set
theory, hence to be the mathematicians’
concern rather than the logicians’. Rus-
gell’s paradox, which makes use of the
bare notions of set and element, falls
squarely in the field of logic. The paradox
was first published by Russell in The
principles of mathematics (1903) and is
discussed there in great detail (see

Dear colleague,

especially pp. 101-107). After various
attempts, Russell considered the paradox
solved by the theory of types (1908a).
Zermelo (below, p. 191, footnote 9) states
that he had discovered the paradox inde-
pendently of Russell and communicated
it to Hilbert, among others, prior to its
publication by Russell.

In addition to the statement of the
paradox, the letter offers a vivid picture
of Russell’s attitude toward Frege and
his work at the time.

The formula in Peano’s notation at the
end of the letter can be read more easily
if one compares it with formula 450 in
Peano 1898a, p. VII (or 1897, p. 15).

Russell wrote the letter in German,
and it was translated by Beverly Wood-
ward. Lord Russell read the translation
and gave permission to print it here.

Friday’s Hill, Haslemere, 16 June 1902

For a year and a half I have been acquainted with your Grundgeseize der Arithmetik,
but it is only now that I have been able to find the time for the thorough study I
intended to make of your work. I find myself in complete agreement with you in all
essentials, particularly when you reject any psychological element [Moment]| in logic
and when you place a high value upon an ideography [Begriffsschrift] for the founda-
tions of mathematics and of formal logic, which, incidentally, can hardly be dis-
tinguished. With regard to many particular questions, I find in your work discussions,
distinctions, and definitions that one seeks in vain in the works of other logicians.
Especially so far as function is concerned (§ 9 of your Begriffsschrift), I have been led
on my own to views that are the same even in the details. There is just one point
where T have encountered a difficulty. You state (p. 17 [p. 23 above])) that a function,
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too, can act as the indeterminate element. This I formerly believed, but now this view
seems doubtful to me because of the following contradiction. Let w be the predicate :
to be a predicate that cannot be predicated of itself. Can w be predicated of itself?
From each answer its opposite follows. Therefore we must conclude that w is not a
predicate. Likewise there is no class (as a totality) of those classes which, each taken
as a totality, do not belong to themselves. From this I conclude that under certain
circumstances a definable collection [Menge] does not form a totality.

I am on the point of finishing a book on the principles of mathematics and in it I
should like to discuss your work very thoroughly.’ I already have your books or shall
buy them soon, but I would be very grateful to you if you could send me reprints of
your articles in various periodicals. In case this should be impossible, however, I will
obtain them from a library.

The exact treatment of logic in fundamental questions, where symbols fail, has
remained very much behind ; in your works I find the best I know of our time, and
therefore I have permitted myself to express my deep respect to you. It is very
regrettable that you have not come to publish the second volume of your Grund-
geselze ; 1 hope that this will still be done.

Very respectfully yours,

BErRTRAND RUSSELL

The above contradiction, when expressed in Peano’s ideography, reads as follows:
w=-clsnzax ~ex)D:Wew.=.w ~eWw.

1 have written to Peano about this, but he still owes me an answer.

1 [This was done in Russell 1903, Appendix A, “The logical and arithmetical doctrines of
Frege™.]
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Letter to Russell

GOTTLOB FREGE
(1902)

This is Frege’s prompt answer to
Russell’s letter published above. Frege
first calls Russell’s attention to an error
in Begriffsschrift; it is a mere oversight,
without any consequence (see above,
p. 15, footnote 12). He then describes his
reaction to the paradox that Russell has
just communicated to him, and he begins
to look for the source of the predicament.
He incriminates the “transformation of
the generalization of an equality into an
equality of courses-of-values”. For Frege
a function is something incomplete, “‘un-
saturated”. When it is written f(z), z is
something extraneous that merely serves
to indicate the kind of supplementation
that is needed; we might just as well
write f(). Consider now two functions
that, for the same argument, always have
the same value : (z)(f(z) = g()). (This is
not Frege’s notation, but its modern
equivalent.) Since f and g, or rather f()
and g( ), are something incomplete, we
cannot simply write f = g. Functions are
not objects, and in order to treat them,
in some respect, as objects Frege intro-
duces their Werthverlauf. The Werthver-
lauf of a function f(z) is denoted by
2f(e) (where & is a dummy; we can also
write &f(z),...). The expression “the
function f(z) has the same Werthverlauf
as the function g(z)”’ is taken to mean
“for the same argument the function
f(z) always has the same value as the
function g(z)”, and we can write (in
modern notation)

(*) (@)f@) = g(x)) = (f(e) = dg())-

This is the ‘“transformation of the
generalization of an equality into an
equality of courses-of-values”. Whereas
the function is unsaturated and is not an
object, its Werthverlauf is ‘‘something
complete in itself ’, an object, in particu-
lar so far as substitution is concerned.
There Frege sees the origin of the para-
dox.

Frege soon made his point more speci-
fic. He received Russell’s letter while the
second volume of his Grundgesefze der
Arithmetik was at the printshop, and he
barely had the time to add an appendix
in which he shows how the schema (*)
above (or rather half of it, the implica-
tion from right to left) allows the deriva-
tion of the paradox; he also proposed a
restriction in the schema to prevent that.
Russell, whose Principles of mathematics
was at the printshop when he received
Freg.’s volume, added to his book an
appendix in which he endorsed Frege’s
emendation. But soon thereafter he tried
out various other solutions (1905a); he
finally proposed his theory of types
(1908a).

Russell’s paradox has been leaven in
modern logic, and countless works have
dealt with it. For a late and thorough
study of Frege’s “way out”, see Quine
1955.

When Lord Russell was asked whether
he would consent to the publication of
his letter to Frege (1902), he replied with
the following letter, in which the reader
will find a stirring tribute to Frege.
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Penrhyndeudraeth, 23 November 1962

Dear Professor van Heijenoort,

I should be most pleased if you would
publish the correspondence between
Frege and myself, and I am grateful to
you for suggesting this. As I think
about acts of integrity and grace, I

personal disappointment. It was almost
superhuman and a telling indication of
that of which men are capable if their
dedication is to creative work and
knowledge instead of cruder efforts to
dominate and be known.

Yours sincerely,
Bertrand Russell

realise that there is nothing in my
knowledge to compare with Frege’s
dedication to truth. His entire life’s
work was on the verge of completion,
much of his work had been ignored to
the benefit of men infinitely less cap-
able, his second volume was about to
be published, and upon finding that his
fundamental assumption was in error,
he responded with intellectual pleasure
clearly submerging any feelings of

The translation of Frege’s letter is by
Beverly Woodward, and it is printed here
with the kind permission of Verlag Felix
Meiner and the Institut fiir mathema-
tische Logik und Grundlagenforschung in
Miinster, who are preparing an edition
of Frege’s scientific correspondence and
hitherto unpublished writings; this edition
will include the German text of the letter.

Jena, 22 June 1902
Dear colleague,

Many thanks for your interesting letter of 16 June. I am pleased that you agree
with me on many points and that you intend to discuss my work thoroughly. In
response to your request I am sending you the following publications :

1. “Kritische Beleuchtung” [1895]],

2. “Ueber die Begriffsschrift des Herrn Peano” [1896]),

3. “Ueber Begriff und Gegenstand” [1892],

4. “Uber Sinn und Bedeutung” [1892a],

5. “Ueber formale Theorien der Arithmetik’ [1885].

I received an empty envelope that seems to be addressed by your hand. I surmise
that you meant to send me something that has been lost by accident. If this is the
case, I thank you for your kind intention. I am enclosing the front of the envelope.

When I now read my Begriffsschrift again, I find that I have changed my views on
many points, as you will see if you compare it with my Grundgeseize der Arithmetik.
I ask you to delete the paragraph beginning “Nicht minder erkennt man” on page
7 of my Begriffsschrift [*“It is no less easy to see », p. 15 above], since it is incorrect;
incidentally, this had no detrimental effects on the rest of the booklet’s contents.

Your discovery of the contradiction caused me the greatest surprise and, I would
almost say, consternation, gince it has shaken the basis on which I intended to build
arithmetic. It seems, then, that transforming the generalization of an equality into
an equality of courses-of-values [die Umwandlung der Allgemeinheit einer Gleichheit
in eine Werthverlaufsgleichheit]) (§ 9 of my Grundgeselze) is not always permitted,
that my Rule V (§ 20, p. 36) is false, and that my explanations in § 31 are not sufficient
to ensure that my combinations of signs have a meaning in all cases. I must reflect
further on the matter. It is all the more serious since, with the loss of my Rule V, not
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only the foundations of my arithmetic, but also the sole possible foundations of
arithmetic, seem to vanish. Yet, I should think, it must be possible to set up condi-
tions for the transformation of the generalization of an equality into an equality of
courses-of-values such that the essentials of my proofs remain intact. In any case your
discovery is very remarkable and will perhaps result in a great advance in logic,
unwelcome as it may seem at first glance.

Incidentally, it seems to me that the expression ““a predicate is predicated of itself”
is not exact. A predicate is as a rule a first-level function, and this function requires
an object as argument and cannot have itself as argument (subject). Therefore I
would prefer to say “a notion is predicated of its own extension”. If the function
@(£) is a concept, I denote its extension (or the corresponding class) by “&®(e)” (to
be sure, the justification for this has now become questionable to me). In ““ ®(éP(e))”
or “2®P(e) n P(e) ! we then have a case in which the concept ®(£) is predicated of its
own extension.

The second volume of my Grundgeseize is to appear shortly. I shall no doubt have
to add an appendix in which your discovery is taken into account. If only I already
had the right point of view for that!

Very respectfully yours,
G. FrREGE

1[“n" is & sign used by Frege for reducing second-level functions to first-level functions. See
Prege 1893, § 34.]
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Cantor set - Wikipedia

1of11

WIKIPEDIA

Cantor set

https:Hen.wikipedia.org/wiki!Cantor_set

In mathematics, the Cantor set is a set of points lying on a single

line segment that has a number of remarkable and

_E_L

deep properties. It was discovered in 1874 by Henry John Stephen SmithtI2IBI[4] and introduced by German

mathematician Georg Cantor in 1883.[51[6]

Through consideration of this set, Cantor and others helped lay the foundations of modern point-set topology.
Although Cantor himself defined the set in a general, abstract way, the most common modern construction is the
Cantor ternary set, built by removing the middle third of a line segment and then repeating the process with the
remaining shorter segments. Cantor himself mentioned the ternary construction only in passing, as an example of a

more general idea, that of a perfect set that is nowhere dense.

Zoom in Cantor set. Each point in the set is represented here by a vertical line.

Contents

Construction and formula of the ternary set

Composition
Properties
Cardinality
Self-similarity
Conservation law
Topological and analytical properties
Measure and probability
Cantor numbers
Descriptive set theory

Variants
Smith-Volterra-Cantor set
Stochastic Cantor set

Cantor dust

Historical remarks

See also

References
External links

Construction and formula of the ternary set

The Cantor ternary set C is created by iteratively deleting the open middle third from a set of line segments One starts
by deleting the open middle third (— -) from the interval [0, 1], leaving two line segments: [0, 3] u [; 1]. Next, the

open middle third of each of these remaining segments is deleted, leaving four line segments: [0, 9] U [q 3] u [ ] u
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%, 1]. This process is continued ad infinitum, where the nth set is

C,=

45/ 2 G
Ly ( 1

b )fornZl, and Cy = [0,1].

The Cantor ternary set contains all points in the interval [0, 1] that are not deleted at any step in this infinite process:
o0
C:=[)C.
n=1

The first six steps of this process are illustrated below.

Using the idea of self-similar transformations, Ty (z) = z/3, Tr(2) = (2 + z)/3 and C, = T(Cn-1) U Tr(Cn-1), the
explicit closed formulas for the Cantor set arel’]

oo 3"-1

3k+1 3k+2

c=pu~U U (WW)
n=0 k=0

3k+1 3k+2
gn+l ¥ gn+l

where every middle third is removed as the open interval ( ) from the closed interval

3k+0 3k+3 k0 kil o 10
[3ﬂ+l ) —3;;1—] = [s_"‘ s_"] surrounding it, or

oo 311
3k+0 3k+1 3k+2 3k+3
= U (55 [525),
n=1 k=0

an L) an 3,._113n_1 3n 1 gn

3k+0 3k+1 3k+2 3k+3
gn ' gn g ) 3n

where the middle third (”H ‘“—+?~) of the foregoing closed interval [HG -ﬁ] = [M ﬁ] is removed by

intersecting with

This process of removing middle thirds is a simple example of a finite subdivision rule. The Cantor ternary set is an

b b

In arithmetical terms, the Cantor set consists of all real numbers of the unit interval [0, 1] that do not require the digit 1
in order to be expressed as a ternary (base 3) fraction. As the above diagram illustrates, each point in the Cantor set is
uniquely located by a path through an infinitely deep binary tree, where the path turns left or right at each level
according to which side of a deleted segment the point lies on. Representing each left turn with 0 and each right turn
with 2 yields the ternary fraction for a point. Replacing the "2" digits in these fractions with "1" digits produces a
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surjective (and not injective) mapping between the Cantor set and the set of binary fractions in the interval [0,1].

Composition

Since the Cantor set is defined as the set of points not excluded, the proportion (i.e., measure) of the unit interval
remaining can be found by total length removed. This total is the geometric progression

°°2"_l+2+4+8+ 1(1) .
T OPE LR B T E R
< 3n 3 9 27T 81 s\1-2

So that the proportion leftis 1 - 1 = 0.

This calculation suggests that the Cantor set cannot contain any interval of non-zero length. It may seem surprising
that there should be anything left—after all, the sum of the lengths of the removed intervals is equal to the length of
the original interval. However, a closer look at the process reveals that there must be something left, since removing
the "middle third" of each interval involved removing open sets (sets that do not include their endpoints). So removing
the line segment (%, %) from the original interval [0, 1] leaves behind the points % and %. Subsequent steps do not
remove these (or other) endpoints, since the intervals removed are always internal to the intervals remaining. So the
Cantor set is not empty, and in fact contains an uncountably infinite number of points (as follows from the above
description in terms of paths in an infinite binary tree).

It may appear that only the endpoints of the construction segments are left, but that is not the case either. The number
V,» for example, has the unique ternary form 0.020202... = 0.02. It is in the bottom third, and the top third of that third,
and the bottom third of that top third, and so on. Since it is never in one of the middle segments, it is never removed.
Yet it is also not an endpoint of any middle segment, because it is not a multiple of any power of 1/3.8] All endpoints
of segments are terminating ternary fractions and are contained in the set

{z€[0,1]|JieNo:23 €Z} (cNus—Nn)

which is a countably infinite set. As to cardinality, almost all elements of the Cantor set are not endpoints of intervals,
and the whole Cantor set is not countable.

Properties

Cardinality

It can be shown that there are as many points left behind in this process as there were to begin with, and that
therefore, the Cantor set is uncountable. To see this, we show that there is a function f from the Cantor set C to the
closed interval [0,1] that is surjective (i.e. fmaps from C onto [0,1]) so that the cardinality of C is no less than that of
[0,1]. Since C is a subset of [0,1], its cardinality is also no greater, so the two cardinalities must in fact be equal, by the
Cantor-Bernstein-Schrider theorem.

To construct this function, consider the points in the [0, 1] interval in terms of base 3 (or ternary) notation. Recall that
the proper ternary fractions, more precisely: the elements of (z ~ {0}) - 37No_ admit more than one representation in
this notation, as for example Y%, that can be written as 0.13 = 0.103, but also as 0.0222...5 = 0.025, and %, that can be
written as 0.23 = 0.205 but also as 0.1222...3 = 0.125.1%] When we remove the middle third, this contains the numbers
with ternary numerals of the form 0.1xxxxx..3 where xxxxx..3 is strictly between 00000...5 and 22222...5. So the
numbers remaining after the first step consist of

s Numbers of the form 0.0xxxxx...3 (including 0.022222...3 = 1/3)
= Numbers of the form 0.2xxxxx...3 (including 0.222222...3 = 1)

This can be summarized by saying that those numbers with a ternary representation such that the first digit after the
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Hilbert's paradox of the Grand Hotel

Hilbert's paradox of the Grand Hotel (colloquial: Infinite Hotel Paradox or Hilbert's Hotel) is a
thought experiment which illustrates a counterintuitive property of infinite sets. It is demonstrated
that a fully occupied hotel with infinitely many rooms may still accommodate additional guests, even
infinitely many of them, and this process may be repeated infinitely often. The idea was introduced
by David Hilbert in a 1924 lecture "Uber das Unendliche", reprinted in (Hilbert 2013, p.730), and

was popularized through George Gamow's 1947 book Qne Two Three... Infinity. 12!
The paradox|edit]

Consider a hypothetical hotel with a countably infinite number of rooms, all of which are occupied.
One might be tempted to think that the hotel would not be able to accommodate any newly arriving
guests, as would be the case with a finite number of rooms, where the pigeonhole principle would
apply.

Finitely many new guests[edit]

Suppose a new guest arrives and wishes to be accommodated in the hotel. We can (simultaneously)
move the guest currently in room 1 to room 2, the guest currently in room 2 to room 3, and so on,
moving every guest from their current room n to room n+1. After this, room 1 is empty and the new
guest can be moved into that room. By repeating this procedure, it is possible to make room for any
finite number of new guests.

Infinitely many new guests[edit]

It is also possible to accommodate a countably infinite number of new guests: just move the person
occupying room 1 to room 2, the guest occupying room 2 to room 4, and, in general, the guest
occupying room n to room 2n (2 times n), and all the odd-numbered rooms (which are countably
infinite) will be free for the new guests.

Infinitely many coaches with infinitely many guests each|edit]

It is possible to accommodate countably infinitely many coachloads of countably infinite passengers
each, by several different methods. Most methods depend on the seats in the coaches being already
numbered (or use the axiom of countable choice). In general any pairing function can be used to

solve this problem. For each of these methods, consider a passenger’s seat number on a coach to be T
, and their coach number to be €, and the numbers T and C are then fed into the two arguments of the

pairing function.
Prime powers method|[edit]

Empty the odd numbered rooms by sending the guest in room i to room 2‘, then put the first coach's

TL
n ) n
load in rooms 3 , the second coach's load in rooms 5 - for coach number € we use the rooms p

where P is the Cth odd prime number. This solution leaves certain rooms empty (which may or may
not be useful to the hotel); specifically, all odd numbers that are not prime powers, such as 15 or 847,
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