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Preface

These notes arose as a result of lectures I gave in Ma 121C at Cal Tech in Spring, 2010,
and 2011. The material is very much restricted to material that interested me, to start
with. The Probabilistic Method has now become one of the most important and indis-
pensable tools for the Combinatorist. There have been several hundred papers written
which employ probabilistic ideas and some wonderful monographs - the ones by Alon-
Spencer, Spencer, Bollobés, Janson et al, and the more recent one by Molloy-Reed, spring
readily to mind.

One of the main reasons this technique seems ubiquitous is because it provides a
simpler tool to deal with the ‘local-global’ problem. More specifically, most problems
of a combinatorial nature ask for a existence/construction/enumeration of a finite set
structure that satisfies a certain combinatorial structure locally at every element. The
fundamental problem of design theory, for instance, considers the ‘local’ condition at ev-
ery t-element subset of a given set. The difficulty of a combinatorial problem is to ensure
this property of ‘locally good’ everywhere. The probabilistic paradigm considers all these
‘local’ information simultaneously, and provides what one could call ‘weaker’ conditions
for building a global patch from all the local data. Over the past 2 decades, the explosion
of research material, along with the wide array of very impressive results demonstrates
another important aspect of the Probabilistic method; some of the techniques involved
are subtle, one needs to know how to use those tools, more so than simply understand the
theoretical underpinnings.

Keeping that in mind, I decided to emphasize more on the methods involved. Another
very important feature of probabilistic arguments is that they sometimes seem to crop up
in situations that do not (outwardly) seem to involve any probability arguments per se.
Most of the material covered in these notes primarily discuss combinatorial results which
do not involve the notions of probability at the outset. Hence, gadgets such as Random
graphs appear as tools required to prove/disprove a deterministic statement; these notes
do not study random graphs and related phenomena such as threshold functions, and the
Erdds-Rényi phase transitions.

One possible difference between these notes and existing literature on this subject
is in the treatment of the material. I have attempted to address some well-known re-



sults (following probabilistic methods) along the lines of what Tim Gowers calls ‘The
Exposition Problem’. Many results that prove or disprove a (probably hastily stated)
conjecture often evoke a sense of awe at the ad-hoc nature of the proof and the brilliance
of the solver. One thing I wished to outline in my lectures was a sense of ‘naturality’
in thinking of such a proof. I do not claim that my deconstruction explains the inner
workings of some brilliant minds; rather the emphasis is upon the notion,“ What if I had
to come up with this result? What would be a ‘valid’ point of view to address this problem?

Another aspect of the Probabilistic Method is that these techniques often end up
proving asymptotic results rather than exact ones, and so, when one adopts the prob-
abilistic paradigm, one is essentially looking for the best possible result through such a
line of argument. Hence, the precise nature of the result proven is only known once the
result is obtained. While this is true of all of matehmatical research, the very nature of
some of these results using probabilistic techniques, makes this a stand-out feature. In
trying to pass on the spirit of the principle, I worked most of these results backwards.
i.e., trying to work with certain ideas, and then shave off the best asymptotics one can
manage under such considerations. This approach is not completely new in these notes.
The monograph by Spencer (which is again a transcript of lectures) too does something
similar. But these notes contain certain results which have not appeared outside of the
original paper, in a deconstructed form. So at least that much is new.

I thank all my students of this course who very actively and enthusiastically acted as
scribes for the lectures for this course over the two years.



1.1

The Probabilistic Method: Some First

Examples

Lower Bounds on the Ramsey Number R(n,n)

Ramsey theory, roughly stated, is the study of how “order” grows in systems as their size
increases. In the language of graph theory, the central result of Ramsey theory is the
following;:

Theorem 1. (Ramsey, Erdds-Szekeres) Given a pair of integers s,t, there is an integer
R(s,t) such that if n > R(s,t), any 2-coloring of K, ’s edges must yield a red K, or a
blue K;.

A fairly simple recursive upper bound on R(s,t) is given by
R(s,t) < R(s,t — 1)+ R(s — 1,t),

which gives us

and thus, asymptotically, that
R(s,s) < 2% .571/2,

A constructive lower bound on R(s, s), discovered by Nagy, is the following:

R(s,s) > (g)

(Explicitly, his construction goes as follows: take any set S, and turn the collection of all
3-element subsets of S into a graph by connecting subsets iff their intersection is odd.)

There is a rather large gap between these two bounds; one natural question to ask,
then, is which of these two results is “closest” to the truth? Erdos, in 1947, introduced
probabilistic methods in his paper “Some Remarks on the Theory of Graphs” to answer
this very question:


http://projecteuclid.org/DPubS?service=UI&version=1.0&verb=Display&handle=euclid.bams/1183510596
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Theorem 2. R(s,s) > |2%/2].

Proof. Fix some value of n, and consider a random uniformly-chosen 2-coloring of K,,’s
edges: in other words, let us work in the probability space (2, Pr) = (all 2-colorings of

K,’s edges, Pr(w) = 1/2(3))
For some fixed set R of s vertices in V(K,), let Ag be the event that the induced
subgraph on R is monochrome. Then, we have that

P(AR) =2 - (2(3)—(3)) 12(3) = 91-().

Thus, we have that the probability of at least one of the Ag’s occuring is bounded by

P(|JAr) < Y IP(AR):(Z>21‘('§).

|R|=s RCQ,|R|=s
If we can show that (Z) 21-(5) is less that 1, then we know that with nonzero probability
there will be some 2-coloring w € €) in which none of the Ag’s occur! In other words, we
know that there is a 2-coloring of K, that avoids both a red and a blue Kj.
Solving, we see that

M\ g1-(3) < M glts/2-(s2/2) _
s s!

21+s/2 s

n

sl 952 <1

whenever n = [2%/2],s > 3. O

Tournaments and the S;. Property

Definition 3. A tournament is simply an oriented K, ; in other words, it’s a directed
graph on n vertices where for every pair (i,7), there is either an edge from i to j or from
7 to 1, but not both.

Definition 4. A tournament T is said to have property Sy if for any set of k vertices in
the tournament, there is some vertex that has a directed edge to each of those k vertices.

One natural question to ask about the S; property is the following:
Question 5. How small can a tournament be if it satisfies the Sy property, for some k?
We can calculate values of Sy for the first three values by hand:

o If £ =1, a tournament will need at least 3 vertices to satisfy Sy (take a directed
3-cycle.)

o If k =2, a tournament will need at least 5 vertices to satisfy S}, .
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o If k = 3, a tournament will need at least 7 vertices to satisfy Sy (related to the
Fano plane.)

For k = 4, constructive methods have yet to find an exact answer; as well, construc-
tive methods have been fairly bad at finding asymptotics for how these values grow.
Probabilistic methods, however, give us the following useful bound:

Proposition 6. (Erdés) There are tournaments that satisfy property Sy, on O(k*2F)-
many vertices.

Proof. Consider a “random” tournament: in other words, take some graph K, and
for every edge (i,7) direct the edge i — j with probability 1/2 and from j — ¢ with
probability 1/2.

Fix a set S of k vertices and some vertex v ¢ S. What is the probability that v has
an edge to every element of S? Relatively simple: in this case, it’s just 1/2%.

Consequently, the probability that v fails to have a directed edge to each member of
Sis 1 —1/2%. For different vertices, these events are all independent; so we know in fact
that

P(for all v ¢ S,v 4 5) = (1 — 1/2k)n_k.

There are (Z)—many such possible sets S; so, by using a naive union upper bound, we
have that

P(3S such that Vo ¢ S;v 4 S) < (Z) (11— 1/2’“)”716.

Thus, it suffices to force the right-hand side to be less than 1, as this means that there
is at least one graph on which no such subsets S exist — i.e. that there is a graph that
satisfies the Sy property.

So, using the approximation (Z) . (1 — 1/2k)n_k < (%)k, we calculate:

n—k
(e_I/Qk) <1

- (ﬁ)’“ < k)2
k

k(1 +log(n/k)) - 28 +k <n

Motivated by the above, take n > 2% - k; this allows us to make the upper bound
k(14 log(n/k)) - 28 + k < k(1 +log(k2"/k)) - 2F + k

1 1
=2F. k%2 log(2)- [ 1
o8(2) ( T Tos2) +k2klog(2))

= k228 1og(2) - (1 4+ O(1));
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s0, if n > k?2Flog(2) - (1 + O(1)) we know that a tournament on n vertices with property
S exists. 0

Dominating Sets

Definition 7. Let G = (V, E) be a graph. A set of vertices D C 'V is called dominating
with respect to G if every vertex in V' \ D is adjacent to a vertex in D.

Theorem 8. Suppose that G = (V, E) is a graph with n vertices, and that 6(G) = 0, the
minimum degree amongst G'’s vertices, is strictly positive. Then G contains a dominating
set of size less than or equal to
n - log(1+9)
1496

Proof. Create a subset of G’s vertices by choosing each v € V' independently with prob-
ablity p; call this subset X. Let Y be the collection of vertices in V' \ X without any
neighbors in X; then, by definition, X UY is a dominating set for G.

What is the expected size of | X UY|? Well; because they are disjoint subsets, we can
calculate | X U Y| by simply adding |X| to |Y]:

]E(|X’) = Z E (]1{’0 is chosen})
veV
= p-n, while

E(’Y’) = ZE (]1{11 is in Y})

veV
= E E (]]-{v isn’t in X, nor are any of its neighbors})
veV

= Z E(1—p)*=®* (b/c we've made deg(v) + 1 choices independently)
veV

<> (1=p)!

veV
— n(l _ p)6+1.

This tells us that

E(|X UY]) <np+n(l —p)°*™

S np + ne_p(5+1),

which has a minimum at
~ log(1+9)
1498
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Thus, for such p, we can find a dominating set of size at most

n -log(1l +9)
1+¢6 7

as claimed. n

Sum-Free Sets of Integers

This is another gem of an theorem originally due to Erdés. Another interpretation of
this was due to Alon and Kleitman.

Proposition 9. Every set of B = {by,...b,} of n nonzero integers contains a sum-free!
subset of size > n/3.

Proof. Pick some prime p = 3k + 2 that’s larger than twice the maximum absolute value
of elements in B, and look at B modulo p —i.e., look at B in Z/pZ. Because of our choice
of p, all of the elements in B are distinct mod p.

Now, look at the sets

xB:={xb:be B} in Z/pZ,
and let
N(z)=|[k+1,2k+ 1] NnazB]|.

We are then looking for an element x such that N(z) is at least n/3. Why? Well, if this
happens, then at least a third of zB’s elements will lie between p/3 and 2p/3; take those
elements, and add any two of them to each other.This yields an element between 2p/3and
p, and thus one that’s not in our original third; consequently, this subset of over a third
of xB is sum-free. But this means that this subset is a sum-free subset of B, because p
was a prime; so we would be done.

So: using the probabilistic method, we examine the expectation of N(z):

E+1
E(N = 1,. =n- > )
(N(x)) E (Lobeferioery) =1 T n/3

beB

Thus, some value of x must make N(z) exceed n/3, and thus insure that a sum-free

subset of size n/3 exists.
O

LA subset of R is called sum-free if adding any two elements in the subset will never give you an
element of the subset.






2.1
2.2

The Linearity of Expectation and small
tweakings

One of the most useful tools in the Probabilistic method is the Expectation. One of the
prime reasons the expectation appears a very natural tool is because most combinatori-
ally relevant functions can be regarded as random variables that tend to get robust with
a larger population, so the expected value gives a good idea of where a ‘typical’ obser-
vation of the random variable lies. And that is often a very useful start. Later, we will
see results where certain random variables tend to concentrate around the expectation.
Computationally, this is a very useful tool since it is easy to calculate. In the examples
that we shall consider here, the linearity of expectation wil turn out to be key when it
comes to calculations and estimations.

Revisiting the Ramsey Number R(n,n)

List Chromatic Number and minimum degree

Definition 10. Let G be a graph, and let L = {L,|v € V(G)}, where L, is a set of colors
for vertex v € G. An L-coloring of G is an assignment of a color in L, to v for each
v € G, such that no two adjacent vertices are assigned the same color.

Definition 11. Let G be a graph. The list chromatic number of G, denoted x;(G), is the
smallest k such that there exists L with |L,| > k and G is L-colorable.

If x(G) is the chromatic number of G, then x(G) < x;(G) by taking £ as L, = [x(G)]
for all v € GG. The next result shows that the reverse inequality need not hold.

Theorem 12 (Erdés, Rubin, Taylor, 1978). x;(K,,) > k if n > (2]“,;1).

Proof. We want to show there is some £ = {L,|v € V(G)} with |L,| = k for each
v € V(G) such that K, , is not L-colorable. Let A and B denote the two partition
classes of K, ,, i.e., the two sets of vertices determined by the natural division of the
complete bipartite graph K, ,, into two independent subgraphs.

Now we construct £. Take the set of all colors from which we can construct L,’s
to be {1,2,...,2k — 1}. Since n > (Qkk_l), which is the number of possible k-subsets
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of {1,2,...,2k — 1}, we can choose our L,’s for the v’s in B so that each k-subset of
{1,2,...,2k — 1} is L, for some v € B, and similarly we choose lists for vertices of A.

If S is the set of all colors that appear in some L, with v € B, then S intersects every
k-element subset of {1,2,...,2k — 1}. Then we must have that |S| > k (since otherwise
its complement has size > k and thus contains a subset of size k disjoint from S). But
then since |S| > k, by choice of lists there exists a € A with L, C S. Since a is adjacent
to every vertex in B, so no L-coloring is possible. O

Now we state and prove another result due to Alon that provides a bound on the
growth of x;(G). But first we introduce some notation and a lemma.

Definition 13. We say “f is Big Omega of g” and write f = Q(g) if there is a constant
K > 0 such that for n sufficiently large, | f(n)| > K|g(n)].

Lemma 14. For any graph G, there exists a subgraph H of G with V(H) = V(G) such
that H is bipartite and degy(v) > 5 degq(v) for all v € V(G).

Proof. Partition G into two subsets Ay and By, and let J; denote the corresponding
bipartite subgraph of GG, i.e. the subgraph containing all vertices of G and edges between
vertices in different partition classes. Pick any vertex v € G with deg, (v) < 3 degg(v),
and move v to the other partition class of J,. Let A; and By be the resulting partition
classes and J; the corresponding bipartite subgraph, and repeat this process.

Since for each i, J;;1 has strictly more edges than J;, this process eventually terminates
at some finite stage n, and the resulting graph H = J,, is a bipartite subgraph with
degp (v) > 1 degg(v) for all v € V(G). O

(@) =0 ().

loglog d

Theorem 15 (Alon).

where d = §(G).

Proof. By the previous lemma, we can assume without loss of generality that G is bi-
partite with partition classes A and B, and |A| > |B|. Let the set of available colors be
{1,2,....,L}. We want to show that there is a collection of lists £ = {L,}, [{L,}| = s,
for which there is no L-coloring of GG, given certain conditions on the number s.

Call a vertex a € A critical if among its neighbors, all possible s-subsets of {1, 2, ...., L}
appear. For each b € B, assign L; to be an s-subset of [L] uniformly at random and
independently. Note that the probability that a is not critical is equal to the probability
that there exists some s-subset T' of [L] such that no neighbor of a is assigned T as its
list. Since there are (?) possible T"’s and each neighbor of a is assigned any given one of

them with probability ﬁ, it follows that

S

P(a is not critical) < (5) (1- m)d < (L> e=/(2)

12



2.3

Now assume that d > (5) Then by the above, P(a is not critical) < So if N

denotes the number of critical vertices of A,

1
3

L | Al
E(N) = P(a is critical) > —.
() = 3P ) >
Thus there exists an assignment of lists for vertices in B, {L,|v € B}, such that the
number of critical vertices is greater than %.

Now pick an actual color choice for each b € B from these assigned lists, i.e., a choice
function for {L,|v € B}. There are s/B! different ways of coloring the vertices in B. Fix
one such coloring, and denote it as w. Denote as W the set of all colors chosen by w for
some vertex in B, i.e., the set of all colors in the range of w. Since there exists a critical
a € A, W has nonempty intersection with all s-subsets of [L].

Now note that |[WW| > L — s + 1. Otherwise, |IW¢ > s, and since W intersects all
s-subsets of [L], this would imply that W N W* # (), a contradiction. So if (an extension
of) a coloring exists, L, must contain an element of W, with |[IW¢ < s — 1. Now let’s
pick color lists for vertices of A uniformly at random from the s-subsets of [L]. Then we
have the following upper bound on the probability that we can extend w to B U {a}:

L—1
(S B 1>(s—1) < 8_2
—g .
;) L
For an extension of w to G to exist, we need an extension of w to all critical vertices
of A. Since there are s!®! possible w’s and the number of critical vertices is greater than
4]

5+, we have that

P(an extension to a exists) <

2 2
P(an extension to a coloring of G exists) < s|B|(%)‘AV2 < (s(%)%)lm,

which is less than 1 if sy/ % < 1,if % < 1. So take L > s2. Recall the assumption made

earlier that d > (i) We needed this to make (?) e~ () < %, which is equivalent to

d > (“)log(2(%)). It follows that if

d>4 (i) log (2 (S:) ),

then there is a collection of lists £ = {L,|v € G} with |[{L,}| = s for all v € G such that
no L-coloring of G exists, i.e., x;(G) > s. O

Alon later improved his bound to x;(G) > (3 — o(1))logd with d = 6(G). It is not
known if this is best possible.

The Daykin-Erdos conjecture

SHookook skkook ok skook sk ok sk skokook sk kok skokokoskoskokosk sk kok skokokoskoskokokoskokokskokok
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2.4 An Example from Combinatorial Geometry

koK Kk skosk sk ok sk sk sk sk koskokoskosk sk sk sk sk sk sk skokoskoskoskosk sk sk skoskokokokoskokoskoskoskskskkk

2.5 Graphs with High Girth and High Chromatic Number

Theorem 16. There are graphs with arbitarily high girth and chromatic number.
Proof. So: let G, denote a random graph on n vertices, formed by doing the following:
e Start with n vertices.

e For every pair of vertices {z,y}, flip a biased coin that comes up heads with prob-
ability p and tails with probability 1 — p. If the coin is heads, add the edge {z,y}
to our graph; if it’s tails, don’t.

Our roadmap, then, is the following:

e For large n and well-chosen p, we will show that G, , will have relatively “few”
short cycles at least half of the time.

e For large n, we can also show that G will have high chromatic number at least half
the time.

e Finally, by combining these two results and deleting some vertices from our graph,
we’ll get that graphs with both high chromatic number and no short cycles exist in
our graph.

To do the first: fix a number [, and let X be the random variable defined by X (G,,,,) =
the number of cycles of length <[ in G, .
We then have that
[

X(Gn,p) S Z Z le...xja

J=3 allj—tuplesxy...x;

where Ny, ., is the event that the vertices ;... x; form a cycle.
Then, we have that

EX)<> >, Pr(Ne.a)

Jj=3 j—tuples x1...x;

l
Jj=3 j—tuples x1...x;

!
=S iy
=3

14



To make our sum easier, let p = n*~!, for some \ € (0,1/1); then, we have that

l

E(X)=> nip

j=3

I
_ Z nIndr—i
j=3
I
= Z ni*
=3

D)
n* —1

nAl

1—n=A

We claim that this is smaller than n/c, for any c¢ and sufficiently large n. To see this,
simply multiply through; this gives you that
Y
1—n>
e M <n/c—n'"e,

<n/c,
e M4t e <n/e,

which, because both Al and 1 — \ are less than 1, we know holds for large n.
So: to recap: we’ve shown that

E(|X]|) < n/4.
So: what happens if we apply Markov’s inequality? Well: we get that

E(X]) _n/4
n/2 < n/2 -

Pr(|X|>n/2) < 1/2;
in other words, that more than half of the time we have relatively “few” short cycles! So
this is the first stage of our theorem.

Now: we seek to show that the chromatic number of our random graphs will be
“large,” on average. Doing this directly, by working with the chromatic number itself,
would be rather ponderous. Rather, we will work with the independence number
a(@) of our graph, the size of the independent set of vertices! in our graph. Why do we

LA set of vertices is called independent if their induced subgraph has no edges. in it
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do this? Well, in a proper k-coloring of a graph, each of the colors necessarily defines
an independent set of vertices, as there are no edges between vertices of the same color;
ergo, we have that

for any graph G.
So: to make the chromatic number large, it suffices to make a(G) smalll So: look at
Pr(a(G) > m), for some value m. We then have the following:

Pr(a(G) > m) = Pr(there is a subset of G of size m with no edges in it)

< Z Pr(there are no edges in S’s induced subgraph)
SCV,|S|=m

_ <:;> S(1—p)®)

m
2

<nm.e?(3)

—nm. efp-m-(mfl)/Z'

So: motivated by a desire to make the above simple, let m = E ln(n)w. This then
gives us that

Pr(a(G) > m) <n™- e P lp ] m=n/2

= nm . n73(m71)/2’

which goes to 0 as n gets large. So, in particular, we know that for large values of n and
any m, we have

Pr(a(G) >m) < 1/2.

So: let’s combine our results! In other words, we’ve successfully shown that for large
n?

Pr(G has more than (n/2)-many cycles of length <, or a(G) > m) < 1.

So: for large n, there is a graph G so that neither of these things happen! Let G be such
a graph. G has less than n/2-many cycles of length < [; so, from each such cycle, delete
a vertex. Call the resulting graph G'.

Then, we have the following:

e By construction, G’ has girth > [.

16



e Also by construction, G’ has at least n/2 many vertices, as it started with n and
we deleted < n/2.

e Because deleting vertices doesn’t decrease the independence number of a graph, we
have that

V(G|
a(G)
n/2
)

xX(G') >

which goes to infinity as n grows large.

Thus, for large n, this graph has arbitrarily large girth and chromatic number. O
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3.1

2-colorability of Uniform Hypergraphs

Colorability of hypergraphs is a much more difficult problem in comparision to the corre-
sponding problem for graphs. In fact, even determining if a hypergraph can be 2-colored
is a very hard problem. In this chapter, we look at two celebrated theorems due to Jozsef
Beck, and Radhakrishnan and Srinivasan, respectively on 2-colorability of hypergraphs
which improve upon an earlier result of Erdos. The general situation is still wide open.
Both these theorems illustrate the subtle technique of making alterations to a probabilis-
tic argument.

Introduction

Definition 17. A hypergraph is a pair H = (V,E), where V' denotes a collection of
vertices and € denotes a collection of subsets of V' (the “hyperedges” of H.) If all of £’s
elements have cardinality n, we say that H is a n-uniform hypergraph.

Definition 18. A k-coloring of a hypergraph H is a way of assigning k distinct colors to
all of H'’s vertices, so that every edge has at least 2 colors.

Given these definitions, a natural question we can ask is the following:
Question 19. When is a given hypergraph H 2-colorable?

(Hypergraphs that are 2-colorable are often said to possess “Property B” — this bit
of nomenclature is due to Felix Bernstein, who was one of the first people to investigate
this property of hypergraphs. )

Given the current trend of these notes, it should come as no surprise that Erdés found
a way to use the probabilistic method to answer some of this question:

Theorem 20. (Erdds) If H = (V,E) is a n-reqular hypergraph and |E| < 271, then H
15 2-colorable.

Proof. Independently and randomly color every vertex v € V either red or blue with
probability 1/2. Then, if we let N denote the number of monochrome edges created

19



3.2

under this coloring, we have that

E(N> = Z E (]]-{e is monochrome})

ec&

= E E (]1{6 is entirely red or e is entirely blue})

ec&

= Z E (]l{e is entirely red T ]l{e is entirely blue})

el

_ Zl+i
ecf 2" 2"

_ €]

_2n—1'

Thus, if |€] < 2" we have that E(N) < 1. Then there are two potential cases:

e P(N = 0) = 0. In this case, we have that N = 1 with probability 1; but this is
clearly impossible, as in any graph with more than one edge there are colorings
under which multiple monochrome edges exist. So this cannot occur.

e P(N = 0) > 0. In this case, there is a nonzero probability that N = 0; thus, we
can simply take some coloring that witnesses this event. This gives us a 2-coloring
of H, which is what we sought to find.

]
One quick corollary of the above result is the following:

Corollary 21. Let m(n) denote the smallest number of edges needed to form a n-uniform
hypergraph that is not 2-colorable. Then m(n) > 2771

So: our above results have given us a lower bound on the quantity m(n). Can we find
an upper bound?

Upper bound for m(n)

One rather trivial upper bound on m(n) we can get is the following:

m(n) < (2:)

Proof. Let V.= {1,...2n}, and let & = (Z), all of the n-element subsets of V. Because
any 2-coloring of V' must yield at least n vertices all of the same color, there is always a
monochrome edge in this coloring. O

Proposition 22.
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Using constructive methods, it is hard to realistically improve on the rather simple
bound above, which is asymptotically growing somewhat like 4™ — a long ways from our
lower bound of 2"!l. Probabilistic methods, as it turns out, can offer a much better
estimate as to what m(n) actually is:

Theorem 23. (Erdds)
m(n) < O(n?2").

Proof. Let V' be some set of vertices, with |V| = v.

Choose m edges from the collection (Z) independently at random: specifically, pick
an edge E with probability 1/ (Z), and repeat this process m times. (Notice that we
are allowing repetitions.) Take this chosen collection of edges, £, to be the edges of our
hypergraph.

Pick a 2-coloring x of V, and let a denote the number of red vertices and b denote
the number of blue vertices. Then, for any edge E € £, we have that

() +G) o G+ ()

() ()

P(E is monochrome under x) =

v/2 v/2
For simplicity’s sake, denote the quantity % by P: then we have that

v
n

P(E is monochrome under x) > P
= P(F is not monochrome under x) <1— P
= [P(x is a proper 2-coloring) < (1 — P)™.

Therefore, if we look at the collection of all possible colorings of our graph, we have
that

P ( \/ X 1s a proper 2—coloring> < Z P (x is a proper 2-coloring)

X a 2-coloring X a 2-coloring

< (# of 2-colorings of V') - (1 — P)™
=2-(1-P)"
< v . e—Pm

— Y ln(2)—Pm'

So: this quantity is less than 1 — and thus a choice of edge-set exists for which the
associated graph is not 2-colorable — if
vin(2)
I

m >



Finding the optimal choice of v to maximize this lower bound on m is then just a
matter of manipulating a few inequalitites. First, let’s create an upper bound for P:

Pt
/2 (v/2 = (n - 1))
v (v—(n—1)
2 v (=2 (v—2n-1)
on K ”..<g-(n-1))

-~ 1 (5)

T oonl Zﬁ:(l_vz—z)

T oonl ﬁ(l_% 1—1z/v)
()
el ()
()
csten( 2o (2)

mzvﬂm

If we pick v = n?/2 and n sufficiently large such that the O(n3/v?)-portion above is
negligible, we then have that there is a non-2-colorable n-uniform hypergraph on m edges
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3.3

if

| 3,

111(2) . 2'rL—1 . €1+O(1).

In other words, we’ve shown that
m(n) < O(n*2"),
which is what we claimed. O

For an integer n > 2, an n—uniform hypergraph H is an ordered pair H = (V,§),
where V is a finite non-empty set of vertices and & is a family of distinct n—subsets of
V. A 2-coloring of H is a partition of its vertex set hv into two color classes, R and B
(for red, blue), so that no edge in € is monochromatic. A hypergraph is 2-colorable if it
admits a 2-coloring. For an n—uniform hypergraph, we define

m(n) := argmin {H = (V, ) is 2-colorable} (3.1)
€]

2-colorability of finite hypergraphs is also known as “Property B”. In [?], Erdés showed
that 2! < m(n) < O(n?2"). In [?], Beck proved that m(n) = Q(n32") and this

was improved to m(n) = € (2”, /&) by Radhakrishnan et al in [?]. In fact, Erdds-

Lovasz conjecture that m(n) = ©(n2"). Here, we outline the proofs of both Beck’s
and Radhakrishnan’s results. We will begin with some notation, if an edge S € £ is
monochromatic, we will denote it as S € M, in addition, if it is red (blue), we write
S € RED (S € BLUE). Also for a vertex v € V, v € RED and v € BLUE have a
similar meaning.

Beck's result
Theorem 24 ([7]).
m(n) = Qn32")

Proof. We will show that m(n) > ens=oMn getting rid of o(1) will need some asymp-
totic analysis which is not relevant to the class and hence is not presented here. Let
m = |&| = k2!, we will show that k > cn3—°@). The hypergraph will be colored in two
steps.

Step 1: Randomly color all vertices with red or blue with probability 1/2 and indepen-
dently.

Step 2: Randomly re-color vertices that belong to monochromatic edges independently
with probability p.
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For an edge S, S(1) denotes its status after step 1 and S(2) its status after step 2. For
a vertex v € V, v(1l) and v(2) have similar meanings. Let N; denote the number of
monochromatic edges after step 1, then note that E(N;) = k. Also let N denote the
number of monochromatic edges after step 2. For an appropriately chosen p, we will
show that E(N) < 1.

E(N)=> P(S(2) € M) = > (P(S(2) € RED) +P(S(2) € BLUE))

Se& Se&
=2) P(5(2) € RED)
Se&
P(S(2) € RED) = P(S(1) € M, S(2) € RED) +P(S(1) ¢ M, 5(2) € RED)

It is easy to bound P,

P, =P(S(1) € RED, S(2) € RED) +P(S(1) € BLUE, S(2) € RED) = W
2(1—p)"

<
= on

(3.2)

In (3.2), we used the fact that p is small, in particular p < 0.5, this will be validated in
the following analysis. Towards analyzing P, note that, for the vertices that were blue
after step 1 to have turned red, they must belong to blue monochromatic edges, i.e., for
each v € S that is blue, there is an edge T such that TN S # ® and T' € BLUE. Define

Egp:=event S(1) ¢ M, T'(1) € BLUE, SNT # ® and S(2) € RED

Then we have

P, <Y P(Esr) (3.3)
T#S

Let U := {v e S\ T|v(l) € BLUE} and Egry := event SNT # &, T(1) € BLUE,
U € BLUE and S(2) € RED, then

P(Esr) =P \/ FEsry | < Z P(Esrv)

UCS\T UCS\T

For a fixed triple (S, T, U), for U to even flip it must belong to some other edge which is
blue after step 1. But for an upper bound, let is just flip to red.

[SNT|+|U| |SNT|—1,,|U]|

1 p
P(Esry) < Szn—jsrtTP %(210) D

P vl
S 22n—1p
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3.4

Using this in (3.3), we have

n—1
P w_P n—1\ 1y
P(Esr) < Z San1P < Son1 ( 1% )p
U|=0

UCS\T
_(+p)"'p _2p(1+p)" _ 2pexp(np)
922n—1 - 92n - 922n
2mp exp(np
= Y P(Esr) < T() (3.4)

S£T

Using (3.2),(3.3),(3.4), we get (recall that m = k2")

E(N)<2) <m2pexp(np) L a —p)")

22n n
=2 (ka exp(np) + k(1 — p)”) (3.5)

For an arbitrary ¢ > 0, let p = T8k 1oy k(1 — p)" < kexp(—np) = k¢ and

n Y

k*p exp(np) = M. So, (3.5) gives
2k3%€(1 log k
E(N) < 2k + 2K ZE) o8 (3.6)
So, if k ~ n!/372¢/3 then (3.6) will be less than 1, so that P(N = 0) > 0. O

An improvement by Radhakrishnan-Srinivasan

Theorem 25 ([?]).

m(n) = Q (2” o ) (3.7)

logn

(R-S) take Beck’s recoloring idea and improve it. Their technique is motivated by the
following observation

Observation 26. Suppose S is monochrome after step 1, then it suffices to recolor just
one vertex in S, the rest can stay as is. So, after the first vertex in S changes color, the
remaining vertices can stay put unless they belong to other monochromatic edges.

This motivates the following modification, do not recolor all vertices simultaneously,
put them in an ordered list and recolor one vertex at a time. Here is the modified step 2.
Step 2: For a given ordering, if the first vertex lies in a monochromatic edge, flip its
color with probability p. After having colored vertices 1,...,7 — 1, if vertex ¢ is in a
monochromatic edge after having modified the first ¢ — 1 vertices, then flip its color with
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probability p.

The analysis proceeds along similar to that in the previous section until (3.2). Consider
P5. The last blue vertex v of S changes color to red because there is some T' # S such
that 7" was blue after step 1 and [(|] S NT) = 1, we shall say that S blames T, i.e.,
S +—— T, if this happens. Also, none of the vertices in T that were considered before v
change their color to red. To summarize,

Lemma 27. S —— T iff
1. 1SNT| =1, call this vertez v.
2. T(1) € BLUE and v is the last blue vertex in S.
3. All vertices before v in S change color to red.
4. No vertex of T before v changes color to red.
Then,
P2§P<v5r—>T>§Z]P’(S»—>T) (3.8)
T#S T#S

Fix an ordering 7 on the vertices. With respect to this ordering, let v be the (i, + 1)
vertex in S and the (j, + 1) vertex in T. If the index of w is less than that of v, we
write is as m(w) < 7(v). Also define,

S, ={w e S|n(w) < m(v)}
Sti={we S|n(w)>mr(v)}

T.” and T, have similar meanings. To compute P(S —— T'), we will need to list some
probabilities

1. P(v(1) € BLUE,v(2) € RED) = g

2. B((T\v)(1) € BLUE) = 5 L

—_

3 B(S{(1) € RED) = 5 ——

4. P(T;(2) ¢ RED|T(1) € BLUE) = (1 — p)’

5. For w € S|n(w) < w(v), P((w(1) € RED) or (w(l) € BLUE,w(2) € RED)|S ¢
o LD

2
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So,

P(S+——T|7m) <

N3

11 (14 p\"”
— (1 —p)ir [ —L£
2n—1 2n—z7r—1( p) ( 2 )

= e (L=p)"(1+p)" (3.9)

Let the ordering be random, then P(S —— T') = E,P(S +— T | 7). A random ordering
is determined as follows. Each vertex picks a real number uniformly at random from the
interval (0, 1), this real number is called its delay. Then the ordering is determined by
the increasing order of the delays.

Lemma 28.

P(S —s T) = E (P(S — T | 7)) < —-L

— 227171

(3.10)

Proof. Let the delay of a vertex w be denoted by ¢(w). Let U := {w € S\ v|jw(l) €
BLUE}, then ((w) < {(v), since v, by definition, is the last blue vertex in S. Also for
each w € T, either {(w) > ¢(v) or w did not flip its color in step 2. So, for w € T
P(¢(w) < ¢(v),w flips color) = px, so P({(w) > ¢(v) or w did not flip) = (1 — px). Now,
conditioning on ¢(v) € (z,z + dx) and with some abuse of notation, we can write

1

P(S— T =ulth) =)= o &t P (-
—~ LU)<z 7 U {v} fip to red

coloring after step 1

n—1 1

—1 1

= P(S+—T)< Y. (" ’ > /0 %ppr“x“(l — pz)" dx
u=0

= 1 (Z (" . 1) <px>“) (1= pa)"

IN

(3.11)

22n—1
]

Proof of theorem 25. Using (3.11) in (3.8), we get P, < 5527, Recall that P < 2(12;7?)”,
summing over all edges S, we get

k(1 —p)™ k2
(V) < ML=p)" 2p) + (3.12)
Compare (3.12) with (3.5) and note that exp(np) is not present in (3.12). For an arbitrary

(1+€)logk
n

€ > 0, setting p = and approximating (1 — p)" ~ exp(—np), we get

k?log k
n

E(N) <0.5 (k:* +(1+¢€) (3.13)
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Clearly k ~ makes E(N) < 1 giving the result. O

g

Spencer’s proof of lemma 28. Aided by hindsight, Alon-Spencer give an elegant combi-
natorial argument to arrive at (3.11). Given the pair of edges S, T with |[SNT| = 1,
fix a matching between the vertices S \ {v} and T\ {v}. Call the matching u :=
{p(1),...,u(n—1)}, where each (i) is an ordered pair (a,b), a € S\ {v} and b € \{v},
define p4(i) := a and p (i) :== b. We condition on whether none, one or both vertices of
w(i) appear in S UT,", for each 1 <7 <n—1. Let X; = |u(i) N (S, UT,)|. Since the
ordering is uniformly random, X; and X are independent for i # j. From (3.9), consider
E((1—p)"(1+p)).

E((1—pPr(1+p)" 005, UT,) =B (1 p)Za 000 201 )i sonts 20))
n—1
_E (H (1 — p)les@ESD) (1 4 p)le@ETS ))
1=1

n—1
= H E <(1 _ p)H(Ms(i)eSJ)(l +p)ﬂ(ut(i)eTJ)>
=1

—_

:ﬁ<1( —p+1+p+1+1—p2))

n—1 2
p
= 1——) <1
=1

— E((1-p/"(1+p))=E(E(1-p"(1L+p)|pnS, UT,)) <1
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4.1

Dependent Random Choice and embeddings
of graphs

Introduction

The premise for some of the investigations in this chapter is the following question: Given a
small’ graph H, if a graph G is dense on a large vertex set, can we find a copy of H in G?7 We
say G is dense if e(G,) > en? for some ¢ > 0, where ¢ is independent of n. More formally, we
make the following definition.

Definition 29. For any graph H, by ex(n; H) we mean the mazimal number of edges in a graph
on n vertices without a copy of H.

As it turns out, this need not always be true. Indeed, if H = K3,G = Ky, e(Kyp,) = n?,
then clearly, there is no copy of H in G. Turén’s theorem which is considered the foundation

of extremal graph theory, says that if G has no copy of K11, then e(G,) < (1 — %)"2 or

2
more precisely, ex(n, K,41) = (1 — %)% This was extended enormously by what is considered
the fundamental theorem in extremal graph theory, in the following theorem of Erd&s-Stone-

Simonovits:

Theorem 30. (Erdds-Stone-Simonovits) Suppose H is a ’small’ graph, and x(H) = r+1,r > 2.
For any € > 0,3 n(e), s.t. V. n>nle), ife(Gp) > (1 — %)%2 + en?, then H C G,.

In particular, if a graph H has chromatic number at least 3, then ex(n, H) is determined
asymptotically to a factor by its chromatic number.

Erdds-Stone-Simonovits: If x(H) > 3, then ex(n; H) ~ (1 — %)%2

But note that if » = 1, i.e., if the graph H is bipartite then the Erd6-Stone-Simonovits
theorem tells us the following: If e(G,,) > en?, then H C G,,. Thus we only know that in such
cases, ex(n; H) = o(n?). This begs the following question:

Question 31. For H bipartite, what is the correct value of o s.t. ex(n; H) = ©(n*H) 1 <
a<2?

The asymptotics for ex(n; H) are known for very few bipartite graphs. Thus, one is curious

to know if we can find a ‘better power’ v such that ex(n; H) = O(n®)? More generally, given a
bipartite graph H, and a large graph GG, how may we find a copy of H in G?
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4.2 A graph embedding lemma and Dependent Random Choice

Let V(H) = AU B,|A| = a,|B| =, let Ay be subset of V(G) containing all the vertices of A.
Consider the following scenario: Every vertex in B has degree < r. If every r-subset of Ay has
'many’ common neighbors, then heuristically, our chances of embedding each vertex of B get
better.

Proposition 32. Let H be bipartite, H = (AU B,t) with |A| = a,|B| = b, any vertex in B has
degree < r. Suppose there is a set Ay C V(G),|Ao| > a, s.t. every r-subset of Ay has at least
a + b common neighbors in G. Then H can be embedded in G.

Proof: Suppose we embed the vertices of A into Ag arbitrarily. We shall now try to embed
each vertex of B into G, one at a time. Let B = {vj,ve,---vp}. Suppose we have already
embedded vy, - - - v;—1. Now let V= neighbors of v; in A (in H). Since A has been embedded into
Ay, this gives a set U C Ay of size < r which should be the neighbor set for v;. Since |U| < r,
it has > a 4+ b common neighbors in G = there is some available choice for v;. O

So, how does one find such an Ay?

Here is a heuristic: Pick a small subset T of V(G) over t rounds, at random (with repetition).

Consider the set of common neighbors of T. Heuristically, denote the common neighbors of T
by N*(T).

E(N*(T))) =) _P(ve N*(T))

veV

= > Wy

veV
> LGS )

veV
(d)'
nt—l

The inequality follows from Jensen’s inequality for convex functions.
Let Y= number of r-subsets U of N*(T') s.t. U has fewer than m common neighbors. Then

EY)< > PUCNYT)).

Ucv(G),|U|=r
IN*(T)|<m

If U ¢ N*(T), it means that every choice for T was picked from among the common
neighbors of U.

P(U ¢ N*(T)) < (%)t
—=E(Y) < <”>(m t

r n

~—

=) -v) 2 55 - (1) 2y

— 3 Ay C N*(T) of size > éi’lﬂ — (M) (), s.t. every r-subset of Ay has > m common
neighbors.
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4.3

Theorem 33. (Alon, Krivelevich, Sudakov; 2003) H is bipartite with vertex partition (AU B,
and if every vertex of B has degree < r, then ex(n; H) = O(n27%).

Proof: Note that

1

e(G) > Cn2~r = d > 200>+

where C' = Cy is some constant depending on H. To apply the lemma, we need that

@tl B <n>(a+ b)t .

n r n

((20)'n'=")"  n’ a+b

LHS > — ( )t

nt rlt n
= oy - U (=)
> a
1 (a+b)" 1
==C > §(CL+ T)T

An old problem of Erdos

Firstly we need a definition.

Definition 34. A topological copy of a graph H is formed by replacing every edge of H by a
path such that paths corresponding to distinct edges are internally disjoint, i.e., have no common
internal vertices.

Erdds conjectured that if e(Gy,) > cp®n, then there is a topological copy of K, in G. This
was proved in 1998 by Bollabas and Hind. Erdds’ conjecture implies that there is a topological
copy of K 5 in Gy, if e(Gp) > cn?.

Definition 35. A t-subdivision where each edge is replaced by a path with <t internal vertices.

Erdéds had in fact asked the following question as well: Is there a 1-subdivision of K /5 In a
dense graph for some absolute § > 07 This was settled in the affirmative by Alon, Krivelevich,
and Sudakov.

Theorem 36. (Alon, Krivelevich, Sudakov) If e(G,) > en?, then G has a 1-subdivision of
K€3/2\/ﬁ.
Proof: Firstly note that a 1-subdivision of the complete graph K, with every edge getting

subdivided corresponds to a bipartite graph with parts of size a, (g), respectively. Furthermore,
every vertex in the part of size (g) has degree 2 since each of these vertices is placed in an edge
of the original K,, and hence has degree 2.

If we think along the lines of the embedding lemma we have proved we want the following:

@ ()2 >, here v = 2,m = 0+ (§) <2(3) < a2,d > 2en

2 2t
LHS > (2¢)'n — %% >a
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If a = §v/n, and set § = €3/2, then

2

LHS > ¢'[(2)'n — %e%]

If the second term in the square bracket becomes n then we may factor out n from both

these terms. This basically means setting ¢ = ;f;gg ?1 ).
LHS > ‘éﬁ(?ﬂ 1> ‘éﬁ? — \/275”_;%03{6

As n goes large, this beats a = §y/n. O
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5.1

The Second Moment Method

The method of using expectation of random variablesis a very useful and powerful tool, and
its strength lies in its ease. However, in order to prove stronger results, one needs to obtain
results which prove that the random variable in concern takes values close to its expected value,
with sufficient (high) probability. The method of the second moment, as we shall study here
gives one such result which is due to Chebyshev. We shall outline the method, and illustrate
a couple of examples. The last section covers one of the most impressive applications of the
second moment method - Pippenger and Spencer’s theorem on coverings in uniform almost
regular hypergraphs.

Variance of a Random Variable and Chebyshev's theorem

For a real random variable X, we define Var(X) := E(X — E(X))? whenever it exists. It is easy
to see that if Var(X) exists, then Var(X) = E(X?) — (E(X))2.

Theorem 37 (Chebyshev’s Inequality). Suppose X is a random variable, and suppose E(X?) <
oo. The for any positive A,

PIX - (0|2 ) < 2.
Proof. Var(X) = E[(X — E(X))?] > M?P(|X — E(X)| > A). O

The use of Chebyshev’s inequality, also called the Second Moment Method, applies in a very
wide context, and it provides a very basic kind of ‘concentration about the mean’ inequality.
The applicability of the method is most pronounced when the variance is of the order of the
mean, or smaller. We shall see in some forthcoming chapters that concentration about the mean
can be achieved with much greater precision in many situations. What, however still makes
Chebyshev’s inequality useful is the simplicity of its applicability.

If X =X1+ X2+ -+ X, then the following simple formula calculates Var(X) in terms
of the Var(X;). For random variables X,Y, define the Covariance of X and Y as

Cov(X,Y) :=E(XY)—-E(X)E(Y).
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5.2

For X = X7+ Xo+ -+ X,,, we have
Var(X) = Var(X;) + Y _ Cov(X;, X;).
i i#]
This is a simple consequence of the definition of Variance and Covariance. In particular, if the
X;’s are pairwise independent, then Var(X) =}, Var(X;).

Applications

We first present a theorem due to Hardy-Ramanujan in Number theory, with a probabilistic
proof by Turén.

Theorem 38. Let w(n) — co. Let v(n) denote the number of primes dividing n not counting
multiplicity. Then the number of positive integers x in {1,2,...,n} such that

lv(x) —loglogn| > w(n)y/loglogn
is o(n).

Proof. The idea of the proof germinates from the following simple device. Suppose we pick
an integer x uniformly at random from {1,2,..,n}. For a prime p, denote by X, the following
random variable:

X, =1 ifplx

=0 otherwise.

Note that v(X) = Zp Xp, where the sum is over all primes p less than n. Now, note that
E(X,) = "2 — 1/p+ O(1/n). Hence, E((X)) = 3 (l + 0(%) — loglogn + O(1). The

p<n \ p
last equality follows from a standard exercise in analytic number theory and is an application

of the Abel Summation formula.

Thus, to ‘estimate’ v(x) we could approximate v(x) by its average. Chebyshev’s inequality
now gives a ‘reasonable’ interval of estimation. In order to do that, it remains to first calculate
Var(X,), Cov(X,, Xg).

It is easy to see that Var(X,) = ;1)(1 - %) +0(%), so >, Var(Xp) = loglogn + O(1).

Now in order to calculate the covariances, note that for distinct primes p,q, we have X, X,
= 1 if and only if pg|x. So,

Cov(Xp, Xg) = E(XpXy) — E(X,) E(X,)
_ In/pa] _ |n/p] [n/q]

n n




Hence

1 1,1 1 0O(1) 1 O(1)loglogn
) XpX) <=3 ~(-+-) < Yoo < BB ),
Cov(Xy, q)_n n(p+q)_logn p = logn o(1)

P#q P#q p<n

Here, we use a well known (but relatively non-trivial) result that 7(z) = O(@), where
m(x) denotes the arithmetic function that counts the number of primes less than or equal to
x. This result of Chebyshev, is much weaker than the Prime number theorem which actually
says that the constant in question is asymptotically equal to 1. A similar calculation also gives
> ptq Cov(Xp, Xg) > —o(1).

Hence, Chebyshev’s inequality gives

P([(X) — loglogn| > w(n)+/log log n) < thn) — o(1).

O]

Turén’s proof makes the argument simpler by letting x be chosen at random in {1,2,.., M}
where M = n'/' say. This avoids using that 7 (z) = O(%); on the other hand it gives
an interval estimate for v(n) — 10. But asymptotically this result is the same as that of the

statement in the Hardy-Ramanujan theorem.

The (usually) difficult part of using the second moment method arises from the difficulty of
calculating/estimating Cov(X,Y") for random variables X, Y. One particularly pleasing aspect
of the second moment method is that this calculation becomes moot if for instance we have
pairwise independence of the random variables, which is much weaker than the joint indepen-
dence of all the random variables.

The preceding example illustrates one important aspect of the applicability of the second mo-
ment method: If Var(X,) = O(E(X,)) and E(X,,) goes to infinity then Chebyshev’s inequality
gives us

P(|X,, — E(X,)| > eE(X,)) = o(1).
In particular, X,, is of the ‘around E(X)’ with very high probability.
For the next application, we need a definition.

Definition 39. We say a set of positive integers {z1,x2,...,x;} is said to have distinct sums
if > e Ti are all distinct for all subsets S C [k].

For instance, if 2, = 2%, then we see that {x1,xs,..., 2} has distinct sums. Erdds posed
the question of estimating the maximum size f(n) of a set {x1,x9,..., )} with distinct sums
and z < n for a given integer n. The preceding example shows that f(n) > |logyn]| + 1.

Erdds conjectured that f(n) < [loggn| 4+ C for some absolute constant C. He was able to

prove that f(n) <log,n + logylog, n+ O(1) by a simple counting argument. Indeed, there are
2f(") distinct sums from a maximal set {z1,x2,...,2}. On the other hand, since each z; is at
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5.3

most 7, the maximum such sum is at most nf(n). Hence 2/(") < nf(n). Taking logarithms
and simplifying gives us the aforementioned result.

As before, here is a probabilistic spin. Suppose {z1,z2,...,x;} has distinct sums. Pick a ran-
dom subset S of [k] by picking each element of [k] with equal probability and independently.
This random subset gives the random sum Xg := ) g z;. Now E(Xg) = S(x1+zot- - +ay).

Similarly, Var(Xg) = 2(z3 + 23+ - +23) < %, so by Chebyshev we have

P(|Xs — E(Xs)| < \) > 1 n’k
S § =T
Now the key point is this: since the set has distinct sums and there are 2% distinct subsets of
{z1,x2,..., 21}, for any integer r we have that P(Xg = 1) < Qik; in fact it is either 0 or QL,C This
observation coupled with Chebyshev’s inequality gives us
n?k 2\ + 1

_ < — <= -

Optimizing for A we get

Proposition 40. f(n) < log,n + §log, logyn + O(1).

Resolution of the Erdos-Hanani Conjecture: The Rodl ‘Nibble’

The Rodl ‘Nibble’ refers to a probabilistic paradigm (discovered by Vojtech Rodl) for a host of
applications in which a desirable is constructed by random means, not in one shot, but rather,
by several small steps, with a certain amount of ‘control’ over each step. Subsequent researchers
realized that Rodl’s methodology extended to a host of applications, particularly for coloring
problems in graphs and matchings/coverings in hypergraphs. Indeed, the Erdés-Hanani conjec-
ture is an instance of a covering problem of a specific hypergraph. We present here, a version
of a theorem that resolves the conjecture proved by Pippenger and Spencer.

Definition. Consider the set [n] = {1,...,n}, and let n > r >t be positive integers.

1. An r-uniform covering of [n| for ([?]) is a collection A of r-subsets of [n] such that for each
t-subset T' € ([?]), there exists an A € A such that T' C A.

2. An r-uniform packing of [n] for ([Tt"]) is a collection A of r-subsets of [n] such that for each
t-subset T' € ([?]), there exists at most one A € A such that T C A.

When ¢ = 1, if r|n, then there obviously exists a collection A of r-subsets of [n], |A] = 2,

such that A is both an r-uniform covering and packing for ([7{]) = [n]. In general, there exists
a covering of size [%] and a packing of size [%].

Let M(n,r,t) be the size of a minimum covering, and m(n,r,t) be the size of a maximum

packing. Idealistically, there exists a collection A of r-subsets of [n], |[A| = (})/(}), such that

A is both an r-uniform covering and packing for ([7:}). This is called a t-(n,r,1) design. The

number (TZ) / (7;) comes from the observation that for each t-subset, there is a unique r-subset
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containing it, and for each r-subset, it contains (’;) t-subsets. Hence, we have the inequality

m(n,r,t) < (?)/(:) < M(n,r,1).

When ¢t = 2, Erdés-Hanani (1960’s) proved that

M
i MOun0) o, mnt)

nmee ()/G) e (/)

They further conjectured that this is true for all positive integers r > t. This conjecture was
settled affirmatively by Vojtech Rodl in 1985.

Here, we consider a more general problem. Given an r-uniform hypergraph H on n vertices
which is D-regular for some D, i.e. deg(z) = D Vz € V, where deg(z) = {E € £ : E > x}|,
and £ = set of hyperedges in H, we want to find a covering and a packing out of H, both of
sizes ~ 7. This is more general since we can treat the t-subsets in the conjecture as vertices in
this problem, and all the degrees of these vertices are equal.

Note that in this new problem, if we can find a packing of size @, then there are at most
en vertices uncovered. Hence, we can find a covering of size < @ +en = (1— e—i—re)% ﬂ LN

On the other hand, if we can find a covering A of size @, then for every x which is cov-

ered by deg(x) hyperedges, we delete deg(z) — 1 of them. The number of deleted hyperedges
< Y (deg(z) — 1) = Y deg(z) — Y1 =|{(z,E): E € A} —n =49 x = en. Hence,
zeV eV eV

we can find a packing of size > @ —en = (14+e—re)? 0, . Therefore, finding a covering

o m- . . . o n
of size ~ 7 is equivalent to finding a packing of size ~ .

In the following, we try to obtain a covering A of size < (1 + €)% for all large n when an
€ > 0 is given.

Rodl’s idea. First, pick a small number of hyperedges, so that the rest of H is as close as
possible to the original one. If, by taking 7" such “nibbles”, we are left with dn vertices for some
small §, we cover each of these vertices with a hyperedge to finish the problem.

As H is D-regular, r|E| = [{(z,E) :x € E € £}| =nD = |&]

around <* edges in each nibble, then we can use P(E is picked) =

D . .
==. So if we want to pick

U‘m I

Probability Paradigm. Each edge E € & is picked independently with probability p = 5. Let
£* be the set of picked edges. By the choice of p, E[|E*[] = <.

Notation. z =a+b< z € (a—b,a+b).
After a “nibble”, the rest of the hypergraph is no longer regular, so we modify the problem.

Given an r-uniform hypergraph H on n vertices such that deg(z) = D(1+ ) Vx € V for some
small > 0, we want to find a covering of size ~ .
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We further modify the problem. Given an r-uniform hypergraph H on n vertices such that
except at most on vertices, deg(z) = D(1 + 0) for other vertices x € V, suppose that Vo € V|
deg(z) < kD for some constant k. We want to find a collection of hyperedges £* such that
(i) |E*] = (1 + 0') for some &' > 0;

(ii) [V*| = ne=¢(1 £ ¢") for some 6" > 0, where V* := V\( U E)
Ece*

Let 1z = 1{3¢ any edge of £+}- Lhe motivation of (i) is [V*| = ;/130 = E[|V*|] = %:V(l -
£)de8(@) & (1 - 6)(1— 5)PIED) m (11— 5)e (D) m pec(14£6"). Var(|V*]) = Var( zle) -

xe

Var(1;) + > Cov(1,,1,). If deg(z) = D(1 £6) and deg(y) = D(1 £6), then
zeV TH#Y

Cov(1,,1,) = E[1,,] — E[1,]E[1,]
€ \ deg(z)+deg(y)—deg(z,y) € \ deg(xz)+deg(y)
=(1-3) -(-5)

D D

_ (1 B %>deg(x)+deg(y) ((1 B %)—deg(w,y) B 1>

~ o 26(1£3) (e_% deg(z,y) _ 1).

Note that e~ D 9°8@¥) _ 1 is very small provided that deg(z,y) < D. This is true in the orig-
inal Erdés-Hanani problem, where V = ([?]), since D = ("_}) = O(n"!), while deg(z,y) =

r—t
(Z:H%tj%") < (:f:f:ll) = O(n"7*71) < D, where z and y corresponds to t-subsets 77 and T

respectively. This motivates the following theorem (or the “Nibble” Lemma).

Theorem. (Pippenger-Spencer) Suppose r > 2 is a positive integer, and k,¢e,0* > 0 are
given. Then there exist do(r, k,€,6%) > 0 and Dy(r, k,€,0*) such that for all n > D > Dy and
0 < d < g, if H is an r-uniform hypergraph on n vertices satisfying
(i) except at most dn vertices, deg(x) = D(1 %+ ¢) for other vertices x € V;
(ii) Vz € V, deg(z) < kD;
(iil) deg(z,y) < 0D,
then there exists £* C £ such that
(a) |E°] = (1 4 6°);
(b) [V*] = ne~¢(1 % 6%), where V- = V\( U E);
Ecg*
(c) except at most §*|V*| vertices, deg*(z) = De~ ("~ (14 §*), where deg* is the degree on the
induced hypergraph on V*.

We say that H is an (n, k, D, §)-hypergraph when (i), (ii) and (iii) are true. This lemma, in
short, says that H is (n,k, D,d) = there exists an induced hypergraph H* which is (ne™¢(1 £
6*), ke=D De=¢(=1) §*). The parameter k* is due to deg*(z) < deg(z) < kD = k*D* =

k* = % = ke~ and the parameter § follows deg*(z,y) < deg*(z,y) < 6D = §*D* =

0= % = 6*e¢~<"=1)_ In other words, §* = dec("—1),

Repeat the “nibble” ¢ times (¢ to be determined) will give § = §p < 61 < --- < §; with
6 = 81"V and H = Ho D H1 D --- D H;. Note that this establishes a cover of size
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t—1
Zl|5z'| + |V4|. By
V| = [Vicile (1 £ 6;) < n~“Podi_; (14 6)

and o
&= il gy < 2T Bl 1)),
r r 7=1
the size of this cover is
t—1 t—1 —e(i—1)
Z &+ |Vi] < (Z EneT) Pod!_,(1 + &;) + ne “Podi_; (1 + 6;)
i=1 i=1

¢
= (Podi_,(1+6;)) % (Z ee~=1 4 re‘“)

i=1

< (Podi_;(1+6;)) n <1 _6676 + re_6t> .

r

t
Pick ¢ such that e~ < e. For this ¢, pick § small enough such that Poii(l + ;) <1+e Then
1=

the size of the cover <% * from above. Therefore, it leaves to prove the “Nibble” Lemma.
Proof of “Nibble” Lemma.

Probability Paradigm. Each edge of H is picked independently with probability 5. Let £* be
the set of picked edges.

We say x € V is good if deg(z) = (1 £ 0)D, else x is bad. Note that
{(z,E):x € EY > |{(z,E) : x good}| > (1 = 8)D - (1 —8)n = (1—03)>Dn.
On the other hand,
{(z,E) : x € E}| = [{(z, E) : © good}| + [{(, E) : x bad}|
<(1+0)D-n+kD-on.

So U=0Dn < g < Dn(1 4 (k + 1)8) = |€] = 22(1 £ 4y)).

E[|E*] = EZSP(E is picked) = %%(1 + 5(1)) = %(1 + (5(1)) Let 1 = 1{E is picked} -
€
By independence, Var(|€*|) = > Var(lg) < E[|£*|]. By Chebyshev’s inequality, we get
EcE

P (|1e*) - Ellerll| > op)EllE7) < TR S0 1 n > 0, then [€7] = (14 80))(1 4 b)) =

(1 £ 6*) with high probability, yielding (a).

Let 15 = 1{;¢ any edge of £+}- Note that

Evi=> (1- %)deg(w) >3 (1- %)D(M) > e~(1— 6 - (1— 8)n.

zeV x good
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On the other hand,

z good x bad
D(1-9)
<Y (1-5) +dn
x good

So ne™(1 = d(3))(1 = 6) < E[[V*[] < ne™“(1 + &4y + de°), implying E[[V*|] = ne™(1 & d(5))-

Var(|[V*]) = > Var(1,) + Y Cor(1,,1,) < E[|[V*[]+ > Cor(1,,1,), where
zeV THY TH#Y

Cov(1,,1,) = E[1,,] — E[1,]E[1,]
€ \ deg(z)+deg(y)—deg(z,y) € \ deg(z)+deg(y)
(1-5) -(1-5)

D D

_ (1 B %>deg(m)+deg(y) ((1 B %>—deg(m,y) B 1)

€\ 9D 5 A
<1- - — — <e® — .
<1 ((1 D> 1) <e 1 which is small

This implies Var(|[V*|) = o(E[|V*]}?). By Chebyshev’s inequality, we get

o) Var(IV))
> 5EIV°]) < & g

P (| /v - Eve :

So if n>> 0, [V*| = ne™“(1 £ 65))(1 & 66)) = ne” (1 £ ¢*) with high probability, yielding (b).

Suppose x survives after the removal of £*, and let E' 5 . We want to estimate P(E survives | x survives).
Let Fp={Fe€&:x¢ F,FNE #(}. Then E survives if and only if Fg N &E* = 0.

Recall that z is good if deg(z) = (1+0)D, else x is bad. Call E € £ bad if E contains some
bad vertices. Suppose «x is good, and E is good. Then

(r—1)(148)D—(";1)éD
P(E survives | z survives) = (1 - i) ' )

D
_ (1 - %)(H)D (1+3s).

Let Bad(z) = {E > z : E is bad}. If [Bad(z)| < d(9)D, then E[deg"(z)] = De=<r=1(1 + d(10))-

(1£6e7))

So now, the question is, how many z have [Bad(z)| > 0(9)D? Call x very bad if x is bad or
if [Bad(z)| > d(9yD. We now want to find the size of Viery paq := {z € V' : x is very bad}. Note
that

[{(z, E) : [Bad(z)| > 6(9)D}| > 6(9)D - |Vaery badl-
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On the other hand,
{(z,F) : [Bad(z)| > 80 D}| < [{(z, E) :  is bad}
<r{(z,E) : z is bad}| < r(kD)(on).

r(dn)k
%(9)
good vertices x satisfy E[deg*(z)] = De=<""D(1 £ 5(10))-

Hence, |Vyery bad| < = 0*n. Therefore, except at most |0*n| vertices, the remaining very

Let 15 = 1{E survives)- FOr those very good vertices x,

Var(deg*(x)) = Z Var(1g) + Z Cov(1lg,1F)

Ee€ E4AF
SE[deg*(:c)] + Z COV(IE, 1F) + (5(9)D . (1 + (S)D -1
E#F good
<E[deg*(z)] + Z Cov(lg,1p) + Z Cov(lg,1p)
E+#F good E#F good
EnF={z} |[ENF|>1

+ 8(9)(1 + 0)D?
<E[deg*(z)] + Y Cov(lp,1p)+ (r—1)§D-(1+6)D-1

E#F good
ENnF={z}

+ 8(9) (1 + 6) D2,

where

—-1< =D which is small.

All these together imply Var(deg*(z)) = o(E[deg*(x)]?). By Chebyshev’s inequality, deg*(x) =
De=€=1(1 4 §*) with high probability.

Let N = [{z good : deg*(z) # e~ "=V D(1 + §*)}|. Then we can use Markov’s inequality to
show that E[N] < §(11)n, so all except §*n vertices satisfy (c).
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6

Bounding Large Deviations - The Chernoff
Bounds

It is often the case that the random variable of interest is a sum of independent random variables.
In many of those cases, the theorem of Chebyshev is much weaker than what can be proven.
Under reasonably mild conditions, one can prove that the random variable is tightly concentrated
about its mean, i.e., the probability that the random variable is ‘far’ from the mean decays
exponentially. We consider a few prototypes of such results and a few combinatorial applications.
One of the first such results is the following:

Proposition 41 (Chernoff Bound). Let X; € {£1} be independent random variables, with
PX; = -1 =PX; =1 =1, and let S, = Y. | Xi. For any a > 0 and any n, P[S, > a] <
efa2/2n.

Proof. Consider e*, with A to be optimized. Then E[e*¥i] = (e* +e7*)/2 = cosh()). Taking
the Taylor expansion, we see that

oo 2k 0 2 k
E [e/\Xll _ Z (;‘k)' < Z (A k{'2) _ N2
k=0 k=0 ’

Since the X; are independent,

E [e*"] =E [ez ANi] = HE[e/\X"] = cosh(\)" < X7/2

By Markov’s Inequality,
AS a1 E[e*7] A2n/2-Aa
P[e " >e ] <——<e

Since P[S,, > a] = P[e* > €], we see that P[S,, > a] < X274 Optimizing this bound by
setting A = a/n, we sce that P[S,, > a] < e}’™/2, as desired. O

Proposition 41 can be generalized and specialized in various ways. We state two such
modifications here.

Proposition 42 (Chernoff Bound (Generalized Version)). Let p1,...,p, € [0,1], and let X; be
independent random variables such that P[X; = 1 — p;] = p; and P[X; = —p;] = 1 — p;, so that
E[X;] =0 for all i. Let S, =", X;. Then

P[S, > a] < e 2/ and P[S, < —a] < 2¢~ 20"/
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6.1

Letting p = %(Pl + ...+ pn), this can be improved to
P[Sn > CL] < e—a2/pn+a3/2(pn)2

Proposition 43 (Chernoff Bound (Binomial Version)). Let X ~ Binomial(n,p), and let 0 <
t < np. Then P[|X —np| > t] < 9¢—t*/3np

In all three cases, the independence assumption can be removed while preserving the expo-
nential decay (although with a worse constant).

Projective Planes and Property B

Given a hypergraph H = (V, ), we say that H has property B if there exists S C V such that
foral E€ & (i) SNE #( and (ii) EZ S.
Note that any 2-colorable hypergraph has property B, by letting S be the set of blue vertices.

Observation 44 (Lovész). If H is such that |E1 N Es| # 1 for all E1,Ey € &, then H is
2-colorable, and therefore has property B.

Proof. Number the vertices 1,...,n. Color each vertex, in order, avoiding monochromatic
edges. It is easily seen that by the assumptions on H, this must yield a valid coloring. O

We now consider the opposite assumption. Suppose that every pair of edges meet at exactly
1 vertex. The Fano Plane, shown here with each edge represented as a line, shows that such a
hypergraph need not be 2-colorable. The Fano Plane is an example of a projective plane.

Definition 45 (Projective Plane ¥,)). The projective plane of order n, denoted ¥, = (P, L),
is an n + l-uniform hypergraph such that

1. Forallx e P, #{Le L|z e L}=n+1
2. Forall Li,Ls € L, L1 # Ly, |L1 ﬁLg\ =1
3. Forall x,y € P, x # vy, there exists a unique L € L such that x € L and y € L.
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6.2

The elements of P are referred to as “points” and the elements of £ are referred to as “lines”.
Using this terminology, we see that requirements (2) and (3) in the definition can be rephrased
as (2) Any two lines meet at unique point and (3) Any two points define a line.

We now define a strengthening of Property B, which we will refer to as Property B(s).

Definition 46 (Property B(s)). A hypergraph H = (V,€) has property B(s) if there exists
S CV such that for every E€ £, 0< |ENS| <s.

For n-uniform hypergraphs, we obtain the original property B by letting s =n — 1.
Conjecture 47 (Erdos). There ezists a constant ¢ such that for all n, ¥, has property B(s).

Theorem 48 (Erdos, Silverman, Steinberg). There exist constants k, K such that for all n
there exists S C 9, with klogn <|LNS| < Klogn for all L € L.
Proof. Choose S at random, with each point x placed in S with probability p = ﬁ(—fl), for some
f(n) to be determined later.

Fix a line L, and let S;, = |SN L|. Note that E[S.] = (n + 1)p = f(n). By the Chernoff
Bound, P[|Sy, — f(n)| > f(n)] < 2e~/(™/3, Since §,, contains n? + n + 1 lines,

P[3Lst S, — f(n)| > f(n)] < (2e 7™ (n? + n 4+ 1) < 4e7 /W32

Therefore, if ef("/3 > 4n2_ the desired S exists.
Solving for f(n), we see that f(n) = 3log4n? ~ 6logn, as desired. O

Graph Coloring and Hadwiger's Conjecture

Definition 49 (Graph Minor). Given a graph G, H is a minor of G if H can be obtained from
G by

1. Deleting edges and vertices
2. Contracting an edge

Definition 50 (Subdivision). A graph H is a subdivision of G if H can be made isomorphic
to a subgraph of G by inserting vertices of degree 2 along the edges of H.

One can think of H as a subgraph of G in which disjoint paths are allowed to act as edges.
Note that if H is a subdivision of G, then H is also a minor of GG; however, the converse is false
in general.

Conjecture 51 (Hadwiger’s Conjecture). Let G be a graph with x(G) > p. Then G contains
K, as a minor.

By the Robertson-Seymour Theorem, the property of being p-colorable is exactly charac-
terized by a finite set of forbidden minors. Hadwiger’s Conjecture therefore says that the sole
forbidden minor is K,.

Hadwiger’s Conjecture is notoriously diffcult. Indeed, the special case of p = 5 implies the
four-color theorem. To see this, suppose that x(G) > 5. Then by the conjecture, G contains K3
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and is therefore nonplanar. With more work, the case of p = 5 can be shown to be equivalent
to the four-color theorem.

The conjecture is currently open for p > 6. Although p < 4 can be proven directly, all
known proofs for p = 5,6 use the four-color theorem.

Due to the apparent difficulty of Hedwiger’s Conjecture, Hajés strengthened the conjecture
to state that G contains K, as a subdivision. This strengthened conjecture was shown to be
false by Catlin via an explicit counterexample. Erdds and Fajtlowicz then showed that for large
n, with probability approaching 1, a random graph has chromatic number almost quadraticly
larger than the size of its largest complete minor.

Theorem 52 (Erdés, Fajtlowicz). There exist graphs G such that x(G) = 3755 and G has no
K3 m subdivision.

Proof. Let G = (V, E) be a random graph on n vertices, with each edge placed in the graph
with probability 1/2. We first show that G has large chromatic number, and then show that G
has no large K, subdivision.

Bounding the Chromatic Number It is known that x(G) > n/a(G), where a(G) is the
size of the largest independent set in G. As a result, it suffices to upper-bound «(G) in order
to lower-bound x(G).

We have

Pla(G) > z] = P[3 a set of = vertices which form an independant set]

(&)

Let £ =21lgn + 3. Then 2% = 2n, and so

Pla(C) > o] < @)ZIW _ L

So with high probability, a(G) < 21g(n) + 3 < 3lgn.

Bounding the Complete Subdivisions Now suppose that G contains K, s as a subdi-

vision. Since K, /; contains w > 4n edges, G must contain that many disjoint paths.
However, a vertex of G must either be a vertex of the K3 /; subdivision, or else be contained
in at most one of the paths. Since there are only n vertices in G, at least 3n of the paths must
be single edges of G.

Fixaset U C V, [U| =3y/n, and let e(U) = 3, ey [(u,v) € E]. If U forms the vertices of
a K3 s subdivision, then e(U) > 3n. Since

_1BYmBYR-1) _ 9n-3/n
2

Ele(U)] = -

by the Chernoff Bound we have

Plle(U) — Ele(U)]| > ~ Ele(U)]] < 2¢~ Ele))/8
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Therefore
IF’[@(U) > 3n] < 26—(971—3\/5)/192 < e—n/25

which means that

P[U forms the vertices of a Kj_ s subdivision] < e /%

Since there are (3%) choices of U,

P[3 a K3, s subdivision] < < /% < (#)3\/5677”25

n
e
3v/n
which approaches 0 as n — oo. So with high probability, G’ does not contain a K3, / subdivision.

Taking a union bound, we see that with high probability, x(G) > ﬁ and G has no K3 /5
subdivision, as desired. O

Note that the counterexamples constructed here require n > 10° vertices, highlighting the
difficulty in constructing such counterexamples explicitly.

This result shows that the chromatic number of a graph is a global property of the graph.
As further evidence of this fact, Erdés also proved the following.

Theorem 53 (Erdés). Given € > 0, and an integer k, there exist graphs G = G, (for n
sufficiently large) such that x(G) > k, while every induced subgraph H on en vertices satisfies
x(H) < 3.

47






I

7.1

Bounds for R(3, k): 2 results

The first non-trivial problem of evaluating the Ramsey numbers is that of evaluating R(3, k)
for a fixed integer k. Far from determining these numbers precisely, it was apparent that even
determining the asymptotic order of these integers was going to be a highly non-trivial problem.
In this chapter, we shall consider two results - an upper bound and a lower bound. The upper
bound is of the ‘correct’ order - a fact that was established later and is considerably more
difficult. The lower bound we shall discuss here is weaker than the best result known, and was
proved by Erdds in 1960.

Upper bound for R(3, k)

Note that R(3, k) is the smallest n such that any red-blue coloring of K,, contains a red triangle
or a blue K. If we retain only the red edges say, then R(3,k) can be viewed as the minimum
n such that every graph on n vertices has a triangle or an independent set of size k.

In general, R(l, k) <F+'=2 C;_; < ck? for | = 3. Erdés showed that R(3,k) = Q((£:)3/2).

log k
Ajtai, Komlos, and Szemerédi proved that R(3,k) = O(; fgzk) The lower bound, namely,
R(3,k) = Q( k—Q) which turns out to be much harder to prove was first furnished by J-H Kim

log k
involving several deep inequalities, and an extremely involved proof. More recently, Bohman

gave a different proof by considering a graph evolution process.
2
Turdn’s theorem states that K,11 ¢ G = e(G) < (1 — 1)Z-. In terms of complements,

a(G) > Til where d is the average degree of G. This can be proved as follows:

nd n(n —1) 1.n?2 1 .n?
ot g S I B
7~z =05 =36 -
:>82ﬁ—1:>r27:>a(G)2,L
r d+1
Ck?

Theorem 54 (Ajtai-Komlos-Szemetedi). A triangle-free graph in
dent set of size k

vertices has an indepen-
log k

Proof. Note that if the average degree is small, Turan’s bound should help. If not, we delete a
vertex to try and reduce the average degree.

If G is triangle-free, then define G’ = G\{v}, ¢’ =e—>" .,
in the average degree of G’ compared to G if v is chosen such that >

d(w). There will be a reduction
d(w) > d.d(v). Call

WV
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7.2

a vertex v a groupie if

v is a groupie <

> d(w) - d.d(v) >0

wrv

g() =) dw)lyey — d.d(v) >0
weV

Pick v uniformly at random

Blow) = 3 by a3 A

n
weV veV
1 2 2
=—Y dw)-d*>0
leEV

by Cauchy-Schwarz Inequality. Hence, there is a groupie in every graph. Pick such a groupie.
G’ = G\{v}. Define f(n,d) as the size of the maximum independent set in a triangle free G
with n vertices and average degree d. Note that we have f(n,d) > 1+ f(n — 1 — d(v),d).
Heuristically, suppose we denote the remaining number of vertices after ¢ steps of this by nR(t),
we have R(t + 1) — R(t) ~ —2R(t). If we parametrize time so that the next step after time ¢
occurs at t + %, then R(t + %) — R(t) =~ —%R(t) giving us R/(t) ~ —R(t).

We will start with a G. Define f(n,d) = ¢4 logd. Pick a groupie v, then delete v and all
its neighbors. In the resulting graph G’ we have n’ — 1 —d(v) and ¢’ = % — >~ = d(w) <
3 —d(v)d = (§ — d(v))d
2¢/ S "= 2d(v)

d/:n—l—d(v) “n—1—d)

By induction, we have
fn,d) =1+ f(n,d').

The authors check this for ¢ = 1/100 to say that R(3,k) < n < every triangle free graph on n
vertices has an independent set of size k. If G is triangle free and for some v, A(v) > k, then
we are done. Suppose A(Gy,) < k, The authors also showed that o(G) > c% logd. If this bound

is less than k& we have )

1 n
— " logd < k | .
100 ¢ 08 d <k =mn <1007

Lower bound for R(3, k)

We know that R(3,k) > n = 3G, a triangle free graph such that a(G,) < k. Pick edges of G
at random with probability p. Let N3 denote the number of triangles in G.

n

wia] = ()0 < )6
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so, we have

n’” T

P(a(G) > x) < <Z>(1 _p)(ﬁ) < 'e_p(z) <

2
—px~®/34+xlogn
& / ~ (e—pz/3+10gn)-’l7

z! z!

Choose pxr > 3logn, so that (np)® = ©(n). Setting p = # gives E[N3] < n/6. Now applying
the Markov inequality gives N3 < n/3 with probability greater than 1/2. Hence, with positive
probability the following hold simultaneously:

o N3 < n/3
e a(G) < 3n*3logn

Pick an assignment of edges such that these conditions both hold. From the resulting graph,
throw away one vertex from each of the triangles it contains. We then have a graph G with
V(G)| > %n, no triangles and a(G) < 3n?/3logn = k.

k3 k 3/2 LAY
= = =0 .

Erdos improved the bound in a remarkable manner following the same asymptotics for
p= ﬁ and x = Ay/nlogn for a small € and a large A. The fact that this paper was written as
early as 1960 shows how ahead Erdés was in this game!

Theorem 55 (Erdds). There exists Gy, which is triangle free such that o(G) < Ay/n(logn)
for some large A. Consequently,

k
R(3,k) = Q %).
(3.6) = ()
Proof. Let G = G(n,p) with p = ﬁ and r = Ay/nlogn. Put all the edges in some order.

Delete an edge only if it forms a triangle with the preapproved edges, to get a triangle free
graph. Suppose G(n,p) satisfies that every z-subset of V' has an edge ex which is not a part
of any crossing triangle. Consider G’ C G which consists only of the edges ex as X varies over
all z-subsets of V. Now run the triangle freeing process. The resulting G” has no independent
sets of size x.

Suppose not, then the edge ex is involved in some triangle. {ex,ex/,ex»} C X. Fix an X
of size z. We wish to calculate P(X has no nice edge ex). Suppose there is a pair {u,v} C X
such that no w ¢ X is adjacent to both w and v. Then putting the edge {u,v} makes it the
choice of ex. Call a pair {u,v} C X bad for X if they are both adjacent to some w ¢ X. The
number of such bad pairs is at most 3_ .y (dXQ(y)).

Define for 7 > 0

U < dx(w)

P(|Y®| > Bn for some X C V(G) with | X| = )

< (avatiom) o) (o) G

< eA\/ﬁ(log n)24+28n log(%)—l-e‘g%ﬁn(i log 2+1log log n—i—O(l))—e‘ﬁﬁ%

Y@ = {y]

Thus, for 0 <i < logfn, note that if we set “ﬁfw = 84y/n(logn)? we have
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o Vn(logn)® >> fnlog(s)
. E‘fﬁn(z log 2 + loglogn + O(1)) < 54y/n(logn)?

This gives us
Py ®] > 20451105 ) < —(1/24vA(0ER)?,
€

For higher i, we make a different kind of estimate. Let

logy n

Yo = {y2' Aelogn < dx(y)},i < —

This is again motivated by the observation that E[dx(y)] ~ Aelogn. Clearly, almost surely
= (U; YD) U (U, Yys))- Note that

d3 (y ) YO| ev/n, 16 2nlogn
Z 2 (2z 1) - A -2
yeY (D\y (i—-1)

Hence,

1= b0 ) 5 G

vV Anlogn )
o log 2
i

< exp (A\/ﬁ(logn +—41 g8 —

which clearly goes to zero as n — oo. We see that |Y(;)| < 7 for all 0 <i < bg—2n and hence
(1) 4
) is of the order of (A€)?n(logn)?. Thus if € = , for large A, this sum is bounded by
y 2 \F
> %)An(log n)? and for large A, this is much smaller than Tn(log n)2.
P(Xhas no ex) < P(No good pair in X is an edge)

A n(logn)2
5

%\“

n _5A2\/71(log n)2
e 5

P(3X with no ex) < (
x

N———

2 2
< e—%-{nﬁ/ﬁ(log n)2+o(1)Ay/nlogn
)

which completes the proof. ]
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8.1

The Lovasz Local Lemma and Applications

Most of the applications of probabilistic methods we have thus far encountered in fact prove
that an overwhelming majority of ‘instances’ from the corresponding probability spaces satisfy
the criteria that we sought, so that in effect, one could say that ‘almost all’ of those instances
would gives examples (or counterexamples) for the problem at hand. While this makes it very
useful from an algorithmic point of view - one could envisage a randomized algorithm that
would contruct the desired object - it may not always be the case that the ‘good’ or ‘desirable’
configurations we seek are plenty. For instance, suppose we have two large finite sets A, B of
equal size, then we know that there is an injection from A to B but almost all random maps
are bound to be bad. The so-called Lovasz Local Lemma - discovered by Erdés and Lovéasz -
gives us a very useful and important tool that allows us to show that certain probabilities are
non-zero, even though they might be extemely small. In this chapter, we shall consider the
lemma,and see some applications.

The Lemma and its proof

We know that given a set of independent events, Aj, Ao, ..., Ay, each with nonzero probability,
then P(A; U A3 U...U A,) > 0. The idea behind the Lovasz Local Lemma (LLL) is that in
certain cases we can relax the assumption that the A; be mutually independent, as long as
each A; is only dependent on a small number of the rest. We can visualize this by imagining
a graph with vertices labeled by the A;, and edge set {{4;, Ay} : A; and A; are dependent}.
Call this the dependency graph. Then the degree of vertex A; is the number of other events
with which A; is dependent. We call this degree the dependence degree of A;. Intuitively, if the
maximum dependence degree is small, then we should still have nonzero probability of all the
events occurring. The LLL formalizes this.
We now state the LLL formally, in its most general form:

The Lovasz Local Lemma:
Suppose we have events, Ay, As, ..., An, and real numbers x1, ..., x, such that for each i satisfying
0<zx; <1, and

P(AZ) <z H(l — acj),

Jer

where the product is taken over all neighbors A; of A; in the dependency graph. Then,

PN A > [ =) >0,
=1
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where A; denotes the complement of A;—the event that A; does not occur. So in particular,
there is nonzero probability that none of the events A; occur.

We will present the proof shortly. As an immediate corollary, we have:

Corollary:
Suppose there is some x, 0 < x < 1, such that for each 1,

P(4;) < x(1 — 2)4®),

where d(i) denotes the degree of A; in the dependence graph, ie, the number of Aj;,j # i with
which A; is dependent. Then with nonzero probability, none of the events A; occur.

Finally, we state a more useful symmetric version of the LLL, which we will most often
apply in solving our problems:

Lovasz Local Lemma (Symmetric Version):
Suppose we have events Ai, ..., Ay, and that there exists some p such that P(A;) < p for
each i, and ep(A + 1) < 1, where A is the mazimum degree of the dependence graph. Then
P(AP_A;) > 0 (that is, with nonzero probability, none of the events occur).
Proof of Symmetric Version, using General Version of Local Lemma:
Take z; = 1/(A 4 1), Vi. Then note that
A A
1 1 1 A

JTa-2)>—(1- = :

=i [1( xj)_A-Fl( A+1) A+1<A+1>

Je

Note that (%)A = (1 + %)A < e, so for each 1,

S IEEOE G(Alﬂ) > p> P(Ay).

Then applying the general version of the local lemma yields the result. [

Proof of General Version of Local Lemma:
Let S C {1,...,n}\ {i}. We will show by induction on |S| that

P(Ai| Ajes Aj) < @i

If |S| = 0, then we are done, since by assumption P(4;) < z; [[;,,;(1 — z;) < 2;. Now take
|S| > 0, and suppose we have proven the result for all smaller sizes of S. Let Ng(i) be the set
of neighbors of ¢ in S (in the dependency graph), and let N Ng(i) be the set of “non-neighbors”
of iin S, NNg(i) = S\ Ng(i). Then

P(Ai] Njes Aj) = P(Ai| (Nens@yAj) N (NjennsAj))
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P(Ai A (Njens)Aj) | Nenns) Aj)
P(/\jeNs A |/\j€NNs( ) Aj )

P(Ail Njennsi) Aj)
P(/\jeNs A | /\jeNNS( ) fT)
_ P(4;)
 P(NjensAil Aenngti

D>\

i)
Now, note that if & € Ng(i), we can write

P(NjensiyAil Nennsiiy A7) = P(Aa A (Ajensinia4s) | Niennseiy 4j)
= P(Aa| (Njensingardi) A (NennsAi)) - P(Ajensontey Ail Ajennse) 4j)
= P(Aa| Njes\tay Aj) - P(Njensinfay il Njenns iy 4j)-
Now, by our inductive hypothesis,
P(Aa| Nes\far Aj) > 1 — za,
and by another inductive argument, we have

P(NjensiyAjl Njenngy Aj) = P(Aal Njes\tay 4j) - P(Njensinfa} il Njennst) A7)

>(1-z) ][ (-ap)
BeNs()\{a}

= J] a-=a).
a€ENg(7)

Thus, from our work above,

- P(A;)
P(Ai] Ajes A3) < <,
T Taens (1 — 2a)

where the last inequality follows from the hypothesis of the theorem.
Finally, we have

PNy Ay) = P(An| LT A7) - PINTTA) 2 (1= a) - PN AY),

where we have taken S = {1,...,n — 1}. Thus, we see by induction that

which completes the proof. [
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8.2

Applications of the Lovasz Local Lemma

We now illustrate several applications of the symmetric version of the Local Lemma.

Example: Property B

Recall that a hypergraph has Property B, or is 2-colorable, if there is a coloring of its vertices
using two colors such that no edge is monochromatic. We call a hypergraph k-uniform if each of
its edge sets contains k elements. We call it d-regular if each vertex is involved in exactly d edges.

Question: Suppose H is a k-uniform, d-regular hypergraph. What conditions on H will ensure
that Property B is satisfied?

Let each vertex toss a fair coin. If the toss reads heads, we color the vertex red. If tails, we
color it blue. For each edge A, consider the event F 4 that A is monochrome. Then 2-colorability
of H is equivalent the case that none of the events E4 occur, that is, the event Apcy F 4. Now,

2 1
P(A) = P(A is monochrome) = oF = o1
Now, F 4 is dependent with Eg if AN B # ). Since edge A contains k vertices, each of which
is contained in d — 1 other edges, we obtain an upper bound for the dependence degree as

{B € H|BNA# O} < (d—1)k. Thus, by the Local Lemma, if
then we can guarantee that

P(AAEHE) > 07

so in particular, we have the following;:
Theorem: If H is k-regular and k-uniform, then for k > 9, H has Property B.

Remark: It turns out that this result is true even for £ > 7. Another aspect of the proof of
this theorem is that if n (the number of edges) is large, then this probability goes to zero, but
it is nonetheless strictly greater than zero. Also, the Lovasz Local Lemma does not extend if
there are infinitely many events.

Example: A Substitute for the Pigeonhole Principle
We know from the Pigeonhole Principle that if S and T are finite sets, with |T'| > |S|, then we
can find a function f : S — T such that f is injective (one-to-one).

But suppose we didn’t know the Pigeonhole Principal (!). Then we could try picking a
function f at random by selecting, uniformly and independently, the images of the elements of

S in T'. Then,
1\ /5l
- <1 - )
T

so by the first moment method, there exists an injection f if this is greater than |S|.

)

E(|f(S)]) =Y _ P(t is selected by f) = |T| -

teT
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Alternatively, we could let N be the number of pairs of distinct members of S which have
the same image in T under a randomly chosen function f. f will be injective provided that
N = 0. Again using the first moment method,

1 (5]
B = X P =)= ('5):
{z.yye(3)

so we see that if |T'| > ('g'), there exists an injection.
We can get a remarkable improvement, however, if we use the Local Lemma. On this note,
for any edge E = {z,y}, let Ag be the event that both x and y have the same image in 7" under

the chosen function f. Then,
1

_m,

Since Ag is independent of A/ if EN E' = @, the dependence degree of these events can be
at most 2(|S| — 2) (we can get a dependent edge by replacing either x or y with one of the
remaining |S| — 2 elements). Thus, by the Local Lemma, if % < 1, then with nonzero
probability, f is injective. Thus, using the Local Lemma, we see that we need only have that

|T'| > e(2|S] — 3) in order to endure the existence of an injection S — T.

P(AE)

Example: Cycles in digraphs of specific sizes
Alon and Linial consider the following general question: Given a graph, when can we guarantee
the existence of ‘special’ types of cycles? In the case of directed graphs, questions as simple as
those concerning even directed cycles are difficult. However, there is a positive result for the
case of a directed graph D. If deg(D) > 7 and D is regular, then the answer is yes.

Theorem 56. Suppose D is a directed graph with mazimum in degree A and minimum outdegree

d. Then, for k >0, if e(JA + 1) (1 — %)6 < 1, then there exists a directed cycle in D of length
0( mod k).

First, consider the following observations. Let ¢ be a k—coloring of V(D). Let the colors be
{0,1,...,k —1}. If from a vertex x, colored i, there exists an edge from z to a vertex of color
i+1 ( mod k) for every x € V(D), then there exists a directed cycle in D of length 0( mod k).
Thus, Theorem 56 is true if there is a coloring such that at each z, the aforementioned local
condition is satisfied.

Proof. Let us randomly color V' using k-colors with each vertex colored independently by a
color in {0,1,...,k —1}. We may assume that d*(v) = § for any v € V, because if not, we can
throw away certain edges without tweaking the problem, until this condition is satisfied. Define
the following event for each v € V,

E, := There is no vertex u in N1 (v) such that color(u) = color(v) +1 ( mod k).

Notice that P(E,) = (1 — %)5. We need to show that P(A,E,) > 0. Moreover, E, and E, are
dependent if u € N*(v). Also, E, and E, are dependent if they share a common out-neighbor.
Also, E, is determined by the color choices of v and Nt (v). Therefore, d = 6A in the Lovdsz

Local Lemma. Hence, if e(6A +1) (1 — %)6 < 1 then there exists an oriented cycle D of length
0( mod k). O
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We now come to another appliction of the Lovasz Local Lemma. Strauss proposed the
following conjecture.

Conjecture 57 (Strauss). Fix k > 2. Is there an m(k) > 0 such that for any given fized S of
size m, every translate of S is multicolored? Where multicolored means all colors appear.

Before returning to this conjecture, we introduce a theorem due to Van der Waerden.

Theorem 58 (Van der Waerden). Given k,r € N there exists W (k,r) such that coloring Z by
k colors implies there exists a monocrhomatic arithmetic progression of length at least r.

Erdds and Lovédsz showed that this si true when |S| = (3 + o(1))klog k is sufficient. They
also proved this in the affirmative for another case. Fix S of size m and let |X| = n. If
ek (1= %)™ {m(m — 1) + 1} < 1, then every translate z + s is multicolored for = € X.

Proof. Let X = Uzex(z + S) and notice that |X| < co. Now, color every element of X from
{1,2,...,k} independently and uniformly. We want P(Azcx((z + ) is not multicolored)) > 0.
Fix x. Therefore,

P((z + S) is not multicolored) = P(3i € {1,...,k} such that color i is missing in (z + 5))

1 m
<k|ll—--—
<r(-3)
Moreover, (z+5) and (y+.5) are co-dependent if (z+S)N(y+S) # 0, where x +s = y+t and
y=x+(s—t) for some y € X and ¢t € S. This shows us that we are done if ek (1 - %)mm2 <1

—m/k

Therefore, we can loosen this to see that we are done if eke m? < 1. We now use this

expression to obtain a bound on m.

eke ™km?2 <1 —
ek > ekm? =
m > klogk +2klogm+c¢ —
> klogk + 2klog(klogk) (substituing the above) =
> 3klogk + 2kloglogk + . ..

O

We now move on to Erdés and Lovasz’ resolution of Strauss’ conjecture. Any coloring of R by
k-colors is an element of [k]®. Where, [k] = [1,2,..., k] with the discrete topology. Tychonoff’s
theorem implies [k]® is compact. For each x € R, let C, = {c € [k]¥|z + S is multicolored}.
Observe that each C, is closed in [k]®. Therefore C = {C.|r € R} is a family of closed sets in
[k]® with the finite intersection property. We have just shown that for any z finite, NyexCp # 0
by the compactness of [k]®. We remark that this is equivalent to the Rado selection principle.
Thus we have proved

Theorem 59. For any fixved subset T C RED of size at least m = (3 4 o(1))klogk, there is a
k coloring of RED such that every translate of T contains all k colors.
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8.3

Remark: it turns out that the klogk term in the above expression is not only sufficient, but
also necessary.

Example: Independent Transversals in Graphs

We next give an example which demonstrates how the Local Lemma often works more
effectively when more “bad” events are involved, because intuitively, this brings down the de-
pendence degree of each event.

Definition: Suppose G is a graph, with vertex set V' =V; U Vo U...UV, (a disjoint partition).
We say a set 7 is a transversal for this partition if it contains exactly one element from each
Vi. An independent transversal is a transversal which is also an independent set (containing no
edges).

Theorem: Suppose V.= Vi U...UV,, and for each i, |V;| > 2eA, where A is the mazimum
degree of G. Then {V;} admits ad independent transversal.

Proof: We may assume that |V;| = [2eA], for each ¢ (by just ignoring any extra vertices in
each set V;). Let us pick v; € V; independently and uniformly for each i. Seeking to apply
the Local Lemma, we must consider how to define our “bad” events. We could, for instance,
define a bad event to indicate that v; and v; are adjacent. But this turns out to have a large
dependence degree, and is difficult to work with.

Instead, we define our events as follows. For an edge F, let A denote the event that both
vertices in E are selected, so that E is involved in the transversal. This will significantly increase
the number of bad events, but this is of no matter, since the lemma depends only on the local
properties of each event, namely that the dependence degree of each event is relatively low.

Now, the probability that both vertices of E are included in the transversal is < 1/(2eA)2.
Furthermore, since each vertex in F has degree at most A, the dependence degree is at most
2A. Thus, by the Local Lemma, since

e(2A + 1)

azarT o
(2eA)2 — L,vA

then there is positive probability that no edge is contained in our transversal. Thus, there exists
an independent transversal for our graph G. O

The Linear Arboricity Conjecture
Definition 60 (Forest). A forest is a an undirected cycle-free graph.

For any graph G, E(G) can be partitioned into disjoint forests. If we insist that every
connected component of each of these forests is a path, then the forest is called a linear forest.

Definition 61 (Linear Forest). A graph is a linear forest if all of its components are paths.
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A natural question to ask is, how many linear forests are needed for this partition? Let X’
be an edge coloring. Recall that the Vizing-Gupta theorem gives X'(G) < A(G) + 1. Therefore
d(G) + 1 linear forests suffice to cover G.

On the other hand, if G is a regular graph of degree d, and if E(G) is partitioned into m
linear forests with |V (G)| = n, then each linear forest has at most n — 1 edges and all the linear
forests toegether can cover at most (n — 1)d edges. Finally, |[E(G)| = ©* < (n — 1)m implies
that m > 4-10 > 4,

Example 62. Consider K,, the complete graph on n vertices. If n is even, then E(K,) can be
partitioned into Hamiltonian paths.

Definition 63 (Linear Arboricity). Let G be a graph with maximum degree A. Define the
linear arboricity, la(G) := the minimum number of linear forests needed to partition the edge

set, E(G).

Arboricity is closely related to the density of edges in a graph and linear arboricity to the
maximum degree of a graph.

Conjecture 64 (Harary’s Conjecture). The minimum number of linear forests needed to par-
tition E(G) is the linear arboricity of G, where la(G) < [%EL], where d is the degree of G.

This has been proven for d = {3,4,5,6,8,9,10}. Alon showed that for any ¢ > 0, and
d ‘sufficiently large’, that la(G) < (3 +¢€)(d+1). We now introduce equivalent arboricity
definitions for directed graphs.

Definition 65 (Directed Linear Forest). A directed graph D is a directed linear forest if all
components are directed paths.

Definition 66 (Directed Linear Arboricity). The directed linear arboricity, dla(D) := the min-
imum number of directed linear forests.

Conjecture 67 (Directed Linear Arboricity). Let D be a reqular directed graph of degree d,
then dla(D) =d + 1.

This issue is not yet settled, but the result can be shown under slightly weaker assumptions.

Theorem 68. Let D, be a regular directed graph of degree d, and assume that D, has directed
girth > 8ed. Then, dla(D,) =d+ 1.

Alon showed in 1986 that the directed linear arboricity conjecture is asymptotically true.
Theorem 69. If d is sufficiently large, then given any € > 0, we have dla(D) < d(1 + ¢€) + 1.

We can prove Theorem 69 with the following idea. Break D into ‘many’ subdigraphs each
having large girth. Think of coloring V(D) using p colors. We construct these subdigraphs as
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follows:

Dy C D: if c(w) = c(v) + 1, then edge (v, w) € Dy

Dy C D : if c(w) = ¢(v) + 2, then edge (v, w) € Ds
Vardots

D; C D: if ¢(w) = ¢(v) + 1, then edge (v,w) € D;

Next, notice that picking p prime implies that all the D;’s have girth at least p. Thus, if p is a
‘large’ prime, then all the D;’s (i = 1,2,...,p — 1) have girth at least p. If further, each D; is
‘almost regular,” then we can embed D; into a regular directed graph, with the girth condition
also intact. We do this by iteratively placing vertices in a direction that does not mess up the
girth ***Expand upon this***,

We now introduce the probabilistic paradigm we are using for this proof. Randomly color
vertices using colors in [1,2,...,p|. If each resulting D; is almost regular and has large girth,
then we can apply Theorem 68 to each D;. We introduce further notation, this time regarding
the number of in and out edges. Let
di(v) = #{w € Nt (v)|c(w) = c(v) + i}

)

d; (v) =#{w € N —+(v)|c(v) = c¢(w) + i}

1
Next, use Chernoff bounds to obtain

"

if 0 <t <d/p. Next, choose t = 3% log f(d) for some f(d). We see that

d | d 1
P(d?(v)—p‘ > Cplogf(d)) < i)

for some constant C'. Similarly,

P(d;(v)—jf\ > ,/K;llogf(d)) < f(1d>

for some constant K. Thus, we need to show there is a coloring ¢ such that

df (v) — Z‘ < ’/Cilogf(d) and ‘dz_(v) - ;j‘ < UKzlogf(d)

then we have a partition of E(D) into Dy, Ds,...,Dp_q such that for any 1 < i < p —1 such
that the directed girth of D; > x %% x d; = dj +d; * * *x x. Furthermore, we now define events

d (v) — d‘ > t> < 2exp [—752]
' p N 3d/p|
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that will be useful in obtaining the dependence degree. Let

i [
AZU = { dj(v) — p' > C’; logf(d)}
A7, = { d: (v) - z' > 1/K;llogf(d)}

Furthermore, observe that

1 1
P(AF )< — and P47 )< —.
W)= 7@ W)= 7
We now want to show that
P ((ninAl,) A (Miwdr,)) > 0. (8.1)

Next, realize that the dependence degree is *¥¥** H¥tkkik = Noreover, the above definitions

arguments show that Dependence degree + 1 < (2d)(2d)p = 4d?p. Therefore, if e(4d2p)ﬁ <1
then 8.1 is satisfied. Now, suppose p = ©(v/d). Hence, f(d) = Q(d) satisfied 8.1. We need to

guarantee that p > 8ed (% + 4 /c% log d>. Therefore, consider p greater than the constant . We

want kvd > 82—\/& + \/ix/ﬁlog d. This is clearly satisfied if k% > 16e, so take K > 4./e. Now,
pick p such that

4y/eVd < p < 8y/eVd.

Notice that we are guaranteed the existence of a prime in this interval by the Bertrand-
Chebyshev Theorem.

Therefore, we have proved that there exists a coloring ¢ of V(D) such that for each color,
and for each vertex v,

a7 (v) - Z‘ < ,/C;f log f(d) and ‘d;(v) - Z’ < ,/K;Z log f(d),

fori=1,...,p— 1. Hence, for each D;, dla(D;) < (% + \/c% log d>. Hence,

n—1
dla(D) < dla(Do) + Y _ dla(D;)

i=1

< dla(Dy) + (i —i—“C’;llogd) (p—1)

Now we consider the asymptotics. Observe that

dla(D) < O(Vd) +d + /C;i log d

—d+0 (d3/4 log/? d)
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3.4

Where this quantity can be made smaller than any ¢ > 0 by taking d large. Therefore dla(D) <
d+0 (d3/4 log!/2 d) .

Another ‘twist’ to the Lovasz Local Lemma

Erdos and Spencer proved the following result. Suppose A is an n X n matrix filled with integers
such that each integer occurs at most k& = ”4—_61 times. Then A admits a latin transversal.

Definition 70 (Latin Transversal). Let A = [a;;] be an n x n matriz whose entries are integers.
A latin transversal is a permutation ™ € Sy, such that the cells {a;r;)|i = 1,...,n} are all distinct
integers.

Furthermore, let BAD = {(c1,c2)|c1,co are cells of A and are the same integer}. This is
simply the set of all pairs of coordinates which take the same value. Also, let D be a di-
rected graph with maximum degree d. Let V(D) = BAD and let there be an edge between
(c1,c2), and (¢}, ) if both of these pairs are in V(D). Next say that (c1,¢2) <> (¢}, ) if and
only if ({i1, 32} N{d}, 531U ({1, j2 N {1, 75}) # 0. This condition says that two pairs of cells are
adjacent if there is a common column or row. Thus, the dependence of degree of (c1,c2) < 4nk.
Notice that this is not tight, and could be improved upon, but is sufficient for our purposes.

Proof. Pick a m € S,, at random. We want P(ArcgapAr) > 0, where Ar is the event that
the chosen permutation picks cells in 7". Observe that the Lovasz Local Lemma actually proves
that if we have events {A1,..., Ay} and a directed graph D with maximum degree d, such that
P(A; Varert Ajes, ipj A;j) < p. Then if pe(d 4+ 1) < 1 we have P(A7_, 4;) > 0.

Also, without loss of generality we can take ¢; = (1,1) and co = (2,2) and consider
P(A(e, )| ATes Ar) < p where S C ([3,n] x [3,n]) N BAD. We need e—1-4k < 1. In other
words k < "4—;1. Hence, it is enough the show P(A(., .,y Varert Aregs A7) <
fixed.

Call a permutation 7 eligible if it picks no bad pairs from .S. Further, let

ﬁ where S is

S1o = {r|r is eligible, (1) = 1,7(2) = 2}.

Therefore
— k!
P(A A\ A > - "
(e1,c2) T
( Tes # eligible sets

where S is the set of S;; = {|r is eligible, 7(1) = ¢,7(2) = j}. We know |Si2jn(n — 1)| <
>izj |Sij| = # eligible sets. We also see that [S12| < |Sj;] for all 7 7 j. This is one of those
(rare!) cases where the Lovész Local Lemma works nicely in conditional probability. O

Alon’s proof of the asymptotic directed linear arboricity conjecture proves that if D has
‘large girth,” then the conjecture is true. In general, he asked: given a regular graph G of degree
d, can we find H C G of large relative girth? We want to prove something like this:

Conjecture 71. There exists an H C G such that for any v € V,

1. f(d) —g(d) < dr(v) < f(d) + g(d)
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2. Girth(H) > h(d).

Proof. To show this, pick an edge of G to be in H independently with probability @. There-
fore, Chernoff gives
—g(d)Q]

3f(d)
An optimal choice of g(d) is approximately /C f(d)log g(d) so that

P(d(v) — £(d)] > /CF(d)log g(d)) < = .

Cf(d)logg(d)

B(lds (v) — F(d)] > g(d)) < 2exp [

Suppose C is a cycle in G of size k < n(d). Then,

k
P(C is retained in H) = (f(dd)>

for 3 < k < n(d). Let A, := {|du(v) — f(d)| > C)}, so that P(4,) < ﬁ and let Bo :=

=

k
{C is retained in H} so that P(B.) = (%) . Moreover

A, A, ifand onlyif v« w
A, < B, ifandonlyif veC
B. < By if and only if E(c) N E(c) # 0

We now need to find the number of cycles of size k containing v.We use induction to see that
the number of k cycles containing v is less than d*~!. Similarly, for any edge é, the number of
cycles of length k containing é is less than d*~2. Using the general form of the Lovész Local

Lemma tells us that
h(d)

1
P(4y) < 5 Sall = ) kHS<1 ) (82)

where 1 —z corresponds to adjacent vertices and 1 — gy corresponds to adjacent cycles. We also
obtain .
f(d 12
Pie>k(Be) < <(d) <yl —2) [ —w)* . (8.3)
>3

If there exists x and y; such that (8.2) and (8.3) hold then the Lovész Local Lemma works. A
nice start is to try yp = dk—l_l.
Alon actually proves the corresponding theorem with

logd

= d) = log'd d) = log® d.
(d) 5dlog log d f(d) =log 9(d) =log
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9.1

9.2

Martingales and Azuma's Inequality

The theory of Martingales and concentration inequalities were first used spectacularly by Janson,
and then later by Bollobas in the determination of the chromatic number of a random graph.
Ever since, concentration inequalities Azuma’s inequality and its corollaries in particular, have
become a very important aspect of the theory of probabilistic techniques. What makes these
such an integral component is the relatively mild conditions under which they apply and the
surprisingly strong results they can prove which might be near impossible to achieve otherwise.
In this chapter, we shall review Azuma’s inequality and as a consequence prove the Spencer-
Shamir theorem for the chromatic number for sparse graphs and later, study the Pippenger-
Spencer theorem for the chromatic index of uniform hypergraphs. Kahn extended some of these
ideas to give an asymptotic version of the yet-open Erdés-faber-Lovasz conjecture for nearly
disjoint hypergraphs.

Martingales

Suppose §2, B, P is underlying probability space. Fy C F; C ...JF, C ... where F; is o-algebra in
B.

F=JF

X; is a martingale if X; is F; measurable and E(X;|F;) = X;.
In general, if X is F-measurable and E(X) < oo, then X; = E(X|F;) always gives a martingale.
This is called Doobs’ Martingale Process.

Examples

o Edge Exposure Martingale
Let the random graph G(n,p) be the underlying probability space. Label the potential
edges {i,j} C [n] by e1,e2, .., where m = (Z) Let f be any graph theoretic function.
Then we can define martingale Xg, X1, Xs,...X,, where:

X =E(f(G)lej is revealed V1 < j <)

In other words to find X; we first expose eq,es, ..., e; and see if they are in G. Then X;
will be expectation of f(G) with this information. Note that Xy is constant.
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9.3

e Vertex Exposure Martingale
Again G(n, p) is underlying probability space and f is any function of G. Define X1, X, ..., X,
by:
X; =E(f(G)|Vz,y < i ez y is exposed)

In words, to find X;, we expose all edges between first ¢ vertices (i.e. expose subgraph
induced by vy, v, ...,v;) and look at the conditional expectation given this information.

Azuma’s Inequality
Definition 72 (Lipshitz). A function f is K — Lipschitz if Vx,y |f(x) — f(y)| < K|z —vy|. A
martingale Xo, X1, ... is K — Lipschitz if Vi |X; — X;11| < K
Theorem 73 (Azuma’s Inequality). Let 0 = Xy, X1,...X,,, be a martingale with
| Xit1 — X;| <1 (i.e.l — Lipschitz)
V0 <i<m. Let A > 0 be arbitrary. Then
P(Xp > AV/m) < e /2

Proof. Set o = \/y/m. Set Y; = X; 11 — X, so that |Y;| <1 and E(Y;|X;—1) = 0. Then similar
to argument used for proving Chernoff bound, we have:

E(e*Yi| X;_1) < cosh(a) < /2

Hence:

and using this result we get:

P(Xpm > A/m) = P(e®Xm > @AV
< E(eaXm)efa)\\/m
< eazm/Q—a)\\/ﬁ

= e V12 (since a = \/v/m)
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9.4

Corollary 74. Let c = Xy, X1,...X,, be a martingale with
| Xit1 — X <1
V0 <i<m. Let A >0 be arbitrary. Then

P(| Xm — c| > AWm) < 272

The Shamir-Spencer Theorem for Sparse Graphs

Theorem 75 (Theorem of Shamir-Spencer). If G = G(n,p) with p = n~ for some « then
there exists an integer pu = u(n) such that

Plu<x(G)<p+3)—lasn—1

(i.e., x(G) get concentrated over only 4 values.)
(Almost every graph parameter has a behavior similar to chromatic number.)

Proof. Let € > 0 be arbitrarily small and let p be defined as follows:
p=1inf{v | P(x(G) >v) <1 —¢}

i.e. with probability > ¢, x(G) < p however P(x(G) < u—1) < e.

Let Y be the vertex set of largest subgraph of G which is p — colorable. Let R =V \'Y where
V = vertex(G), consider |R|. Consider a vertex exposure martingale i.e., we know if the vertex
isin R or Y one at a time.

X; = E(|R] | exposed till i'th vertex); clearly | X;11 — X;| <1
By Azuma’s inequality we have:
P(||R| = E(|R|)| > \Wn—1) <2/ ¥A>0
Pick A s.t. 227%/2 <e. R=0=> G is u colorable and this happens with prob > € i.e.
0€ (E(R) — A\Wn,E(R) + \Wn) = |[R|=cy/n wp.>1—¢

But any induced subgraph on c¢y/n vertices can be 3-colored with high probability, i.e.
P(x(G(R)) > 3) < e if n is large enough. Here G(R) is the graph induced by R.

Claim: Let S be s.t. |S| < ¢y/n, w.h.p. S is 3-colorable.

Proof. Suppose not. Then 3 a smallest subgraph of size < ¢y/n that is not 3-colorable. Let T
be smallest such set. Note that every vertex in T has degree > 3 = e(T) > 3|T|.

But in a graph G, the probability that 3 some set T' of size < ¢y/n which has > % edges is
o(1). Because:

3

. t
P(3T of size t and with % edges) ~ <(2t)>p3t/2 where p ~n~¢
2

67



9.5

Because:

t=c

3t
P33T of size < cv/n and with 5 edges) <

#
I
o
3
RN
~ 3
~__
N
~—~
vl =
~_
=3
w
Ny
[\&)
Q
—
=

ifp~n~®and a >5/6. O

This concludes the proof of Shamir-Spencer as 1 < x(G) < p+ 3 with high probability. [

The Pippenger-Spencer (PS) Theorem

Let H be a hypergraph. We say that £(?) can be properly N —colored if £(H) can be partitioned
into N matchings in H. By a matching, we mean a set of mutually non-intersecting hyper-edges.
The smallest N for which £(#) can be N — colored is called chromatic index of H, denoted by

X' (H).
If G is a graph, we know that A(G) < x(G) where A(G) is max vertex degree.
Also from Vizing-Gupta Theorem we have x'(G) < A(G) + 1. Overall we know:

A(G) <Y(G) < AG) +1

for graphs.
However it is computationally hard to figure out if x'(G) = A(G) or A(G) + 1.

For H note that x/(H) > A(H) where A still denotes max degree in H i.e.:
A(H) = max{d(x)|z € V(H)}, d(x)=7F# of hyperedges containing x

Theorem 76 (The Pippenger-Spencer Theorem). Given € > 0, 3 a § > 0 and Dy(€) s.t. the
following holds if n > D > Dy and:

e D>d(z)>(1-6)D
e d(z,y) < 6DVx,y € V where D = A(H) *
Then x'(H) < (1 +€)D
Note: d(z,y) is codegree of z,y i.e. d(z,y) = {E € E(H) s.t. {x,y} C E}|

The proof of this theorem due to Pippenger-Spencer follows the paradigm of the ‘pseudo-
random method’ pioneered by Vojtech Rodl and the ‘Nibble’.

Proof of the P-S theorem:

Idea: Pick each edge of £ with probability & independent of each other. Form the subcollec-
tion that is obtained, &1, throw away these edges and other incident edges to £. The resulting
hypergraph is H;. Then with high probability H; also satisfies the same the same 2 conditions
* of Pippenger-Spencer for a different D.
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From & extract a matching My, i.e. pick those edges of £ that do not intersect any other
edges of £1. By repeating this procedure we have:

H=Ho 1y 21y, S,

Dy =~ De~* (where H is k-uniform) since
p1* k
P(edge surviving) ~ [(1 ) } =e ¢

asymptotically. Now let:

t
MY = U M, (M; are disjoint by construction)
i=1

For an edge A:
P(Ae MYD)=>"P(Ae M;) and

=1
€ € €
P(A ~— P(A 1 - Ek(D-1) o —ek :
(A e My) D’ P(A e Mj) =~ D1( D) Dl in general
P(A ; -~ 7ek+e(z 1)
(e M)~ 5e

(AEM _ 7ek( )Zee(zl 7€k<£> 1— e %g

D 1—ef D

where a = a(e, t, k) = ee‘*%. Now, we can generate a second independent matching M (2)

by repeating the same process and so on.

Just like the Rodl’s nibble start by picking a ‘small’ number of ‘independent’ matchings from

H. Let 0 < # < 1 and p = |#D] and generate independent matchings MM, M@ MG A1)
with each M® having:

P(A e MD) ~

Sl e

Let PO = MOy MO U MO y...u mw)
Y =nO0 2 Lol (1) P P H@ LN 24(s)

Here first ‘packing’ P(M) is u = @D-colorable since we can assign each matching M@ a
separate color. Note that x'(H(®) < u + x'(H) (since chromatic number is subadditive).
Similarly P is DM — colorable and so on.

Hence so far we need D + DM + ... 4+ DG colors. After removing colored edges (i.e.
edges € some P(i)), very few edges will be left in H(5).

Bounding x’ (7—[(5)): For any k — uni form hypergraph H with max degree D, we have:
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X(H) <k(D-1)+1= x'(HY) <KD -1)+1

Hence:
s—1 '
total # of colors we used = QZD(Z) +0D+k(D® —1)+1~ D
i=1
s will be chosen as large as possible. Here we need to make sure that H(® is similar to H—1

(i.e. all degrees are almost equal and the co-degree is small). (In particular we’ll be interested
ini=1 case).

Fix any = € H, what is the E(dM)(z))?
dV@)= Y Lygpo
A:xc AcH©)
— E(dW(z)) Yoo M~ D1 =)~ D1 - 5) De D
Az AcH©)

Hence E(dY(z)) ~ DM = De=?
Use Azuma’s inequality to get a concentration inequality for d) (). The art is to pick the right
filtration.
(We will consider the following martingale X; = E[d") (z) | MM, M@ M)

Let i = {MW M . MD} since M® is a matching = at most one edge contain-
ing z is exposed.

Then E[dV) (x)|F;] := X; is a 1 — Lipschitz martingale. So by Azuma’s inequality:
P(|dV(z) — DO| > A\/m) < e /2 (Here z is fixed and p ~ §D = o(1)D)

Now question is: "How to guarantee this for all vertices?”. Use Lovasz Local Lemma (LLL):

Ay = dV(z) — DW| > Xy/o(1)DM)

(ar)-

We know: P(A;) < 2e~2/2. To compute the dependence degree among {A,|z € V(H)}:
MO = MO o MmP U M

Want to show that:

(Distance between two vertices is the shortest number of edges one needs to go from x to

y.)
Note that each matching M is generated by atoms 1p where each E € H(© and whose
'distance’ from x < t. So if distance between x and y > 2t + 1, A, and A, are independent.

= Dependence degree
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9.6

<(k—=1)DO 42k —12(D-1)D+-- - +7r(k—=1)"(D—1)" +--- 4 2t(k — 1)*(D — 1)*
< (2t+1) (kD©))2t+1

So for LLL, we need:
e2e/2(2t + 1) (kD)2 < 1

Put A = y/o(1)DM) to get: <= e(2t41)(kD(©))2t+1 <1

eo(1)D) /2

Asymptotically D() beats t (big time), so condition for LLL will hold hence we are in business.

Finally repeating the previous argument:
where p() = D and DO = ¢~ D and X’(?—[(S)) bounded above as before. Then we get:
X' (1) < 0D(14e 0 pe7200 . = (s=Dady | pgpe—sab

0D
< ﬁ‘kk@D@iS&g — D(1+0(1))
— €

ast — oo, § = 00, € = 00, etc. Thus we’ll have the desired result.

When we do the calculations, everything works out nicely.

A Conjecture of Erdés-Faber-Lovasz (EFL) and a theorem of Kahn
Definition 77. A hypergraph H is nearly-disjoint (linear) if

VA+#Be&H), |[AnB|<1

Conjecture 78. If H is nearly-disjoint on n vertices, then x'(H) <n

Theorem 79 (Erdos-de Bruijn Theorem). If H is a hypergraph on n vertices with
|JANB|=1 YVA#B

then |E(H)| < n.

As an aside, |E(H)| < n = x/(H) < n. This theorem is tight in the sense that if it is a
projective plane of order n, then n? + n + 1 colors are needed = \'(H) = |E(H).
(9., = projective plane of order n)

Theorem 80 (Theorem - Jeff Kahn (1992)). The EFL conjecture is asymptotically true, i.e.
X' (H) <n(1+0(1)) for H nearly-disjoint on n-vertices.
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Note that in this general situation, the edge sizes need not be the same; in fact they need
not even be absolutely bounded, and as we shall see, that causes some of the trouble.

Firstly, we start with a simple observation. If there is an integer k such that for each edge
E in a nearly disjoint hypergraph H we hav |E| < k, then we can ‘uniformize’ the edge sizes.
This is a standard trick, so we will not describe it in detail. One may form a bipartite graph
G whose vertex sets are the vertices and edges of #H, and (v, F) is an incident pair iff v € F.
Then the uniformization described earlier is equivalent to embedding G into a bipartite graph
with uniform degree over all the vertices E € £ such that the graph is Cy-free. This is a fairly
standard exercise in Graph theory.

If all the edges are of bounded size, i.e., if 3 < b < |E| < a for all edges E then the Pippenger-
Spencer theorem of the preceding section proves the result claimed by the aforementioned
theorem. Indeed, for any x count the number of pairs (y, F) where y # z, and z,y € E. Since
‘H is nearly disjoint, any two vertices of H are in at most one edge so this is at most n — 1. On
the other hand, this is precisely Y, p(|E|—1), so we have (b—1)d(z) < n—1 = d(z) < =1 < 2.
Here is a general algorithm for trying to color the edges of H using C colors: Arrange the
edges of H in decreasing order of size and color them greedily. If the edges are E1, Fo, ..., Ep,
with |E;| > |Eit1| for all i then when E; is considered for coloring, we may do so provided
there is a color not already assigned to one of the edges Ej;,j < i for which E; N E; # 0.
To estimate |[{1 < j < i|E; N E; # 0}, let us count the number of triples (z,y,j) where
x € E;NEj,y € Ej\ E;. Write |E;| = k for simplicity. Again, since # is nearly disjoint, any two
vertices of H are in at most one edge, hence the number of such triples is at most the number
of pairs (z,y) with € E;,y ¢ E;, which is k(n — k). On the other hand, for each fixed E; such
that 1 < j <4,E;NE; # 0, E; N Ej is uniquely determined, so the number of such triples is
|E;| — 1. Hence denoting 7 = {1 < j < i|E; N E; # (0} and noting that for each j € T |Ej| > k,
we get

k(n —k)
(k=1)IZ| <Y (1Bl = 1) < k(n = k) = |T] < ——
JjeT
In particular, if C' > W for every edge F, the greedy algorithm properly colors H.

Upshot: For any nearly disjoint hypergraph H on n vertices x/'(H) < 2n — 3.
k(n—k)

The previous argument actually shows a little more. Since ~;—~ is decreasing in k if |E| > a

for some (large) constant a, then |Z| < (1+1)n. So, for a given € > 0 if we a > 1/e, say, then for
C = (1 + 2¢)n, following the same greedy algorithm will properly color all edges of size greater
than a. This motivates us to consider

o & :={E c&||E| <b}.

o & ={Felb<|E|<a}.

o & :={Ec&||E|>a}
for some absolute constants a, b which we shall define later. We have seen that x'(H;) < (1+2¢)n;
also by a preceding remark, if we pick b > O(1)/e we have x'(H,,) < en. Thus, let us do the

72



following.

Let C = [(1 + 4€)n]; we shall color the edges of H using the colors {1,2...,C}. Let C; =
{1,2...,[(1 4+ 3¢)m|}; Cy := C \ C;. Fix a coloring fi of H; using the colors of C1, and a
coloring fo of H,, using the colors of C';. We now wish to color Hs. We shall attempt to do
that using the colors of Cy. For each E € H, let

Forb(E) := {c € C1|EN A # () for some A € H;, f1(A) = c}.

Then as before, |[Forb(E)| < [{A € Hj|ANE # 0} < a(n%b_a) <nD forn =a/b,D =n. In
other words, every edge of H; also has a (small) list of forbidden colors for it. If we can prove
a theorem that guarantees a proper coloring of the edges with no edge given a forbidden color,
we have an asymptotic version of the EFL.

At this point, we are motivated enough (as was Kahn) to state the following

Conjecture 81. Let k>2, v >0,0<n < 1. Let C be a set of colors of size at least (1+v)D.
There exists > 0 such that if H is a k-uniform hypergraph satisfying

o (1-p)D < d(x) <D for all vertices x of H,
e d(z,y) < BD for all distinct pairs of vertices x,y,
o [or each A € &, there is a subset Forb(A) C C with |Forb(A)| < nD.
then there is a proper coloring f of £ such that for every edge A, f(A) & Forb(A).

Note that the first two conditions are identical to those of the PS theorem. Also, it is
important to note that there might be some additional constraints on n,v which indeed is the
case. We will see what those are as we proceed with the proof.

To prove this conjecture, let us again recall the idea of the proof of the PS theorem. The
i step/iteration in the proof of the PS theorem does the following: Fix 0 < 6 < 1, and let t,s

be large integers. Starting with the hypergraph H()(1 < i < s) which satisfies conditions (1),
(2) above with D) := e~ D with a = a(e, t, k) = ee=* (11—e€t)

_66 b

is a random packing P+ .= MEEl U Mﬁ)l U---u Mz(i’l) € H® with p; = [§D® ], such that

with positive probability there

o P(AcPlit)~ 2
e For all A € H® the event “A € P+D” is independent of all events “B € PU+)” if
distance between A, B is at least 2¢. Here, the distance is in the hypergraph H(9).

The idea is to try to give every edge its ‘default color’ as and when we form the packings P®.
Since each such packing consists of up to j; different matchings, P can be (by default) colored
using p; colors, so that when we complete s iterations we have used ), y; different colors to
color all the edges except those of H(®). The PS theorem finishes off by coloring these edges
greedily using a fresh set and colors by observing that the number of edges in H®) is ‘small’.
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To keep track of these let us write

C:= U Cz‘j UC*, with Cij = {Ciluci27"‘7ciui}7
1<j<p;,1<i<s
()

iJ'rl is by default allocated color ¢;;.

where these sets C;; are mutually disjoint and the matching M
In our present situation, the default colors allocated to some of the edges may be forbidden
at those edges. More specifically, define

BY .= {AeHV|Ac Mz(i)l for some j and ¢;; € Forb(A)}.

For each vertex v, let B = {A € BOv € A}|.

At each stage, remove the ‘bad edges’ from the packings, i.e., the ones assigned a forbidden
color. After s iterations the edges that need to be (re)colored are the ones in #' := H(®) Ui, B
and the colors that are left to be used are those in C*. Note that for each vertex v we have
dyr(v) < DY) + B,. The first term is o(D); if the second term is also o(D) then we may finish
the coloring greedily. Thus, if we can show that we can pick our random packing at stage 4
in such a way that apart from the criteria in the PS-theorem, we can also ensure that BQ()Z') is
‘small’ (compared to the order of D(i)) then we are through (there is still some technicality but

we will come to that later).

Hence to start with, we need to show that at each step 7 of the iteration, we can get a random
packing P01 such that

° \d(i)(v) — D(i)| < o(D(i)) for all v.
e BY <E(BY)+o(D)

The proof of this part is identical to that of the PS theorem; use the same martingale, the same
filtration, and use Azuma’s inequality.

To complete the proof, we need to get an (over)estimate of E(Bf,i)). For each A € HW, A
is not in B if and only if for each ¢;; € Forb(A) we have A ¢ ME‘Ql Denoting Forb® (A) :=
{jleij € Forb(A)} we have

|Forb(® (4)] a[Forb® (A4)]
< — 7

@Dy—1-(1--%
P(Ae BY)=1 <1 ) )

D@
Hence,

E(B{)= Y  PAeBY)
vEAEH ()
o

Som 2 [Ferb(4)
vEAEH®)
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Let i(A) := max{0 <i < s|A € H?}. Note that for any fixed i,
HA e Hlve A,i(A) =i} < e 2% D.

Hence we have

SEB Sad 5o S [Forb®(a)

1=0 =0 veAcH®)

Forb® (A
=a) > ‘Orl)(i)()’ <1AEH<i>)

vEA 1

1 7
<a X oy (IR )
vEA i
<aY |FOTE(A)| Lafi(A)

vEA
S

< ao(1) Zea9i|{A\v € A i(A) =i}
=0

The last term in the above expression can be made ‘small’. This completes the proof of
Kahn’s theorem.
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10.1

Talagrand's Inequality

A relatively recent, extremely powerful, and by now well utilized technique in probabilistic
methods, was discovered by Michel Talagrand and was published around 1996. Talagrand’s
inequality is an instance of what is refered to as the phenomenon of ‘Concentration of Measure in
Product Spaces’ (his paper was titled almost exactly this). Roughly speaking, if we have several
probability spaces, we many consider the product measure on the product space. Talagrand
showed that one can prove the concentration of measure phenomenon holds on the product
space as well. One of the main reasons this inequality is so powerful is the its relatively wide
applicability. In this chapter, we briefly study the inequality, and a couple of simple applications.

Talagrand’s Inequality

Let (€2, P, p) be a metric probability space, and let A C Q with P(A) > 1/2. For fixed ¢, let
A ={w € Q|p(w,A) < t}. What is P[4;]? That is, what can we say about the probability of
an outcome close to one in A7

Definition 82. Suppose Q@ = Q1 X Qg X -+ X Q,, the product of n (not necessarily metric)
probability spaces (2, P;). Then we can define a measure p on Q by

p(x,A):= sup inf Z a;

—1 yeEA
lle}=1 TiFYi

Here a can be thought of as a cost (set by an adversary) for changing each coordinate of x
to get to some event y € A. Then we can intuitively think of p as the worst-case cost necessary
to get from x to some element in A by changing coordinates.

Now for any probability space we can define 4; = {x € Q| p(z, A) < t}, as above.

Theorem 83. (Talagrand’s Inequality)
P[A](1 — P[A)]) < e ¥/4

For the proof see p. 55 of Talagrand’s paper “Concentration of Measure and Isoperimetric
Inequalities in Product Spaces.”

We can also define the measure p in another, perhaps more intuitive way. For a given x € ()
and A C Q let

Path(z, A) = {s € {0,1}" | Jy € A with x; #y; & s; = 1}
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and let V(z, A) be the convex hull of Path(z, A) (in [0, 1]"). We can think of Path(z, A) as the
set of all possible paths from z to some element y € A, that is, the set of choices given some
cost vector.

Theorem 84. p(z,A) = min |v|.
veV(x,A)

Note that it is now clear that we can use min instead of sup and inf, since the convex hull
is closed. It is also clear now that p(z, A) = 0 iff (0,0) € V(z, A) iff z € A.

Concentration of Measure about the Mean

Recall the definition of a Lipschitz function from earlier:

Definition 85. A random variable X : Q — RED is c-Lipschitz if for any wi,ws € Q differing
in one coordinate | X (w1) — X (w2)| < c.

We will also need to define another similar notion.

Definition 86. A random wvariable X : Q — RED s f-certifiable for f: RED — RED if the
following holds: If some w € Q satisfies X (w) > s, then there is a set I € [n] of size < f(s)
such that X (w') > s for any w' € Q with w], = w; for alli € 1.

We can now state a useful consequence of Talagrand’s Inequality:

Corollary 87. If X is 1-Lipschitz and f-certifiable then
P[X > bP[X < b—t/f(b)] < e /4.
In particular, if b is the median of X, i.e. b=1inf {t € RED |P[X > t] < 1/2}, we have

P[X < b—t/f(b)] < 2 1*/4.

Proof. Let A = {w | X(w) <b-— \/f(b)}. We want to show that {w]| X (w) < b} DO A; so that

P[X > b] < 1-P[A;]. That is, we want to show that for any w’ with X (w) > b, w’ & A;. Suppose
otherwise. Since X is f-certifiable, there is a set I C [n] of size no more than f(b) such that if
x agrees with w’ on I then X (z) > b. Now consider the penalty function a; = 1{,-61}(|I|)_1/2.
By our assumption that w’ € Ay, there exists y € A such that Zyi Sl i < t. Then the number

of coordinates in which y and w’ disagree is no more than t/|I| < t1/f(b). Now pick z € Q
such that z; = y; for all i ¢ I and z; = W, for ¢ € I. Since z disagrees with y on no more than
t\/ f(b) coordinates and X is 1-Lipschitz we have | X (z) — X (y)| < ¢t1/f(b). But since y € A,
we have X (y) < b —ty/f(b), so by the closeness of X (y) and X (z) we have |X(z)| < b. But
since z agrees with w’ on the coordinates of I, f-certifiability guarantees that X (z) > b, and we
have a contradiction.

This phenomenon is known as concentration of measure about the median. The median

tends to be difficult to compute, but fortunately it is often close to the mean. The conversion
from median to mean is responsible for the constant factors in the following corollary.
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Corollary 88. (Talagrand’s Inequality About the Mean) Suppose X is c-Lipschitz and -
certifiable (i.e. f-certifiable with f(s) =rs). Then

P[|X — E[X]| > t + 60cy/r E[X] < e~*/8¢TEIX],

Here we tend to think of ¢ as some large multiple of \/E[X], so that we can rewrite this as

P[|X — E[X]| > kVE[X]] < e 2

or
P[|IX — E[X]| > E[X]>7] < e EXT",

Examples

1. Non-isolated vertices in random graphs

Suppose G is a d-regular graph on n vertices. Let H be a random subgraph of G with each
edge of G being retained in H with probability p. Let

= [{oldu(v) > 0} =D luy)

veV

the number of non-isolated vertices in H. By linearity of expectation,

=Y Pldu(v) > 0] =n(l - (1-p)%.

veV

The probability space in question is a product of the nd/2 binary probability spaces correspond-
ing to retaining each edge, so that the events are tuples representing the outcomes for each edge.
Changing the outcome of a single edge can isolate or un-isolate at most two vertices, so X is
2-Lipschitz. Furthermore, for any value of H with X (H) > s, we can choose one edge adjacent
to each of s non-isolated vertices whose existence in another subgraph H’ of G' will ensure that
the same s vertices are not isolated in H', i.e. X(H') > s. Thus X is also 1-certifiable, and
Talagrand gives us

P [|X — ELX]| > (60 + k) /E[X]| < e/

so with high probability the number of non-isolated vertices is within an interval of length
O(\/E[X]) = O(y/n) about the mean. Compare this to the result using Azuma on the edge-

exposure martingale, which would only give an interval of size O (\ / (;‘)) = O(n) about the
mean.

2. Longest increasing subsequence

Suppose x1, ..., x, € [0,1] are picked uniformly and independently at random, and put them in
increasing order to generate a permutation of [n]. Let X be the length of the longest increasing
subsequence, and note that X is 1-Lipschitz (as changing a certain value could only either add
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it to a long increasing subsequence or remove it from one) and 1-certifiable (as any choice of
the x; with a particular increasing subsequence of length s always has X > s).
It is also easy to show that X < 3y/n with high probability. For any iy < --- < i,

P[xilg"'gxik]zﬁso
n\ 1 enk\ ek
> < — < | — —
P[X_k]_(k)k‘!_<k )k’“

and thus P[X > 3n] < (%)Gﬁ — 0. On the other hand, there is always an increasing or
decreasing subsequence of length v/n — 1, so we actually find that with high probability

1
3\/55)(53\/5

so E[X] = O(y/n).

Talagrand’s inequality now tells us that X is with high probability in an interval of length
O(/E[X]) = O(n'/*). Note that Azuma would only give an interval of length O(y/n), since
the corresponding martingale would be of length n. The strength of Talagrand is that unlike
Azuma it does not depend on the dimension of the product space.

An Improvement of Brook's Theorem

Let us recall Brook’s Theorem: If a graph G is not K,, or Co;41 then x(G) < A(G).
Here are two improvements:

Kim (2002): For G with girth > 5, x(G) < (1 + o(1)) 525

Johansson (2004): For A-free G, x(G) < O( )

Theorem: If G is A-free with max. degree D, then x(G) < (1 — «)D for some a > 0.

Proof: WLOG, let G be D-regular.

Scheme - We shall color the vertices uniformly at random from [¢]. If two adjacent vertices are
colored the same, uncolor both.

WTS - With positive probability, each vertex v has > aD + 1 colors that are retained on > 2
neighbors of v. If this is done, color each vertex greedily. The greedy algorithm will complete
the proof.

Let A, be the event that vertex v has < aD colors retained on > 2 neighbors of v. A, < Ay
are dependent for < D* choices of w. Therefore, if P(4,) = O(Js), then we are through.

Let X, be the number of colors retained on > 2 neighbors of v,

X, be the number of colors retained on exactly 2 neighbors of v, and

X/ be the number of colors assigned on 2 neighbors of v and retained from the start. Note that
X, > X, > X].

E(X]) > (g) 1(1-1)3P=3 If u,w € N(v) are assigned RED, then no vertext in V' is assigned

RED, where V |§(N ( )\{u whJN(u)JN(w)). \
Now let C = 8D = E(X}) > 2E=U L1 — 1)P=1]P > D2le™5 D> 0,
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Let us note that X, is 1-Lipschitz and certifiable for X, > s.

Let us write X = Ass, — Del,, where Ass, is the number of colors assigned to 2 neighbors of v
and Del, is the number of colors asssigned to 2 neighbors but deleted from at least one of these
two. We can see that Ass, is 1-Lipschitz. If Del, > s, then 3 2s vertices making color choices
in pairs picking the same color and another <s neighbors of at least one of each of these pairs
that witnesses G discoloration. Therefore, Del, > s and Del, is s-certifiable.

Lets us recall the following inequalities:
If X is 1-Lipschitz and determined by independent trials {T1,...,T,,}, then P(|X —EX| > t) <

+2
e~ 2m . If X is also r-certifiable, then Talagrand tells us that P(|X-EX| > t+60vVrEX) < e~ TEX

This implies that ¢t = C'y/Dlog D then P(|Ass, — E(Assv)\ > 1) < 2e” D =2¢ e D022/2
Also, P(|Del, — E(Del,)| > t + 604/3E(Del,)) < 26*724E<Delv> =25
D 24E(Dely)

We may now take 8 = 2 so that a = 2e6

Chromatic number of graph powers: A result of Alon and Mohar

Recall, for k > 1, G¥ is defined as:
V(G") =V(G)
-For u # v, u <> v iff dist(u,v)g < k

Let A(G) = d, what is x(G¥)? The greedy algorithm tells us x(G*) < d* + 1.
Alon — Krivelevich — Sudakov (2002): If G has at most d; edges in the induced subgraph on

N (v) for each v € V(G) then x(G) < ﬁ. This implies for G having girth > 3k 4 1, it is easy

to show x(G*) <O (bg(d))

The result we shall prove is thus,
Alon — Mohar (2001): For large d and any fixed g > 3, 3 graphs with max degree A < d, girth

I' > g, and x(G*) > Q (log(d))
Proof: First, we shall bound A and I'. We want to pick G = Gy, such that Vv € V(G),
Eldeg(v)] = (n —1)p < np. Let p = 5. Because this process is a binomial distribution, we can

bound the number of vertices with degree at least d using Chernoff.

Pldeg(v) > d] < P[(deg(v) — E(d(v)) > ;i)] < A aps

Now, let Npgq = [{v € Vl|deg(v) > d}| =
E[Nbad} < nefd/ﬁ

By the Markov inequality
P[Npoq > 10ne"%) < .1
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Similarly, let Ny = [{Cy C G|k < g}| =

—

g—

E[Nog] =Y (ZZ) (i) <df

1=3

Again, Markov tells us that
P[N., > 10d7] < .1

This implies that with probability at least .8, G satisfies Npgg < 10ne=%¢ and Ny <10d9. We
shall assume n >> d9 4+ ne~%% so that we can remove an arbitrary vertex from all small cycles
and remove all vertices of degree more than d. If we want to ensure A = d, it is simple enough
to add some cycles of length g.

Let the path P be a U-path if the end vertices of P lie in U and the internal vertices lie
outside of U.Set U C V(G) such that

cxnlog(d)

=X

Now, to show x(G*) > Q (%), we will show that a(GF) < ck%‘%(d) for some c;. To do
this, we will show that with high probability, ¥ U, II(G), the number of internally disjoint
U-paths of length k, is large. Specifically, we will show that there are still many of these paths
after we make vertex deletions for girth and maximum degree considerations. This will bound
independent sets in G*.

Let ¢ be the number of U-paths of length k. It is easy to show that

2 272 k=1 gk 2 2
(x) (n— X)ors* > cin’log“(d) n d cynlog*(d)

Efu] =, -

2d2k 9 9kpk T 2k+2 gk

Now, we need to say that E[v], the expected number of non-internally disjoint U-paths, is much
smaller than E[u]. For n > d > k, the expected number of U-paths which share one endpoint
and the unique neighbor is at most

_ _ ey logd
ik —2gpk—1 — S

It is easy to see that the number of other types of intersecting U-paths is smaller, implying that

< W@

c2nlog®(d)

E[] = ok+2k

Let us note that, because II(G) counts the number internally disjoint U-paths, removing one
edge can change II(G) by at most one. Therefore, II(G) is a 1-Lipschitz function. Let us also
note that II(G) is f-certifiable. That is, for f(s) = ks, when II(G) > s, G contains a set of
at most ks edges so that VG’ which agree with G on these edges, II(G’) > s. We can now use
Talagrand’s inequality to bound the number of graphs with insufficiently many U-paths.

For any b and t, Talagrand’s tells us that

g2

P[|IX — E[X]| > ] < e X
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for some 5 > 0. This implies that for ¢t = eE[II], € > 0,

(1- e)cinlog2 (d)] _ge2 cqnlog?(d)
<e

< g P = o(1)

Now, becuase the maximum number of sets U is at most

n en\* edt O\ ar o84 n . o
<x> = (;) = <ck logd> < exp (Ckk@bg d)

2.2
Be“ci,
9k+2

So, if

> 2kcy,
then, with probability 1 — o(1), for every set U, there are at least % pairwise internally
disjoint U-paths.
Now, forn > d >k
2
—d/10 g  €nlog®d
10n2 +10dY < SET2gh

so we can remove all small cycles and high-degree vertices without destroying all U-paths and

therefore .
nlog(d d
a(GF) < ¢ d%“( ) — x(GF) < Q ( >

as desired, and this completes our proof.

83



	The Probabilistic Method: Some First Examples
	Lower Bounds on the Ramsey Number R(n,n)
	Tournaments and the Sk Property
	Dominating Sets
	Sum-Free Sets of Integers

	The Linearity of Expectation and small tweakings
	Revisiting the Ramsey Number R(n,n)
	List Chromatic Number and minimum degree
	The Daykin-Erdos conjecture
	An Example from Combinatorial Geometry
	Graphs with High Girth and High Chromatic Number

	2-colorability of Uniform Hypergraphs
	Introduction
	Upper bound for m(n)
	Beck's result
	An improvement by Radhakrishnan-Srinivasan

	Dependent Random Choice and embeddings of graphs
	Introduction
	A graph embedding lemma and Dependent Random Choice
	An old problem of Erdos

	The Second Moment Method
	Variance of a Random Variable and Chebyshev's theorem
	Applications
	Resolution of the Erdos-Hanani Conjecture: The Rödl `Nibble'

	Bounding Large Deviations - The Chernoff Bounds
	Projective Planes and Property B
	Graph Coloring and Hadwiger's Conjecture

	Bounds for R(3,k): 2 results
	Upper bound for R(3,k)
	Lower bound for R(3,k)

	 The Lovász Local Lemma and Applications
	The Lemma and its proof
	Applications of the Lovász Local Lemma
	The Linear Arboricity Conjecture
	Another `twist' to the Lovász Local Lemma

	Martingales and Azuma's Inequality
	Martingales
	Examples
	Azuma's Inequality
	The Shamir-Spencer Theorem for Sparse Graphs
	The Pippenger-Spencer (PS) Theorem
	A Conjecture of Erdos-Faber-Lovász (EFL) and a theorem of Kahn

	Talagrand's Inequality
	Talagrand's Inequality
	Examples
	An Improvement of Brook's Theorem
	Chromatic number of graph powers: A result of Alon and Mohar


