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Prwtob�jmia Gl¸ssaLìgw th
 periorismènh
 ekfrastikìthta
 th
 gl¸ssa
 touProtasiakoÔ LogismoÔ, eis�goume epiplèon sÔmboladhmiourg¸nta
 ètsi mia pio ploÔsia tupik  gl¸ssa, poukale�tai Prwtob�jmia Gl¸ssa ki apotele�tai apì taparak�tw sÔmbola:Logik� sÔmbola:1 Oi sÔndesmoi ¬,∧,∨,→,↔2 Oi parenjèsei
 (, )3 Oi metablhtè
 (to polÔ arijm sime
 se pl jo
) x1, x2, . . .(antikajistoÔn ta �toma tou ProtasiakoÔ LogismoÔ)4 H isìthta ≈5 Oi posode�kte
 ∀ (gia k�je) kai ∃ (up�rqei)Mh logik� sÔmbola:1 Kathgor mata (  sqèsei
) Pi , ìpou i ∈ I2 Sunart sei
 fj , ìpou j ∈ J3 Stajerè
 ck , ìpou k ∈ KTa sÔnola deikt¸n I , J,K e�nai to polÔ arijm sima. 2 / 25



Kathgor mataE�nai ekfr�sei
 pou perigr�foun idiìthte
 antikeimènwn   kaisqèsei
 metaxÔ tou
.Pio austhr�, èna kathgìrhma P me n metablhtè
 x1, x2, . . . , xn,antistoiq�zetai se mia tim  alhje�a
 pou sumbol�zetai me
P(x1, x2, . . . , xn) ìtan oi metablhtè
 p�roun sugkekrimène
 timè
(stajerè
) (c1, . . . , cn).Parade�gmataAn Π to sÔnolo twn peritt¸n, tìte Π(x) ⇔ x perittì
An P = {(x , y) : x2 − y > 5}, tìte P(x , y) ⇔ x2 − y > 5Gia merik� kathgor mata qrhsimopoioÔntai eidik� sÔmbola,ìpw
 =, <,>,∈.Par�deigmaSthn èkfrash (x < 0) ∧ (y < 0) → (x · y > 0), ta x , y e�naimetablhtè
, ta <,> e�nai kathgor mata kai h pr�xh · e�naisun�rthsh. Ta upìloipa sÔmbola e�nai logik�. 3 / 25



Parade�gmata Prwtob�jmiwn Glwss¸nGenik�, mia Prwtob�jmia Gl¸ssa sumbol�zetai w

L =< (Pi )i∈I ; (fj )j∈J ; (ck)k∈K >dhlad  anafèrontai mìno ta mh logik� sÔmbola (ta logik�sÔmbola e�nai koin� gia ìle
).Parade�gmataH gl¸ssa th
 isìthta
 L =<; ;>H gl¸ssa th
 Jewr�a
 Sunìlwn L =<∈; ;>H gl¸ssa th
 arijmhtik 
 twn Fusik¸n L =<; +, ·, s; 0 >,ìpou s(0) = 1, s(s(0)) = 2, . . .H gl¸ssa th
 'Algebra
 Boole L =<; +, ·,̄ ; 0, 1 > 4 / 25



Ekfr�sei

'Estw L Prwtob�jmia gl¸ssa.Orismì
K�je peperasmènh akolouj�a sumbìlwn onom�zetai èkfrashth
 gl¸ssa
 L.Oi orj� sqhmatismène
 ekfr�sei
 th
 L e�naioi ìroi (  onìmata) kaioi tÔpoi
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'Oroi
O orismì
 twn ìrwn th
 L e�nai epagwgikì
:Orismì
'Oroi th
 L e�naioi metablhtè
 kai oi stajerè
 kaik�je èkfrash fj(t1, t2, . . . , tn), ìpou fj e�nai (n-mel 
)sun�rthsh th
 L kai t1, t2, . . . , tn, ìroi pou èqoun  dhorisje�.To sÔnolo twn ìrwn th
 L sumbol�zetai me T (L).
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'Oroi
Parade�gmataSth gl¸ssa L =<; +, ·, s; 0 >, to s(0) e�nai ìro
 kai antistoiqe�sto 1, to s(s(0)) e�nai ìro
 kai antistoiqe� sto 2 k.o.k.An ta t1, t2 e�nai ìroi, tìte e�nai kai ta

t1 + t2, t1 · t2.Den e�nai ìro
 (giat�?) h èkfrash s(x1) ≈ s(s(x2)).
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TÔpoiO orismì
 twn tÔpwn th
 L e�nai ep�sh
 epagwgikì
:Orismì
TÔpoi th
 L e�naik�je èkfrash Pi (t1, t2, . . . , tn), ìpou Pi e�nai (n-melè
)kathgìrhma th
 L kai t1, t2, . . . , tn ìroi th
 L,k�je èkfrash t ≈ s, ìpou t, s ìroi th
 L,k�je èkfrash th
 morf 
 ¬φ   φ�ψ, ìpou φ,ψ tÔpoi th
 L,k�je èkfrash th
 morf 
 (∀x)φ   (∃x)φ, ìpou φ tÔpo
 th

L kai x metablht  th
 L.Oi dÔo pr¸te
 peript¸sei
 antistoiqoÔn stou
 atomikoÔ
tÔpou
.To sÔnolo twn tÔpwn th
 L sumbol�zetai me F (L). 8 / 25



TÔpoi
Parade�gmataOi ekfr�sei


¬(∃xi)(xi ≈ cj )

(∀x1)((x1 ≈ fk(c1, c2)) → Pi(x1, c3))e�nai tÔpoi.Den e�nai tÔpo
 (giat�?) h èkfrash
Pi(x1, x2) → ((∃xk)(¬xk))
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TÔpoi
'AskhshNa exetasje� poie
 apì ti
 parak�tw ekfr�sei
 e�nai tÔpoi:1 (∃x1)(x1 ≈ c1)2 (x1 ≈ x3) → (∀x1)(x1 ∨ x2)3 (∀x1) (P(x1, x2) ∨ ((∀x2)R(x1, x2) ∨ (∀x1)P(x1, x2)))
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Embèleia posode�kthStou
 tÔpou
 (∀x)φ kai (∃x)φ, o tÔpo
 φ onom�zetai embèleiatou ant�stoiqou posode�kth. Sun jw
 qrhsimopoioÔmeparenjèsei
 gia na aposafhn�soume thn embèleia enì
posode�kth, alli¸
 w
 embèlei� tou jewre�tai o el�qisto
tÔpo
 pou xekin� amèsw
 met� ton posode�kth.Parade�gmataH embèleia twn ∀x1 kai ∃x2 sthn èkfrash
∀x1(x1 > 0 → ∃x2(0 < x2 ∧ x2 · x1 = 1))e�nai ant�stoiqa oi tÔpoi

x1 > 0 → ∃x2(0 < x2 ∧ x2 · x1 = 1)kai
(0 < x2 ∧ x2 · x1 = 1) 11 / 25



EleÔjere
 kai desmeumène
 metablhtè
 se tÔpou
Orismì
K�je emf�nish th
 metablht 
 x se ènan tÔpo onom�zetaidesmeumènh ìtan e�nai th
 morf 
 ∀x   ∃x   an an keisthn embèleia twn posodeikt¸n aut¸n. Se k�je �llhper�ptwsh, h emf�nish onom�zetai eleÔjerh.H metablht  x lègetai eleÔjerh ston tÔpo φ, an èqeitoul�qiston mia eleÔjerh emf�nish ston tÔpo, alli¸
lègetai desmeumènh.O tÔpo
 φ onom�zetai prìtash an den perièqei eleÔjere
metablhtè
.To sÔnolo twn prot�sewn sumbol�zetai me S(L).Oi tÔpoi me eleÔjere
 metablhtè
 onom�zontai anoikto�,en¸ oi prot�sei
 onom�zontai kleisto� tÔpoi. 12 / 25



EleÔjere
 kai desmeumène
 metablhtè
 se tÔpou
Par�deigmaSton tÔpo
((∀x)P(x , y)) ∨ ((∃y)P(x , y))oi metablhtè
 x , y e�nai eleÔjere
, diìti èqoun apì m�a eleÔjerhkai m�a desmeumènh emf�nish. Epomènw
, o tÔpo
 autì
 dene�nai prìtash.Par�deigmaO tÔpo


(∀x1)(∃x2)((x1 < x2) ∨ (x2 < x1))e�nai prìtash, en¸ o tÔpo

((∀x)P(x)) → ((∀y)(x ≈ y))e�nai anoiktì
 (giat�?). 13 / 25



TÔpoi
'AskhshNa brejoÔn oi eleÔjere
 kai oi desmeumène
 metablhtè
 stou
parak�tw tÔpou
:1 (∀x)(∃y(y ≤ x) ∨ (x ≤ y))2 (∀x)((∀y)(∀z)P(x , y) ∨ R(y , z) ∨ S(z , x)))
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Anoikto� kai kleisto� ìroi
Orismì
'Ena
 ìro
 pou perièqei metablhtè
 onom�zetai anoiktì
,alli¸
 onom�zetai kleistì
.Oi metablhtè
 twn ìrwn jewroÔntai eleÔjere
.Par�deigmaAn x metablht , a, b stajerè
 kai f sun�rthsh, tìteo ìro
 x + a e�nai anoiktì
, en¸o ìro
 f (a) + f (b) e�nai kleistì
.
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Epagwgikì
 orismì

'Ole
 oi ènnoie
 pou or�sthkan epagwgik� gia ti
 prot�sei
 touProtasiakoÔ LogismoÔ, p.q. sub(φ), r(φ), ktl, mporoÔn naoristoÔn ìmoia kai gia tou
 tÔpou
 mia
 Prwtob�jmia
gl¸ssa
 L.H basik  idèa e�nai ìti or�zoume thn ènnoia pr¸ta gia tou
ìrou
, sth sunèqeia thn epekte�noume stou
 atomikoÔ
 tÔpou
kai tèlo
 se ìlou
 tou
 tÔpou
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Epagwgikì
 orismì
Sumbol�zoume me F0 to sÔnolo twn atomik¸n tÔpwn th
 L.An or�soume mia apeikìnish f : F0 → V apì to F0 sto sÔnolo Vkai an or�soume ti
 apeikon�sei

G¬ : V → V , G� : V × V → V , G∃,G∀ : V × N → V ,tìte up�rqei monadik  sun�rthsh f : F (L) → V , tètoia ¸stegia k�je φ,ψ ∈ F (L) kai gia k�je metablht  xi , i ∈ N

∗, th
 L

f (φ) = f (φ), an φ ∈ F0,
f (¬φ) = G¬(f (φ)),
f (φ�ψ) = G�(f (φ), f (ψ)),
f ((∃xi)φ) = G∃(f (φ), i),
f ((∀xi)φ) = G∀(f (φ), i). 17 / 25



Epagwgikì
 orismì
 - Par�deigmaSumbol�zoume me FV (t) to sÔnolo twn (eleÔjerwn) metablht¸ntou ìrou t kai me FV (φ) to sÔnolo twn eleÔjerwn metablht¸ntou tÔpou φ.O epagwgikì
 tou
 orismì
 e�nai o ex 
:Orismì
 tou FV gia ìrou
:
FV (xi) = {xi},
FV (cj) = ∅,
FV (f (t1, . . . , tn)) = FV (t1) ∪ · · · FV (tn),Orismì
 tou FV gia tÔpou
:
FV (P(t1, . . . , tn)) = FV (t1) ∪ · · · FV (tn),
FV (t ≈ s) = FV (t) ∪ FV (s),
FV (¬φ) = FV (φ),
FV (φ�ψ) = FV (φ) ∪ FV (ψ),
FV ((∀xi)φ) = FV ((∃xi)φ) = FV (φ) \ {xi}, 18 / 25



Epagwgik  apìdeixh'Estw A mia idiìthta th
 metagl¸ssa
 pou anafèretai stou
tÔpou
 th
 L. Gr�foume A(φ) gia na dhl¸soume ìti o tÔpo
 φikanopoie� thn A.Prokeimènou na apode�xoume epagwgik� thn A(φ), arke� naapode�xoume ta ex 
:1 A(φ), gia k�je atomikì tÔpo φ.2 A(φ) ⇒ A(¬φ), gia k�je tÔpo φ.3 A(φ) ⇒ A(¬φ), gia k�je tÔpo φ.4 A(φ) kai A(ψ) ⇒ A(φ�ψ), gia k�je zeÔgo
 tÔpwn φ,ψ.5 A(φ) ⇒ A((∀x)φ) kai A((∃x)φ), gia k�je tÔpo φ kai giak�je metablht  x . 19 / 25



Antikat�stashSumbol�zoume me φ(x) ènan tÔpo φ me eleÔjerh metablht  thn
x , gia na ton�soume ìti oi metablht  aut  e�nai eleÔjerh.Sumbol�zoume me φ(x)|x=t   pio apl� me φ(t) thnantikat�stash th
 x ston φ me ton ìro t. MporoÔme nafantastoÔme thn φ(t) san mia eidik  per�ptwsh th
 φ(x), opìtean gnwr�zoume ìti isqÔei h φ(x) gia k�je x , e�nai eÔlogo nasumper�noume ìti ja isqÔei kai h φ(t), dhlad , nadiatup¸soume èna genikì kanìna

(∀x)φ(x) → φ(t).Sthn pragmatikìthta, to sumpèrasma autì mpore� na mhnisqÔei se k�poie
 peript¸sei
, ìpw
 fa�netai sto akìloujopar�deigma: 20 / 25



Antikat�stashPar�deigmaAn φ(x) : (∃y)¬(y ≈ x) kai t : y , tìte
φ(t) : (∃y)¬(y ≈ y).H φ(x) profan¸
 isqÔei ìtan ta x , y pa�rnoun timè
 se k�poiosÔnolo me toul�qiston dÔo stoiqe�a, ìmw
 h φ(t) den isqÔeipotè.To prìblhma ègkeitai sto gegonì
 ìti h eleÔjerh emf�nish th


x sthn φ(x) antikaj�statai apì mia emf�nish metablht 
 tou th opo�a e�nai desmeumènh, diìti br�sketai sthn embèleia touposode�kth ∃y .Katìpin toÔtwn, odhgoÔmaste ston akìloujo orismì: 21 / 25



Antikat�stashOrismì
Lème ìti h eleÔjerh metablht  x tou tÔpou φ(x) e�naiantikatast�simh apì ton ìro t, ìtan k�je eleÔjerh emf�nishth
 x (sthn φ(x)) antikaj�statai mìno apì eleÔjere
emfan�sei
 (sthn φ(t)) twn metablht¸n th
 t.Par�deigmaGia ton tÔpo
φ(x) : ((∃y)R(x , y)) ∧ ((∃z)Q(x , z))kai tou
 ìrou
 t : f (w , u) kai s : g(y , x), h metablht  x e�naiantikatast�simh apì ton t all� ìqi apì ton s. 22 / 25



Antikat�stash - Epagwgikì
 orismì
H antikat�stash mpore� na orisje� epagwgik� w
 ex 
:Orismì
Lème ìti h eleÔjerh metablht  x e�nai antikatast�simh apìton ìro t ston tÔpo φ(x) ann o φe�nai atomikì
 tÔpo
  e�nai th
 morf 
 ¬ψ kai h x e�nai antikatast�simh apìton t ston ψ  e�nai th
 morf 
 ψ�χ kai h x e�nai antikatast�simh apìton t ston ψ kai ston χ  e�nai th
 morf 
 (∀y)ψ   (∃y)ψ kai h x e�naiantikatast�simh apì ton t ston ψ kai kai h y denemfan�zetai ston t. 23 / 25



Antikat�stash
'AskhshNa exetasje� se poioÔ
 apì tou
 parak�tw tÔpou
 h x e�naiantikatast�simh apì ton ìro t : z + y :1 (∀y)(y ≤ z) ∨ (x ≤ y)2 (∀y)((y ≤ z) ∨ (x ≤ y))
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Ask sei
1 An P(n) : ��o n e�nai pr¸to
�� kai D(d , n) : ��o d diaire� ton
n��, na ekfraste� sthn ellhnik  gl¸ssa h akìloujhèkfrash:
(∃n)(n > 1∧¬P(n)∧ (∀d)(d > 1∧ d < n∧D(d , n) → P(d)))Sth sunèqeia, na doje� mia tim  gia to n, h opo�aepibebai¸nei ton parap�nw isqurismì.2 An R(x) : ��o x e�nai dromèa
�� kai T (x , d) : ��o x trèqei thmèra d ��, na ekfrastoÔn sthn Prwtob�jmia gl¸ssa oiakìlouje
 prot�sei
:

Κάθε δρομέας τρέχει τουλάχιστον μια μέρα.

Υπάρχει μέρα κατά την οποία τρέχουν όλοι οι δρομείς. 25 / 25


