Oewpla apLBuv J

MaBnpatikd Twv TToloylotdv

2023-2024

Moabnpoctikd twv Toloyiotdv Oewpior aplBdV 2023-2024 1/18



‘Eotw a,b e N* pe a=nb+ v, 6mov 0 < v < b. Téte toxveL 6T

MKA(a, b) = MKA(b, v).

Erumhéov, av v = 0, téte MAK(a, b) = b.
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‘Acknon 1
o()Na. Bpebei 0 MKA twv 12075 kat 4655.

Abon.
‘Exoupe éT
12075 = 2 - 4655 + 2765V
4655 = 1 - 2765 + 1890
2765 — 1 - 1890 + 875v— L1521 - LS4() B3O
1890 = 2 - 875 + 140 v
875 =6-140 + 35 v
140 = 4-35+0.
‘Apa, MKA(12075, 4655) = 35. O

ﬁ) Na sk@pxau o Mta@zo?S}rGSS) ws gpa P pIcss govovaspns
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35

|

1:2%S + (-€)-\40
=185+ (=6)- (11830 + ¢2)-§%5)
=(-€) 1830 T 13:8%5
= (-6)1830 + 13- (1- 2765 * (-1)-1830)

=13-2%65 + (-13)-1890
=13-9365 4+ 19) CL-4655 + 1) 2F65)

=(-18) 4655 + 32 -2F65
= (-13)-4¢5S ¥ 72 (1 12095 +C2) 4655S)

= 32-1203S t (-B3)-465S L[]

‘Ao, [ 3212035 & (-83). U6SS - 3g‘}




K)Noi AU 90('/\/ o KPo\Hllr'V\ 8\0\P PRAL 47, O"‘\G(bSO-S

19075 x + 4655y = (0S CT)
f

Anoe %) UnoA ISoWC o n
gcd (12035, 4655) =35

Enatn 35105 nstiswen Exu Mews. 1

Anb To F) UnﬂAmé\G'OyE “KLPK.WUS S‘}t wlﬂﬁ [V
1203$g + 465S £ = 3S

A | Bpn payc

1920%S-32 + 4655 -(-83) =35

Apa noNNan ) ks 10 laviay £01 3 g
o ore-a¢ +\L?G§S€J('—2437§?05

’AP“)ﬁi)\bch tns ¢hiwene () Elvau 1o (wxep)

Xo = 36 -24
qu, 0l uczago‘l')r\s \:(uus)m (%) sivau 1o Telgn >\€Z/

Goy) =(36-A % ;S 1243 +A“°;~—°§-5—)= (96— 1331~ 24943452 )




H ypoupikn Slopavtiky e€iowon X, t Yo = ch\ () L
ax+ by =.E> M:x.H bky,) =

kel
éxeL Noom, av ko pévo av ged(a, b) | c. ﬂ(ﬂ,b)
EmmAéov, av (xo, yp) elvor poe Moo tng, téte kdbe Adom tng elvou
™G popPiic

= A——— —)\7 A EZ.
() = (0 + A cgio gy 10 — Aol 7o A €
Erumnpdobeta, n (amhobotepn) ediowon
a b c

ged(a, b)X + ged(a, b)y - ged(a, b)

éxeL Tig i8leg aképoueg Aoelc.
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‘Acknon 2
Na AvBolv ot Sopavtikéc eélodoeic:
a) 12075x + 4655y = 105.

ES’) 12075x — 4655y = 70.

@meu\;{ —\5=Z-. Nivonye v Liswon
120FS x + 4655 2 =70

Zze -r:aAnJ Ta ?o:/'bkl CX; Z) 'Gl‘vmnM CX) —\j)

A, o1 A6 (%, Y) even (x,-2),
(x,y) = (x-2)= -~
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‘Aoknon 3

Na BpeBovv éAec oi aképaiec Aboeic Tne Sopavtiktic eiowonc
500x + 68y + 30z = 18.
Mopartnpovpe 6TL yiaw kdBe x, y € Z woybel 6TL
500x + 68y = gcd(500, 68) R K&TIOLO OLKEPOLLO Fy.

Emopévwg, 1 e&iowon 500x + 68y + 30z = 18 eivou LoodOvoun pe to
cVoTNua £§LONoEWV

500x + 68y = gcd(500,68) - ry
ged(500, 68) - ri + 30z = 18
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Me tov alydpiBuo tou EukAeidn vroloyiCoupe tov pukd twv 500 kow 68:

500 = 7-68 + 24

68 =224 + 20
24=1.20+4
20=5-4+0

‘Apat, gecd(500,68) = 4.
Apa, 1 e€lowon 500x + 68y + 30z = 18 elvou Lo0BVvaun e TO CUOTNUA
elLohoswv

500x + 68y = 4r |
4r; + 30z =18
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XpNoloToLdvTag Tov emekteTapévo alyoplBuo tou Eukheidn Bplokouue
T A0oeLC TS TPDOTNG £&lowong Tov CUCTHUATOC:

4=1-24+(-1)20 =124+ (~1)(1-68 + (—2) - 24)
(=1)-68+3-24 = (—1)-68+3-(1-500+ (—7) - 68)
—3.500 + (—22) - 68.

Apa, To Levyog (x,y) = (3, —22) eivou Noon tng e&lowong

500x + 68y = 4. MoAamAaoidlovrtog pe r mpokutrtel T to Levyog
(x,y) = ()_ —22ry) eivou ANoon ¢ e&lowong 500x + 68y =4n.
Emopévwce, oL Avoeic tnc e€lowone 500x + 68y = 4r; etvou o)\oc o Lebyn
(x,y) tne poperic

68 500
(x,y)=3n — 2 — A1, —22r + —)\1)

= (3rp — 17A\1,—22r1 + 125)\1), émov A\; € Z.
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M&AL XpNOLLOTIOLOVTOC TOV ETEKTETAUEVO aAYOpLBo Tou EukAeidn
Bpiokoupe tic Aosig Tn¢ Seltepnc e&iowong Tov ouoThHpatoc:

30=7-4+2
4=2.242.

‘Apa, ged(30,4) = 2 kou 2 | 18. Emiong, dpeoa éxouue 6t
— _
2=1-30+(-7)-4

Apat, To Levyog (n,z) = (—7,1) elvow Aoom ¢ e&lowone 4ry + 30z = 2.
MoMamAaoidovtog pe 9 TpokuTtel 6t to Levyog (1, z) = (—63,9)
elvou Moom tng e€iowone 4rp 4+ 30z = 18. Emopévwg, oL Aboelg g
e&lowone 4r; + 30z = 18 eivou dha taw Lebyn (11, z) TG pop@rc

30

4
(rn,z) =(—63+ 7)\2,9 — =X2) = (=634 15X2,9 — 2X2), 6mov Xy € Z

\ h=2t+1 lceiﬂd
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Mot va Bpolpe Tig Moelg tng apxikhs e&lowong 500x + 68y + 30z = 18
apkel vau atakeipoupe Ty Pondntiky petofAnTd ri:

X = 3r1 — 17)\1 = 3(—63 + 15)\2) — 17)\1 = —189 + 45)\2 - 17)\1

y = —22r; + 1251 = —22(—63 4 15A;) + 125A; = 1386 — 330\, + 1251
z=9-2X\

Telwkd, oL Aoeic tic e€lowone 500x + 68y + 30z = 18 eivou ou tpLddec
NG popeiic

(x,y,2) = (—189+45)\,— 171, 1386—330A+125);, 9—2)2) é1ou Ap, Ap € |

Andeew  Wiles 199 L
Ti)zu‘l'uu Sncqsl-\ Tov FerMovl; X +\J =72 33
n>,§ n X 1—3 =2" Jwv exo x +y? —i" 1031“

Ckgpaity pn ynfmie MW éns Mty
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Gauss

‘Eotw_n évac otabepdc wuokdc opbBudc. Ou aképaol a, b kadodvtow
toétipotr (modulo n), 1| LodTipoL katd pétpo n, 1| LoouTdAoLTIOL
modulo n kau ypdgpovpe a =b (mod n) av kaw pévo av M Slowpopdt
a — b Suoupeito and tov n, dnAad

a=b (modn)<n|(a—b).

Av n { (a — b), ypdyoupue a_Z b (mod n) ko Aépe 6TL 0 a eivon
avodTipLog Tpog tov b (modulo n).

loodVvaypar, 800 aképaol a, b eiva LodTywolr modulo n, dnAadn Loy vel
a= b (mod n) av kou pévVo oV BLOLtPOVHEVOL e TOV N _£xOouV To {Blo
VTt OAOLTLO.
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Av n sivou évac otaBepdc uoikde aplbude kaw a, b, ¢, d aképatot,
TOTE:

e Ava=b =mod n! kow ¢ = d (mod n), téte
G

at+c=b+d (modn)xma-c=b-d (mod n).
e Ava=b (mod n), téte

atc=b+c (modn)xwma-c=b-c (mod n).
e Ava=0> imod nl, ToTE

a“ = b* (mod n) yio xéde k € N.
GRS L

o Av p(x) = qgFcix+...+cxX elvan éva ToAvwVORO pe aképaoug

ovvteheotéc kaw @ = b (mod n), téte

p(a) = p(b) (mod n).
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43432234X
‘Aocknon 4 (‘Eleyxoc eykupdtntag AGM.)

Ou ADM eivar 9 ripror apLBuoi otouc omoiouc to TeAsutaio ¢mpio eivat
Ynplo eAéyxou. Xuykekpiuéva, oc k4O ADM xq1x0x3X4X5XeX7XgX9 LOXUEL
otTL

xg = ((xg-21 +x7-22+x5-23+x5-2* +x4-2°+ x3-20+ X0 - 27 + % -2%) mod 11) mod 10.

Na eéetacbBel av o aptBudc 123456783 aviikel otouc mapand vw
aptBuovc.

Mpdypoctt,
8.-21+7.2246.2245.24 4 4.2543.2044.27 4+ 1.2% =1004.

loxber 6TL 1004 =91 - 11 4 3 &po 1004 mod 11 = 3 kout

3 mod 10 = 3 = xo.

duoikd, o Topamdvw éleyxog elvon édeyxoc opBéTnTog ko Sev eAéyyxel
av outde o aplbude sivan oe ypron 1 éxi.
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Ocopnpo Euler - Fermat

Av a, m eivou guotkol aptBuol ko MKA(a, m) = 1, téte woxdel étL

a?™ =1 (mod m).

émov_o(n). eivon to TABog Twv apBumdv_m mou eivou LukpdTepol 1
ool amo. oA ko toxvel 61t MKA(n, m) = 1, dnAadn ta_n ko m
elvol oYeTIKA TTp®OTOL PeTaéd TOUC.

e Av p eivau Tp@toc aptbude ko k € N*. Téte p(pX) = pk —pk2L.

e Av m,n guowot apBupot ne MKA(m,n) = 1. Téte ¢(mn) =

¢(m)o(n).
o Av n = pi'p3?--- pik émov pi,po,.... pr elvow mpwToL apbpol
KO d1,4d0....,d elval @uolkol opLBuol. Tote

é(n) = o(pi*)p(p3?) - - - (b(ka)
= (pfl — pfl—l)(psz _ an2_1) .. (ka _ PZk_l)-
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Aslcvmn f}\ps@ﬂ 0 % \(rLC‘S ?USIICU oqleyns
X 0 onoves &V )\\,GYI-mS nszr\

x= 117" med 200
Apx\\cm O« vna).onisouyr, ToV M\CO@OO) ll)
200=13-W ¥ & Apet, Mic(200, n) =1

| =52 1(
Apa, &no 10 O wdpnya Buler-Fermat 16 xviA 0
1L QC&OO) = | mot 200

On UROA egiGowye 1o (?C?,OO) Qo [?(aovyi (1%
W) nweuzsoww Tov 200

200 = 2loo-z SD=phys= 2 S



Rea (()(zoo) =(p(93). C(J(s?’) (2 2)(5 __Sg

Cooives = (8-4)-(

ACA VTV :

<™= (18)" 17 (o 200)

=15 ?3'(11)1

=) ,(m‘)s EALAI
4 ¢4 331 = 4T 130 = 4™ MR,

= 1681- 168|533 = 3%X
g8l 1= 1121 93] = 131 gxx XX
Apa 3



‘Aoknon 5

Na cupebei o0 eAd xiotoc puoikde apLbudec mou ikavoroel Tnv eéiowon

x =178 (mod 110).

Abon.
Emeldn ged(110,17) = 1, émeton bt
172010 =1 (mod 110).

Enione, ¢(110) = ¢(2-5-11) = 1-4-10 = 40.
Emopévag, 1740 =1 (mod 110), ométe
x = 17812 = 1720-40+12 = (1740)20 X 1712 = 120 X 1712
= 17" = (17%)® = 289° = 69° = (69%)° = 47613
=313=31-312=31-961=31-81=2511 =91 (mod 110). [I
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‘Acknom 6
Na. SeixOel 6t o 44 duaipel Tov 19%° + 6969.
AKsA va fuyen ov (8" 1697 20 mod 4H
Oa ynohogieowl oo} xpThIA Xl,xz wot
XZW T moddlt o xe= 60 modtth
MKo(13 44 )= WEo(8, 60)=1 kan U= (2 L)

=(2-¢*)Cu Cy’)
A 2 9 O | modtY =2-10= 20

0.1 mod 44
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Apa

Xg= G‘ (G‘i ) Y mod
=% 6 =tz a5 nod
=259 05 = (pes) Les= 5t o
E v.;igs 25254521352 33

X(=(4 —(192)9 18z 36t‘5 13
292,19 =" 9-19 = e1 t (3(=37.39
=l cs)z -1 s)=48-43-GS)
25.5.(-5) =28 (5) = 195 mod 4

0poigf
N+X, 2 - 125 +37=-88 Z 0 mad 44
[nkot‘h VEXVU To (hToW v



0 acgaley N2
Neyt ont o & €%Xer a1 00 moduls N kv VNAgXA
octpones b wone kb = | modn

‘Eotw a, n 800 aképaiol optbuol pe n > 2.

e O a éxeL avtiotpoyo modulo n av ko pévo av ged(a, n) = 1.

e EumAéov, av s, t eivol aképool wote 3!4— ‘t‘n = 1 tote 0 s elvou
évac avtiotpogoc Tou a modulo n. — =

e Emumpbdobeta, S =mn+wv, 6mov 0 < v < nltdéte o v elvou 0
povadikég avtiotpoyog tou @ modulo n oto didotnua [n — 1.
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<) Nt W81 » A igwen 3%&”—"—\? med 20

Los 1 _Apbass A 61

Ix=1Twode) & 20| 3x-IF S3x-13=20y
& 3x-20y =13 )

20=673+1 1

A'S»ll+,\ 1:32+(i2< ()3)
=13 ¥ ¢ 1-20+ (-6€)"

QCJQD/GO)’ = (1)-20+ 13

0007 33 =20.1= |

noMlowsan i 3-1(4 - 20-13= 13
P y lmA\)GY\ f,wcm to [WE) CXo,B,,) (llS \3}), oo

ol )\06% ™ ij eva (X Y)= (|13-,\~20 13 3
MoiS| wipepQUV YOVp T X, £76)



o tpohes Nuéns o Bx=[1ma20
90( Uno)nﬁ}cowi oV incn_eo(‘oo.'\'au 3 modmlo?[)

20=6.7+ ¢ 1= 134 ()2
=207 45 2
Apd' 0. 0N m"o 0y Tov _1 modﬂ 0 20 g\veA o) q,
WAoo F=lo

0
E Noyeviv) 2 i‘%@,u’c (A o, A})d\(p‘,\)
ki

2x 213 med 20 0] AVgIAS

31x 2133 mad 20
x= 1\3 mod 0 _
Snk«xsn 01 AV TIVaA T& X 1) yopors

X= U9+ 20N, NeZ



‘Aoknon 7
a) Na Bpebei, epdoov vrdpxet, o avriotpopos tov 7 modulo 18
B) Na AvBei n eéiowon 7x =5 mod 18.

o) Emeldn ged(7,18) = 1, o awvtiotpoyog tou 7 modulo 18 umdpyet.
Mot val Tov uTtoAoyiooupe, opXLkd ekTEAOVLE TIC SLoupéoelg Twv Pnpdtwv
Tov alyopibuov Tou Eukheid.

18=2-7+4
7=1-4+3
4=1-3+1,

émertat Aovoupe TIg LOGTNTEC WE Tpog ToL uTtdNotTta ké&Be Siaipeomng

1=4-1.3
3=7-1-4
4=18-27,

MaoOnpotikd Twv TToloyloTdv Oewpior aplBdV 2023-2024 17 /18



KO OTT oUVEXELXL KEVOUUE BLoBoXLkéG OLVTIKATOLOTAOELG TWV TINAIK®WV Kol
uTtoAoiTwy, dTwe TapakETw:

1=4-1-3
=4-1.(7-1-4)=-1-7+2-4
=-1-7+2-(18—-2-7)
=—-5-74+2-18
=(13-18)-7+2-18
=13-7+1.18.
Emopévwg, o avtiotpopog tov 7 modulo 18 eivou to 13.
Mpdypat, 7-13 =91 kow 91 = 1 mod 18, ooV 91 —1 =5-18.
B) MoMamAaordovtoag tnv eiowon katd wéAn pe to 13 éxoupe 6T

x=5-13=65 =11 mod 18.

‘Apat, oL Aoeic tne e&lowonc etvon dha taw x = 11 + 18k, k € Z.
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Amm N°‘ R\L@TA OBM 0o ((;Uslrﬂ X

0 onota> TIvaa ‘Nubh Th ﬂ\swsv\s

Mo X= l?s mod 44

MKO(34Y) =L pun Q)= o(11* J=210=20
Ano 10 ©.Culec - Fermrxt lgz‘o_LmoJ 4 C*)

[—'\Vn Ok:hanthOV\JE Ty 160TOTA Cx) Ga Vnnkn‘(suvyi
TOV-anApoQ o TOV 18 modufo

Y ‘ll9+6 —Ll+(—36
HZLE TP 0 T N )

Apa, T3 | moktdt =(- 3) Y4+ 7 q
xz18' = %mf—m 9= 32 1327 modtt



